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ABSTRACT

The transportation theory is a name given to the study of optimal
transportation and allocation of resources. This thesis is devoted to discuss
some variants of the transportation problem. Constrained transportation
problem is presented along with the variants of the transportation problem
dealing with the time minimization and bi-criteria objective function.

The present thesis contains four chapters. Chapter one is introductory in nature.
This chapter includes basic definitions and concepts used throughout the work.
Chapter two presents brief review of the work done in the area of bounded and flow
constrained transportation problem. In chapter three, a two-stage interval time
minimization problem is studied where minimum amount available at each source
is shipped to the destination in the first stage and enough quantity of the product is
shipped in second stage to meet the demand at destinations exactly. In chapter
four, a special type of bi-criteria transportation problem involving the trade-off
between cost of transportation and time of transportation is studied. In chapter two

to four, numerical examples are solved in support of above concepts.
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Chapter 1

INTRODUCTION

The transportation problem is an optimization problem with a linear objective func-
tion and linear constraints. Suppose a firm produces goods at m different supply
centers. Label them ¢ = 1,2,...,m. The supply produced at supply center i be S;.
The demand for the good is spread out at n different demand centers. Label them
j=1,2,...,n. The demand at the j* demand center is D; . The problem of the firm
is to get goods from supply centers to demand centers at minimum cost. Assume
that the cost of shipping one unit from supply center ¢ to demand center j is ¢; ; and
that shipping cost is linear. If z;; units be shipped from supply center i to demand
center j, then the cost would be ¢; ; z; ;.

Mathematically, the general transportation problem stated as a linear programming

problem is as follows:



m n
P(]_]_) Minimize z = Z Z Tij Cij
i=1 j=1
subject to the constraints
n
> xi; = a;, t=1,2...,m (Supply constraints)
j=1

i, Jj=1,2,...,n (Demand constraints)

=

.
Il
—

Lij

and x;; > 0 for all 7 and j.

Feasible Solution: A necessary and sufficient condition for the existence of a feasi-
ble solution to the general transportation problem is that

Total Supply = Total Demand

m n

i.e., Z a; = Z bj
i=1 j=1
Basic Feasible Solution: The number of basic variables of the general transporta-

tion problem at any stage of feasible solution must be m +n — 1.

1.1 Duality in Transportation Problem

Since a transportation problem is itself a linear programming problem, there always
exist another linear programming based upon the same data. Let the original trans-
portation problem be the primal problem and its associated one be its dual problem.

For the general transportation problem, let the primal problem is P(1.1) and the



corresponding dual pair for it is as follows:
m n
P(1.2) Maximize z* = Y wa; + Y, v;b;
i=1 j=1
subject to the constraints
w + v;<¢y =12 ..,mandj=12..,n
u; and v; unrestricted in sign for all 4, j.
where u;, 1 =1,2,...,m and v;, j = 1,2,...,n are dual variables.

Finding an optimal solution of a General Transportation Problem Swarup

et al.[26]
Step 1

We first find initial basic feasible solution for given problem if the objective is to
minimize transportation cost by using any one of the method :

1. North-West Corner Method.

2. Least-Cost Method.

3. Vogel’s Approximation Method (or Penalty Method).
Step 2

The optimal solution is obtained by Modified Distribution (MODI) method (or u-v

method).



1.2 Unbalanced Transportation Problem

In some transportation problems, the total supply may not be equal to the total de-
mand. This is likely to be true when it is impossible or rather unprofitable to supply
all that is required at the destinations or to ship all that is available at the origins.
Such problems are called unbalanced transportation problem.

The following cases can arise in unbalanced transportation problem:

(a) Allocation with surplus (Overproduction).

(b) Allocation with shortage (Underproduction).

(c) Allocation with surplus and shortage.

(d) Storage and oversupply.
(a) Allocation with surplus (Overproduction)

Suppose that the total production at the origins equals or exceeds the total require-
ment at the destinations and that it is required to meet the requirements of all the
destinations exactly. In this case, some origins need not ship all of their production.

The problem is:

m n
P(1.3) Minimize z = > Cij Tij
i=1j=1
n
subject to >owij<a;, i=1,..,m,
i=1
m
Z xiaj:b]’ j_la y Ty
i=1

x;; > 0 for all 7 and j,

where z represents the transportation cost. This transportation problem is feasible if



and only if Y a;, > > b;.

=1 7=1

Two cases arise here

n
() Xoar = 3. b
: =
In this case we replace all the inequalities by equations and the resulting problem
becomes a balanced transportation problem.
B m n
(i) 3o > S0,
i=1 j=1
It represents an unbalanced transportation problem and to restore the structure of

a standard transportation model or array, we introduce slack variables in inequalities

as follows:
m n
P(14) Minimize z = Z Z Cij Tygj
i=1 ;=0
n
subject to Yoomiy o= a;, 1=1,..,m,
j=0

> @iy = by, j=0,..,n,
i=1
z;; > 0 for all ¢ and j,

b;, cip = 0 for all 7, and the slack variable x;( represents

m n
where by = > a; —

i=1 j=1
the amount of material left unutilized at the i*" origin. So ¢; oz in the objective
function of the problem P(1.4) can be interpreted as the cost of storing the surplus

at the ™" origin. In P(1.4), since ¢;o = 0 for all 4, the storage cost at all the origins

is taken as zero.

(b) Allocation with shortage (Underproduction)



Consider a transportation problem in which the total requirement at all the destina-
tions equals or exceeds the total supplies at all the origins and in which it is required

to exhaust the supplies at all the origins. Thus the problem is:

m n
P(1.5) Minimize z = > Y ¢ %ij
i=1j=1
n
subject to Yoowij=a;, i=1,...,m,
Jj=1

m .
Z xi,j S bj, ] = 1, . n,
=1

x;; > 0 for all 7 and j,

Clearly, this problem is feasible if and only if Y a; < > b;.
i=1 j=1

Now, two cases arise:

<i>i§ai - Zb

Replacing all the inequalities by equations the resulting problem becomes a

balanced transportation problem.

In this case, the unbalanced transportation problem P(1.5) is equivalent to the

balanced transportation problem P(1.1)

m n
P(16) Minimize z = Z Z Cij Tgj
i=0 j=1
n
subject to rij=a; 1=0,1,..m,
Jj=1

m
Z Ty = bj, ] = 1, ., n,
1=0

z;; > 0 for all i and 7,

where ag = Y b;— > a;.

i=1 i=1



The slack variables zg ;, j =1, ...,n represents the unmet demand at the j destina-
tion. In problem P(1.6), at each destination j, no penalty is charged for the unmet
demand zg;, i.e., ¢g; = 0 for all j. Failure to meet the demand results in a loss of
revenue. In many practical problems, a penalty cost is charged for not supplying the
commodities at the destination. In such situations, we wish to minimize the sum of

transportation and penalty cost.

(c) Allocation with surplus and shortage
Consider a transportation situation in which it is not necessary to meet all the de-
mands or to ship all that is available. That is, consider the problem:

P(1.7) Minimize z = > > ¢ %ij
]

M= I
<

subject to zi; <a;, t=1,..,m,

<
Il
-

s

s
Il
i

xi; < b j=1,..n,

x;; > 0 for all 7 and j,
If ¢;; > 0 for all < and j, then clearly the optimal solution to this problem is the
trivial solution x; ; = 0 for all 7 and j with the minimum transportation cost as zero.
That is, the optimal solution says that nothing needs to be shipped. Thus, in order to
make the problem meaningful, we associate penalties with the unmet demands at the
destinations and associate storage costs with surpluses at the origins and minimize

the sum of the transportation, storage and penalty costs.

(d) Storage and Oversupply

Consider the following transportation model corresponding to the situation where the



minimum demand requirement at the j* destination is bj, j =1,...,n and the supply
available at the i** origin is a;, i = 1, ...,m :

P(18) Minimize z = Z 2 Cij Tij

i=17=1

-

subject to zi; <a;, 1=1,..,m,

<
Il
—

=

@
I
—

LCZ'J ij, jzl,...,n,

x;; > 0 for all 4 and j.

m

Clearly problem P(1.8) is feasible if and only if ) a; > > b;.
1 j=1

1=

Now two cases arise here:

<>i=2b

Replacing all the inequalities by equations in this problem the resulting problem
becomes a balanced transportation problem.
i=1 j=1

n

m
and ¢;; are real numbers. In this case, by = > a; —
=1 j=

b; and for each
1

i=1,...,m, ¢;o = min{0,¢1,...,Cin}

A variant of the standard cost minimizing transportation problem P(1.1) is a trans-
portation problem with upper and lower bounds on source availabilities and destina-
tion requirements with total flow. The study of such problem is motivated by dead
mileage minimization in transport systems [28]. With the knowledge of the locations
of bus-depots and the pick up points of passengers, minimizing the dead mileage in

terms of running empty buses between the depots to the pick-up points is also one



of the problems of study in this section. The aim is to reduce the cost of covering
the dead mileage as also the time consumed. This study is very important aspect of
transport infrastructure in a city.

Suppose that minimum and maximum holding capacity of a depot be a; and A;,
respectively for all ¢ € I, the index set of depots. Let minimum number b; and maxi-
mum number B; of buses be needed at j* starting point j € J, are known in addition
to l;;, the distance from ith depot to the jth starting point, then mathematical model

for problem of minimizing dead mileage is as follows :

P(19) Minimize Z Z l@j[E@j
icl jet
subject to a; <> xi; <A, i€l
jeJ

b <> x; < Bj, jeJ,

i€l
x;; > 0 and integers, i € I,j € J,

where I = {1,2,...,m}, J = {1,2,...,n} and w;; stands for the number of buses
dispatched from ¢th depot to jth starting point.

This problem is also solved by constructing an equivalent bounded variable trans-
portation problem which has one more row and column as suggested by Charnes
and Klingman [8]. In chapter 2, an approach is suggested where an equivalent trans-
portation problem is constructed. An additional constraint, called the flow constraint
> > x;; = F is included in the problem P(1.9), where F' is the number of buses

i€l jeJ

available.

In time minimization transportation problem, the time of transporting goods from



10

m origins to n destinations is minimized, satisfying certain conditions in respect of
availabilities at sources and requirements at the destinations.

Thus, a time minimizing transportation problem is :
P(1.10) Minimize Z = [Maxi, j) t;;/;; > 0]

n
subject to Tij =a; t=1,2,...m
—~

j
Zmi,j = bj, j = 1,2,...,’)1
i=1

x;; > 0 for all sandj

" origin to the j'" destination,

Here ¢;; is the time of transporting goods from i’
where the availability at " origin is a; and requirement at j™ destination is b;. For
any given feasible solution, X = [z; ;] satisfying the above constraints, the time of
transportation is the maximum of t;js among the cells in which there are positive
allocations, i.e., corresponding to the solution X = [z;;], the time of transportation
is Z = [max,j)ti;/x;i; > 0].

The aim is to minimize the time of transportation. Such problems arise, when it is
required to transport perishable goods or, during war days, it is required to transport
food and armaments in the shortest possible time. Hammer [17] first discussed the
time minimization transportation problem in 1969. In literature, some of the algo-

rithms to solve this problem are given by Szwarc [27], Garfinkel et al. [12], Bhatia et

al. [3].

A variant of time minimization transportation problem is discussed by Sonia et al.
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[25] and Vikas et al. [23] in the form of two stage interval time minimization trans-
portation problem. Two stage interval time minimization transportation problem is
one in which minimum amount available at each source is shipped to the destinations
in the first stage and the second stage shipment covers the demand that is not fulfilled
in first stage. In each stage, aim is to minimize the duration of transportation and
the overall goal is to minimize the sum of two stage shipment times. In both the
stages, transportation of the product from the sources to the destinations is done in
parallel. The algorithm developed in chapter 3 generates the sequence of stage-1 and
stage-II time, where at each iteration, stage-I time decreases strictly and stage-II time

increases.

In some situations for example, ambulance services, fire services etc. the time of
transportation cost attains greater importance than the cost of transportation. The
method of minimizing the time in such situations has been devised by Bhatia[5].
In such situations, transport cost and transmit time cannot be viewed as two inde-
pendent problems and there is need to have a trade-off between time and cost. By
studying the constrained transportation problem given by Verma and Puri [28] and
the time-cost trade-off in bulk transportation problem given by Gupta et al. [15],
an algorithm is developed in chapter-4 to find all efficient time-cost trade-off pairs in

transportation problem.
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Chapter 2

TransporTATION ProBLEM WitH Bounbps
O~ Avamasiuities Anp REQUIREMENTS

2.1 Introduction

In this chapter, the problem of minimizing dead mileage in transport system is dis-
cussed with upper and lower bounds on source availabilities and destination require-
ments. After locating the depots and starting points where from the buses start pick-
ing up passengers, minimization of dead mileage from depots to the starting points
of bus services by properly allocating the buses to various depots and by assigning
the buses optimally to various starting points from various depots helps in reducing
the cost of covering the dead mileage.

Let a; and A; respectively be the minimum and maximum holding capacity of a de-
pot, @ € I, the index set of depots. Suppose minimum number b; and maximum
number B; of buses be needed at jth starting point, j € J, are known in addition to

the distance [;;, from ith depot to the jth starting point, then mathematical model

R
for problem of minimizing dead mileage is as follows :

13
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P(2.1) Minimize Z Z l@j Tij
icl jeJ
subject to a; <> xi; <A, i€l
jeJ

b <> x;; <Bj, jeJ,
iel

x;; > 0 and integers, i € I,j € J,

where I = {1,2,...,m}, J ={1,2,...,n}, and z;; stands for the number of buses
dispatched from ith depot to jth starting point.
In this chapter a method is introduced which can be used to reduce the problem

P(2.1) to a standard transportation problem. For this following notations are used:
I' : index set of 2m + 1 rows, i.e., I' ={1,2,...m;m+1,...,2m,2m + 1}

I" : index set of 2m rows, i.e., I” ={1,2,....m,m +1,....2m}

J' . index set of 2n + 1 columns, i.e., J' ={1,2,...n,n+1,....,2n,2n + 1}

J” . index set of 2n columus, i.e., J" = {1,2,...n,n+1,....2n}

The possibilities which can arise here are:

(I) X Ai>> B

iel jeJ

iel jeJ
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Case I. If >~ A; > > B, then in order to solve problem P(2.1) an equivalent prob-
il jes

lem P(2.2) is defined as:

P(2.2) Minimize ) > d;;zi;
i€l” jel’
subject to Yoy =a;, 1€l”,
jer
Z Zig = b;» JE€ J/a
iel”

2 >00el" jelJ
where,

;.
a; = a;,1 €1

CL:nJri:Ai—CLi, 1€1
W=b;, jeJ

b/2n+1 = ZAI - z Bj
iel jeJ
di,j:li,jp ’iEI, ]GJ

Amyij = lij, 1€1, j€J

di,n+j :li,j7 (&S [7 .]e J

] M, iel
T 0, de I

dm+i,n+j = 07 (NS ]7.] € J.

Restricted Feasible Solution : A feasible solution {z; ;}, i € I”,j € J' of problem
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P(2.2), where z;; = 0 if d;; = M, is called its 'restricted feasible solution’.

Remark 2.1 If problem P(2.2) has no ’restricted feasible solution’, then problem
P(2.1) is infeasible.

Theorem 2.1 If {z;;}, i € I”, j € J is a 'restricted feasible solution’ of problem
P(2.2), then there exists z; j, ¢ € I, j € J such that it is a feasible solution to prob-
lem P(2.1) and conversely.

Proof: Let {z;;}, i € I”, j € J' be a 'restricted feasible solution’ of P(2.2). Define

{z;;},Viel, je Jas follows:
Tij = Zij t Zmaij T Zintj
Then clearly, Vi € I, j € J, x;; > 0 and integers, since z; j,7 € I”, j € J'is a feasible

solution of problem P(2.2), with a;, b}, i € I", j € J"

For all 2 € I, consider

o Tij =y, (2Zij+ Zmrij + Zineg)
jeJ JjeJ

=3 Zij+ Y. Zmij+ O, Zintj+ Ziong1 (since zion41 =0 as d; 2541 = M)

jeJ JjeJ JjeJ

= Z Z@j + Z Zm+i7j (21)
jeJ’ JjeJ

<> Zig D Zmtiy
jeJ’ jedJ’

= Q; + Az — Q;

From (2.1), we also get



Yo Tig= D, Zigt Y. Zmyij

jeJ jeJ’ jeJ
>z =a
jeJ’

Combining (2.2) and (2.3), we get

a; < Z:Ei,jSAi, 1€ 1.
Jj€J

Similarly, for all j € J,

> Ti5 = > (Zi,j + Zmtiy T Zi,nJrj)
il il

=D 2+ D Zmti T DO Zinti

el el el
=D Zij+ Do Zigt D, Zinyj

iel i€\ I iel
=D Zij+ D Zint

el” el
<D0 Zigt YD Ziny

el el

:bj+Bj—bj:Bj

Equation (2.4) also implies

Yoomig= > Zijt D Zintg

el el i€l

> > z;=0b; foraljeJ

iel”

Thus (2.5) and (2.6) imply

by <> wi;<Bj, j€J

iel

Thus, {z;;}, i € I, j € J is a feasible solution of problem P(2.1).

Conversely, let z; ;, i € I, j € J be feasible solution of problem P(2.1), then

17

(2.3)

(2.4)

(2.5)
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a; S Z .TZ"]'(: A;) S Ai, 7 & I

jedJ

bj S in,j(: B;) S Bj j S J

i€l

2, >0,i€el, je ]

Construct a problem as:

P(2.3) Minimize » > wij; lf;
el jeJ” ”
subject to > wij=0b;, forall jeJ
ie]//
Z W;,; = Q4 forallie
jeT”
Y Wiy =A,—a;, forallie]
jed
> Wints; = B — by, forall j € J
i€l

Wi, j > 0, Vie I//,j eJ’
where, I}, =1;;, foralliel, jeJ

l//

mti,g = lm—l—i,ja for all 4 € I, j eJ

)

ling; = linsj, foralliel, jeJ

l//

m-+i,n+j

=M, foralliel, jeJ
Define {z; ;}, i € I”, j € J as:
Zij=w;;, forallie I, jeJ
Zmtij = Wmeij, foralliel, jeJ
Zintj = Winsj, foralliel, jeJ
Ziony1 =0V i€

where {w; ;} i € I”, j € J” is a 'restricted feasible solution’ of problem P(2.3).
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Forv e I, j € J. Define

;. .
Fmtintj — Wi st €l, jeld

, .
Zm+i2n+1 = wz’,n—f—la vel

where w! ., i € I, j € JU{n+ 1}, is any feasible solution of the following standard

7’7]7

transportation problem

Minimize ) >  [f w}

i

i€l jeJu{n+1}
subject to > wi=A—AL el
jeJU{n+1}
S wi, =B B, VjecJ
i€l
> w;n—l-l => A= B;
il il jeJ

wi; >0, foralliel, jeJuU{n+1}

where [}, =0, Viel, jeJU{n+1}

Then clearly, > Zmyintj + Zmyiomsr = Ai — Aj, Viel (2.7)
jEJ
EZI Zm+int+i — Bj — B}, VJ c J (28)
> Zmyigny1 =), Ai— ) B; (2.9)
iel iel jed

For all 7 € I, consider Doozij= Y. Zij+ Ziont1
jeJ’ jeJ

= > Zzij (since z;2n4+1 = 0)
= > Zij+t 2 Zintj
jeJ JEJ

= wi;+ Z Wity

JjeJ jeJ
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Thus Z Zi5 = Qy, Viel

JjeJ'
For all i € I, consider, > Zmiij = D, Zmtij + 2. Zmtin+tj + Zmtiont
jeJ’ JjeJ jeJ
=A —a;+ A — A (from (2.7))
=A —uq
Thus, foralli e I, > zpp,; =4 —a;
jET!
ForalljeJ, 3 z;=> zi;+ > zj
el iel i€l —1
=2 Zigt ). Zmiy
il i€l
=D Wij+ D Wi
il i€l
=D, Wiy
Z’EI//
= b,

=
For all j € J, Yo Zim4i =0 Zimti T D Zindy
el i€l iel—1
=Y Zinti T D Zmtintj
il icl
=B, —bj+B; - B} (by (2.8))
=Bj—b;
Thus, Z Zim+j = Bj - bj,Vj eJ
el
Do Ziond1 = 2, Ziont1l + D Zmtiznti
el i€l i€l
=0 + Z Zm4i,2n+1 (as Zi2n+1 = 0V« € I)
iel

=2 Ai—> B (by (2.9))

i€l jeJ
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Clearly, z;; >0Viel” jeJ.
Thus {z;;}, i € I", j € J' is a 'restricted feasible solution’ of a problem P(2.2).

Theorem 2.2 Let {x;;}, i € I, j € J be a feasible solution of problem P(2.1) and

{zi;}, i€l", jeJ, be the corresponding ’restricted feasible solution’ of problem

P(2.2), then Z Z lml‘@j = z Z dl}jzi,j'

icl jeJ el jed’

Proof: Consider,

Yo dijzig =00 dijgzii+ Y, Y. dijzig+ Y, diong1 Zignt1

el jeJ’ el jed el jGJ”\J el
=2 > dijzigt 3 >, diny Zinrg T2 dignt1 Zigayr + Y dignt1 Zignt
el jed el jedJ iel iGI"\I

= Z Z di,j Zz’,j‘i‘ Z Z di,n+j Zi,n+j+ 0+ O(Since Zi2n+1 = 0V iel and dz’,2n+1 = 0, 1€ [”\I)

i€l jeJ i€l jeJ

=20 digzig+ Yo Y dij2ig+ Y Y dinyj Zinit DL D dintj Zingj

i€l jed el\I jeJ el jed iel"\IjeJ
=22 dig Zig+ 2.2 Amyig Zmrig T2, D Qintj Zimii T2 D mvinti Zmtint
i€l jed i€l jed i€l jed i€l jedJ

= Z Z d@j Zi,j+2 Z dm+i,j Zm+¢7j+z Z di’nJrj Zi,n+j+ 0 (since derZ"nJrj =0 Vi € [, j € J)

iel jeJ il jeJ il jeJ

=200 ligzig+2220 bij Zmyig + 220 lij Zinyj (from (2.2))

iel jeJ iel jeJ iel jeJ
=2 lij (25 + 2mrij + Zints)

iel jeJ
=220 lij @iy

iel jeJ

Theorem 2.3 If {x; ;}, i € I, j € J is an optimal feasible solution of P(2.1), then the
corresponding ‘restricted feasible solution’ {z; ;}, i € I”, j € J', of problem P(2.2) is

also an optimal feasible solution of problem P(2.2) and conversely.
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Proof: Let {z;;}, i € I, j € J be an optimal feasible solution of (2.1). On the con-
trary, let

{zigy, 1€ 1", j€J, with z;; # 2 ; for at least one i € I, j € J' be a 'restricted
feasible solution’ of P(2.2), such that it is an optimal solution to P(2.2).

Then Z E d@j Zz/',j < Z Z d@j Zij (210)

il jeJ! il jeJ!

Also {z] ;} being 'restricted feasible solution’ of problem P(2.2), by Theorems 2.1 and

2.2, there exist a feasible solution {7}, i € I, j € J of problem P(2.1), such that

> 0. ij =22 l”x (2.11)

i€l jeJ! icl jeJ

Moreover, by Theorem 2.2

Yo digaig =20 lijTij (2.12)

il jer icl jeJ
Substituting (2.11) and (2.12) in (2.10), we get
> > ligwi; <2 > lij v, acontradiction to the assumption that {z;;}, i € I, j € J
i€l jed i€l jed
is an optimal feasible solution of problem P(2.1).
Conversely, let {z;;}, i € I", j € J', be a ’restricted feasible solution’ of problem
P(2.2), such that it is also an optimal solution.

On contrary, let {;,}, with x; # x;; for at least one i € I, j € J be an optimal

feasible solution of problem P(2.1).

Then > > U w;] <D0 b (2.13)

i€l jeJ il jEJ

Since {z];} is a feasible solution of problem P(2.1), thus by Theorems 2.1 and 2.2,
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there exists {2/}, a restricted feasible solution” of problem P(2.2), such that
Yoo ligxi, =00 0 di 2 (2.14)
icl j€J ’ il jeJ’ ’

Also by Theorem (2.2),
220 gy =22 3 dij zi (2.15)
i€l jeJ i€l” je

By substituting (2.14) and (2.15) in (2.13), we get
Yoo dig 2l < X Y0 dij g,
i€l” jel’ i€l” je’

a contradiction to the assumption that {z;;}, i € I”, j € J', is an optimal feasible
solution of problem P(2.2).

Thus, by Theorems 2.1, 2.2 and 2.3, problems P(2.1) and P(2.2) are equivalent.

Case II: If ) A, < ) B, then another related standard transportation problem
i€l j€J

P(2.4) is defined as:

P(2.4) Minimize Y Y d;; 2
el jeJ”
subject to > oz =al,
jeJ”

> zij =1,

i€l
zi; > 0, foralliel jeJ"
where
a,=a;, 1 €1
Qg = Aj—a;, 1 €1
a,2m+1 = Z Bj - Z A

jeJ i€l
b; — bj, j c J
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b/

niej = Bj— b, j€J
di,j:li,ja iEI, jeJ
myij=lij, 1€1, j€J

di,n-i—j :li,j7 ZEI: je J

M, jelJ
Tt = o e

deri,nJrj: 0,i€l, jeJ.

Case III: When ) A, = ) Bj, then the equivalent standard transportation prob-
i€l jeJ

lem is defined as:

P(2.5) Minimize > > dij zij
i€l jeJ”
subject to > 2=, jeJ"
Z‘GI”

E Zij = CL;, 1€ 1"
jGJN

zij > 0, foralli e I", jeJ"

If in P(2.1), the total number of buses available is known to be F, then an extra
linear constraint introduced in P(2.1) yields a transportation problem P(2.6), which
is stated as below:

P(2.6) Minimize > > 1 i,

il jeg
subject to a; <> xi; <A, iel
jeJ
bj <) wi; <Bj, jeJ
icl
>0 Ty =1F
il jeg

x;; > 0 and integers, ¢ € I, j € J.

The constraint > Y w;; = F' is referred to as flow constraint.
i€l jeJ



25

To solve P(2.6) a related standard transportation problem P(2.7) is constructed which

is defined as:

P(2.7) Minimize Y > li j Vi
el jeJ’

subject to Yo yij=a;, i€l
JjeJ’
z Yij = b;, ] € J’
el

where
;L )
a, =a;, 1 €1

;L :
Qg = Ai —a, 1 €1

a,2m+1: Z BJ_F

jedJ
Vy=1b;, j€J
b/2n+1 :ZAZ_F
el

Z£7j:li,j7 iel, jEJ

! l

m+ig

ij, €1, jed

yi’jZO, ie[’,jGJ’
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!

i,n+] =

, M, iel
Pl 0, i=m ., 2m

, _{ M, jeJ
i,2m+1 —

L, i€l jelJ

0, 7=n+1,....2n

" —
l2m+1 2n+1 — M

l/

miint; =M, ieljel.

Theorem 2.4 If {y; ;}, i € I, j € J'is an restricted feasible solution of P(2.7), then
there exists {z;;}, i € I, j € J, such that it is a feasible solution of P(2.6) and con-
versely.

Proof. Define, z;; = vi; + Ym+ij + Yin+j, 1 €1, j € J.

Clearly z;; >0, i€ 1, jeJ.

Consider, Z Tij = Z Yig T+ Z Ymtij T Z Yin+tj

jeJ jeJ jEJ jeJ
= > Yijt+ D Ymtij
jeJ” JjeJ
<D Vit D Ymtig
jeJ’ JjeJ’
= a; + (AZ — ai)
Hence, Z Tij S Ai, 1€ 1. (216)

JET
Consider, > ;= Yij+ D Ymt+ij+ 2. Yints
jET jeJ jeJ jeJ
=2 Yijt 20 Yintj tYi2nt1 + D0 Ymtig
jeJ jeJ jed

= Yij T X Ymtiy

jeJ’ JjeJ
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> > Vi

jer
= ;.
Hence > x;;>a;, i€l (2.17)
jeT
So (2.16) and (2.17) imply that a; < > z;; < A;, i € 1.
jes
Similarly, it can be shown that b; <> x;,;, < B;, j € J.
iel
Now we claim that ) > z;; = F
iel jeJ
F=3 > ¥ij— > Yiznn
iel” jeJ’ el
=20 > Yijt 2 Yiznr1— D Yiznil
ie[// jeJlI ie[// ie[//
=2 > Vi
iel” jeJ”
=22 Vgt X D Ui
el jeJ €l jeJ"\J
=2 D2 vigtX X vt X > Uiy
iel” jer i€l jeJ\J i€I\T jET"
RPN/ YR EDVED VR VE D DR DR Ve D DD DR
iel jeJ i€\ jET i€l jeJN\J i€ I\T jETNJ
=220 Wig 2000 Umtig 0 D0 Yinds 00 D0 Yminds
i€l jeJ il jeJ iel jeJ i€l jeJ
=22 Yig 2220 Ymwig T2 D Yind
i€l jeJ il jeJ il jeJ
=22 Ty
i€l jeJ
Hence > > z;;, = F.
i€l jeJ

Conversely, let {x;;}, i € I, j € J, be a feasible solution of problem P(2.6). Then
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by <> mj(=DBj)<Bj jeJ
xijZO,iGI,jEJ.

In order to prove the result, construct a new problem as:

P(2.8) Minimize > > I u;;
il jeJ”
subject to Yo owj=a; 1€1
jeJr
Z Um+4,5 = A; — a;, 1el
jeJr
Z U 5 = b] eJ
i€l”
Z Uintj = B; _bja J € J
i€l”

Uy 5 Z 0, 1€ I//, ] S J"

where

L=l iel” jeJn
Let {u;;}, t € I” j € J" be afeasible solution of P(2.8). Theny; ; =w,;;, i € I”j € J".
Let yiony1 =0, 7 € 1.

Ymtionir = A — Al i€l

Yomt1,; =0, 7€ J

Yomiintj = By — B}, j€J

Yom+1,2n+1 = 0.

FOI‘?:EI, Z U 5 = Qy.
jeJ
Hence > v =
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. . o
Since Yiony1 =0, 1€ 1,50 > Yij = > Yij+tVYion1 = =aj, i €1
JjeJ’ jeJ”

This implies that Y Yt = AL —a;, @ € 1.
jeJ”

Yo Ymtig = D Ymrig t Ymtiznt
jeJ’ jeJ”

:Ai—ai, 1€ 1.

Fori=2m+1, Y Yom+1; =2, Yoam+1j + 2. Yomtinti T Y2m+12n+1
jer jed jes

= 0+ Z y2m+17n+j(Since Yom+1,5 = 0, j € J and Yom+1.2n+1 = 0)

jeJ
=>, Bj—> B
JjeJ jeJ
=, Bi—= >3 vl
JjeJ jedJ el

j€J
Similarly it can be show that column constraints of P(2.7) are satisfied. Hence

{vi;}, i€l', j € J, is afeasible solution of P(2.7).

Theorem 2.5 If {x;;}, i €I j € J is an optimal feasible solution of P(2.6), then
the corresponding restricted feasible solution {y; ;}, i € I', j € J of P(2.7) is also an
optimal solution of P(2.7).

Proof. If possible, let {y; ;}, i € I', j € J', be a restricted feasible solution of P(2.7)

such that it is optimal to P(2.7), then

> 2. lg,j yé,j <> 2 lg,j Yij-

il jeJ! icl’ jeJ!

Since {y;;}, i1 €1', j€ J is a restricted feasible solution of P(2.7), there exists

{#f;}, i €1, j € J, a corresponding feasible solution of P(2.6) such that
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200 Ligwly <20 X by =200 Ly wiye
i€l jeJ el jeJ' el jeJ

Thus

Yo byl <20 b way

icl jeJ il jeJ

which implies that {z7;}, i € [, j € J is an optimal feasible solution of P(2.6), a
contradiction to the assumption that {x;;}, i € I, j € J is optimal to P(2.6). Hence
{yi;}, i €', j € J' is an optimal restricted feasible solution of P(2.7).

Note: Let F} denote the total flow obtained on solving P(2.1). Let Z; and Z are
the optimal values of objective function in P(2.1) and P(2.6) respectively. If F' in
P(2.6) is such that F' < Fj, then Z > Zj for if this is not so, then Z < Zj, which in
turn implies that Z is the optimal value of the objective function in P(2.1), which is
not true. Thus Z > Z,. So whenever ' < F}, it follows that Z > Z;, which leads

to paradox. On the other hand if F' > Fj, again Z > Z;, and then there is no paradox.

NUMERICAL EXAMPLE

Example 2.1

2
Minimize Z Z li]’ Tij
i=1j=1
2
subject to 3 < 1, <11
=1
j2
3 S Z T2; S 10
7j=1
3
9 S Z xgj S 14
=1
3
6 S Z Ti1 S 15
i=1
3
T<> xn <12

@
Il
—
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2.

i=1j=

where z;; >0, ¢ =1,2,3 and j = 1,2.

Iij = 15
1

This problem is of type P(2.6), which is equivalent to

above problem is:
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P(2.7). Tabular form of the

Dy | Dy | D3| Dy| Ds
Si13 |6 |3 |6 | M
Se 12 14 |2 |4 | M
S35 |8 |5 |8 | M
Syl3 |6 |M | MO
Ss12 |4 |M|M]|O
Se|d |8 |M | MO0
S;|M|M |0 |0 |M

The table representing optimal solution is :

Dy | Dy |Ds |Dy |Ds
Si13 ® |6 3 6 M
Sy |2 4 ® |2 4 M
Sy |5 B|lg W5 (28 M (©
Sy|3 6 M |M |[0®
Ss |2 4 M |M |[0®
Se | 5 8 M |M [0 ®
S, M |[M [0 @0 ®|M

where figures in () show allocations. Optimal solution of original problem is
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Dy | D,
S |3 @6
Sy | 2 4 @
S35 ® |8 @

Hence for F' = 15, cost Z = 78.
3 2

If there is no flow constraint, i.e., > >  x;; = 15 is not there, then the problem is
i=1j=1

similar to P(2.1) and can be solved by solving the equivalent problem P(2.2), whose

solution in the tabular form would be

Dy | Dy| Ds| Dy | Ds
Si13 |6 |3 |6 | M
S |2 |4 |12 |4 | M
S35 |8 |5 |8 | M
Se13 |6 |0 |0 |0
Ss12 (4 |0 |0 |0
Se |5 |8 |0 |0 |O

S 13 M6 3 @6 M
Sy | 2 4 G) |2 4 M
S35 ®)|8 )5 8 M
Sy |3 6 0 0 ©jo ®
Ss 4 0 @0 ®lo
Se 8 0 ®lo 0

Ot DN

Then, the optimal solution to original problem without flow constraint is :



Dy | Dy
S 13 ® 6
Sy |2 4 ®)
S35 ® |8 @
Here also, cost Z = 78.
Example 2.2
3 2
Minimize Z Z lij Tij
i=1j=1
2
subject to 3 < > xy;, <14
=1
j2
4 S Z ZEQj S 15
j=1
3
6 S Z xgj S 15
j=1
3
2 S Z Ti1 S 15
’L§1
5 S Z T2 S 14
5 1221
i=1j=1
where z;; >0, ¢ =1,2,3 and j = 1,2.
Its optimal table is :
Dl D2 -D3 D4 D5
Sy |2 5 W2 @5 M
Sy | 4 1 @4 1 M
Sz (3 @6 3 @6 M ©
Sy |2 5 M |M |0 Y
Ss | 4 1 M |M |0 Y
Se | 3 6 M |M [0®
S;i M |M |0 D0 O] M

33
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Optimal solution of original problem is

Dy | D,

Si12 @5 @
Sy | 4 1 @
Ss |3 © |6

Hence for F' = 13, cost Z = 31.
3 2

If there is no flow constraint, i.e., > >  x;; = 13 is not there, then the problem is
i=1j=1

similar to P(2.1) and can be solved by solving the equivalent problem P(2.2), whose

critical solution in the present case would be

D1 D2 D3 D4 D5
Si12 @5 2 M5 M
Sy | 4 1 @y 1 M

S5 13 6 3 ® ¢ M
Syl 2 5 0 ®lo G g
Ss | 4 1 Mo 0 @ |
Se | 3 6 0 0 0o ®

The optimal solution to original problem without flow constraint is

D, | D,
Si|2 @5
Sy | 4 1 ®
Ss |3 © |6
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Here flow Fj, is 14 and cost Z, = 29. It should be noted that solution to original
problem in presence of flow constraint yields paradoxical pair (F' = 13, Z = 31).
CONCLUSION

Constrained transportation problem developed by Verma and Puri [28] with the
bounds specified on the source availabilities and destination requirements is discussed.
With the inclusion of flow constraint the transportation model becomes more realis-
tic. In the presence of flow of commodities the paradoxical solution is obtained for

the example considered in example 2.2.
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Chapter 3

Two - Stace InTERVAL TIME
MinmvizatioN TRANSPORTATION PROBLEM

3.1 Introduction

The Two Stage Time Minimizing Transportation Problem is one in which the total
availability of a homogeneous product at the sources is more than the minimum re-
quirement at the destinations. In many real life situations due to storage constraints,
destinations are unable to receive the quantity in excess of their minimum initial de-
mand. Only after consuming part or whole of the initial shipment, they are ready to
receive the excess quantity in the second stage. In order to handle such situations,
the product is transported to the destinations in two stages. In the first stage, just
enough of the product is shipped so that the minimum requirements at the destina-
tions are satisfied and surplus quantities (if any) at the sources are shipped to the
destination according to time considerations. Consider for example, the production
of maintenance - free sealed industrial batteries. Production is a continuous process
depending on the available resources. However each battery has a certain shelf-life
and needs to be periodically re-charged. Often due to lack of re-charging facilities on

37
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the production floor, each batch of manufactured battery is transported immediately
to the demand points. This corresponds to the first stage. In the second stage enough
batteries are shipped from the sources in order to satisfy the industrial user’s demand
at destinations. In both stages the transportation of the product from sources to
destination is done in parallel with the aim of minimizing the sum of transportation
times in the two stages. This objective is a concave function but the problem is
different from an earlier investigated one involving the minimization of the sum of a
finite number of independent concave functions in the sense that the present objective
function involves the sum of two dependent concave functions.

Sonia et al. [25] discussed the two stage interval time minimization transportation
problem. Mathematical formulation of the problem considered by them is as follows
: let a; and A;, i € I denote respectively the minimum and maximum availability of
a homogeneous product at the source ¢ and b;, j € J the demand of the same at the

destination j, where

Zai< Zb]<ZAl

iel jeJ iel
In the first stage of the two stage interval Time Minimization Transportation
Problem (TMTP), the quantity a; (< A;) is shipped from each source i, ¢ € I and
after the completion, enough quantity of the product is dispatched in second stage so
as to exactly satisfy the demand b; at the destination j, j € J. The stage I problem
is formulated as:

y_poin_ Imax(ti;(y;))) = minl 73 (V)]
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where the set S’ is given as

Yoy =a; for alliel,
jed
S o= Zngbj for alleJ,
iel
yi; >0 for all (¢,7) €I x J.

Corresponding to a feasible solution Y = y;; of stage I problem, let S’(Y") be the set

of feasible solutions of stage II problem which is as follows:

z={zg1}125’(1/)[1}133( (ti5(2:3))] = zgg?Y)[TQ(Z)]

where the set S'(Y) is given as

ZzijSA,-—ai for allie],
JjeJ

S/(Y) = z;Z”:bj—B] for aHJEJ,
i€
ZUZO for all (Z,])E[XJ

and Bj = Zyij, j € J

el

Thus a two stage time minimization transportation problem can be defined as:

P(31) | min [(B(V))]+ min [(7:(Z)

Closely related to the problem P(3.1) is the interval time minimizing transportation
problem P(3.2) defined as:

P(3.2)  min[T'(X)] = min[max(t;;(2;))]

where

a; < Y x; < A; for all i€l
jeJ
S = inj:bj for all (]EJ),
i€l
x;; >0 for all (4,7) €I x J.
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Clearly a feasible solution of P(3.1) provides a feasible solution to the problem P(3.2)
and conversely. Associated with the problem P(3.2) a balanced transportation prob-
lem is defined as:

P(3.3) r)?eig[f(X )] = I;eig[r?i;{(fij(xij))]

where

S ;= a; for alliel,
JjeJ
S = inj:i)j for alleJ,
iel
SL’WZO for all (Z,j)Eij

where, [ = {1,2,....m,m+1,...,2m},
J=Ju{n+1},
dz‘ = CLi,'i c I,

am—i—i:Ai_aiaiéla

A~

bj = bj for al].] c J,

~

bn+1 = ZAl - Z b]7
iel jEJ

tij = tij for all (’l,j) el xJ.

fm—i—z',j = tij for all (Z,]) el x J,

~

tiny1 =M for alli eI,

where M is a very large positive number,

~

tmtint1 =0 for all ¢ e 1.
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3.2 Theoretical Development

The shipment time in Stage-1 and Stage-2 are concave functions, so the two stage
interval time minimization transportation problem aims at minimizing a concave func-
tion over a polytope. Hence P(3.1) is also a concave minimization problem. As the
global minimum of a concave minimization problem is attained at an extreme point
only, it is desirable to investigate only its extreme points. Let the set of transportation
time on various routes is partitioned into a number of disjoint sets, By, h = 1,2, ..., s,
where By, = {(i,j) € [ x J : t;j =t"} and #/ > /! for all j=1,2,...s — 1.

Positive weights say As_p41,h = 1,2, ..., s are attached to these sets where, ;11 >>
Aj for allj =1,2,...s — 1. This yields a standard Cost Minimization Transportation

Problem (CMTP):

minZ)\h( Z Tij),
h=1  (i,j)€Bp
where X = {z;;} belongs to the transportation polytope over which original (TMTP)

is being studied. To find an optimal feasible solution (OFS) of the Stage II problem,

define the following (CMTP):

P(3.4) mgnzcz’jxijy
IxJ
where
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Cint1 =M for alli eI,
Cmtint+1 =0 for alli eI,
c;; =0 for all (i,7) € I x J,
Cmtij = As—ht1; tmyij =t", for all (i,j) € B, and h=1,2,..,s.

Let at any given time of Stage I and Stage II say, TF !, 75! respectively, where
le_l, T2k_1 - {tl, tg, ceey ts},
ke {1,2,...,s + 1}. The restricted version of the problem P(3.4) denoted by P(3.4)x, k >

1 is defined as:

P<34)k m;nz Z CijTij

iel jeJ
where

cij =M if t;>TF1, for all (i,5) € I x J,
=0 if ty; <TH', for all (4,5) € I x J,
Ciny1 =M for all i €1,
Cmin+1 = 0 for all 7 €1,

Cm+ij = >\sfh+1; tm+i,j = tha (7‘7.]) S Bh and h = 17 27 ey S

An (OFS) of the problem P(3.4) is denoted by Y with corresponding stage I time T}
and the stage II time by T% and let Y* be an (OFS) of P(3.4); yielding corresponding

time of stage I and stage II as TF and T¥ respectively.

Theorem 3.1 T¥ is the minimum time of stage II corresponding to any given time

of stage I in the problem P(3.4).
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Proof : Let if possible there exist a pair 77,7, yielded by some feasible solution
Y = {y;;} of P(3.4); such that Ty < T¥ and T} < T{~" where T, = t, and T¥ = t, for
some p,q € {1,2,...,s}.

Since Ty < T¥, therefore p > ¢, which implies s —p+1<s—q+ 1.

Therefore
Z(Y)= > cijyij = 2 Asonra( 20 i)
IxJ h=1 (4,§)EBp,
= > Xm0 Yij)-
h=p (4,3)€Bn,
Also, Z(Y*) = Y cij yis = 2 dennn( 22 0l)
IxJ h=1 (i,5)€Bp
= Z /\S—h-i-l( Z yzy)
h=q (4,7)EBp,

Since A\j; 1 >> N\, 1 =1,2,...,s — 1, which implies

hzi:l/\s—h—kl( > ym)<2>\s (D yw)

(4,3)€Bn (i,5)€Bn
=  Z(Y)< Z(Y").
But this contradict the optimality of Y*, therefore Ty < Ts.
Corollary 3.1 P(3.4) gives optimal time of stage II.
Remark 3.1 From P(3.4); we conclude that 77 > T} > ... > T! and further it
has also been observed that Ty < T} < ... < TL. If possible, suppose there exist
Tith < TF for some k, Zp = Z(Y*) and Zpyy = Z(Y*). As T8 < TF, YF+lig a
feasible solution of P(3.4), with Z,1 < Zj, a contradiction to the fact that Y* is an
(OFS) of P(3.4).
Remark 3.2 Since optimal time of stage-1 problem is T}, (OBFS) of P(3.4);,; is not

M-feasible.
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Remark 3.3 Let TP = t" for some r € {1,2,...,s} then the maximum number of
iterations required to solve this problem is s — r + 1.

Theorem 3.2 Let the generated pairs of stage I and stage II time be (TF, T%), k > 0.
Then the optimal value of the problem P(3.1) is given by {h:r(?}?..,z} [Th T2

Proof : Let if possible there exist a pair (Y7,Y3) yielding stage I time and stage 11

shipment time (73, 7%) such that Ty + 75 < ming,—o1,. 5y (17, T%]. Since TP > T} >

o >Thand TY < T} < ... < T%, then the following cases arise:

Casel. T;>T1} (3.1)
By construction of P(3.4), (Y1,Ys) is a feasible solution of P(3.4). Since T¥ is the
optimal time for P(3.4), therefore Ty < Ts. (3.2)
Combining (3.1) and (3.2), we get, Ty + Ty > T + T3.

= T +T,> " %1711?“’ [T, T3]

Case 2. Ty <T]

Since Ty < T}, (Y1,Y3) is an M - feasible solution of P(3.4);, which is a contradiction

as this problem is not M-feasible.
Case 3. T, € [T}, T}]

In this case, either T} = TF for some k = 0,1, ...l or Ty € (TF, TF"), since TF ! >
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TF.

(i) If Ty = TP, then by construction of P(3.4), (Y1, Y3) is a feasible solution of P(3.4).
= Ty >TY, [since TY is the optimal of stage IT in P(3.4)]

= T+ T, > T + T3,

= T+T> i Tr, T

1+ T2 min 17 T
Similarly for the case when Ty = TF, k € {1,2,...,1} it can be shown that T} + T >
Tf+ Ty > min (1T,

(ii) Ty € (TF, TF ).

Then (Y3, Y3) is a feasible solution of P(3.4); (since Ty < TF ). Also Ty > T¥ and

T1>T1k,
= T1+T2>T1]€+T2k,

= Ty +Ty> min [T TP
{h=0,1,...,1}

Therefore there does not exist a feasible solution Y = (Y1,Y2) of P(3.4); yield-

ing time less than {h_rgl}n 5 [TV, T2]. Thus the optimal value of P(3.1) is given by

i T" M.
{h:%ﬂ?.,u[ Ty
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3.3 The Procedure

Initial Step. Find an (OBFS) of P(3.4) and thus obtain the corresponding times

TY and TY of stage I and stage II respectively.

General Step. If k& > 1 at a given pair (7% ', T8 !) of stage I and stage II
times, solve the problem P(3.4);. From the (OBFS) of P(3.4); construct the pairs

(T, T3,

Terminal Step. If (OBFS) of problem P(3.4); is not M-feasible, then stop. The

timal value of (3.1) is given b in [TV, T3].
optimal value of (3.1) is given y{h:%,lll,r.l..,k:}[ 1 1y

3.4 Example

Consider the two stage interval time minimization transportation problem given as:

S1 126 |23 |59 |38 (19 (20 |6 |8
Sy 40 |48 120 |19 |23 |59 |15 29
S3 126 |38 |48 |20 |19 |40 [ 1218

The partition of various time routes is given by:

t1(=59) > t2(= 48) > t3(= 40) > t*(= 38) > t*(= 26) > t5(= 23) > t"(= 20) > t3(=

19).



Here t* = t8 = 19 and so s = 8.

The partition of positive weights is given as:
t! = B, = 59 = (1,3),(2,6)

t? = By = 48 = (2,2),(3,3)

t3 = By = 40 = (2,1),(3,6)

th = B, = 38 = (1,4),(3,2)

t5 = By = 26 = (1,1),(3,1)

t = Bg = 23 = (1,2),(2,5)

t" = By = 20 = (1,6),(2,3),(3,4)

8 = By = 19 = (1,5),(2,4),(3,5)

tmy1s = t' here h =1, 13 = Asoi41 = As
tm+2,2 = t2, here h:2, Cm+42,2 = )\8—2-1—1 = )\7
tmy2q = 3, here h =3, Cpyo1 = As—ai1 = X
tmi1a = th here h =4, ¢pi1a = Ascar1 = A
tmy1n = t°, here h =05, 11 = Asosp1 = M
tmy12 = t° here h =0, 12 = As_gr1 = A3
tm+1,6 = t7, herehz?, Cm+1,6 = )\8—7-1—1 = /\2
tmi1s = t% here h =8, Cu15 = Agsgp1 = At

The corresponding problem P(3.3) is given in the following table:
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Dy | Dy | D3| Dy|Ds|Dg| Dy|a,
S1126 (23 59 |38 (19 (20 | M |6
Sy 40 |48 120 |19 |23 |59 | M |15
S3 126 |38 |48 |20 |19 [40 | M |12
S1 126 (23 (59 |38 (19 (20 |0 |2
Sy 40 |48 120 |19 |23 |59 |0 |14
S3 126 |38 |48 |20 |19 [40 [0 |6
bil6 |9 |3 [14 |10 |5 |8

An optimal table of the problem P(3.4) is:

S 10 0M M |0 0 0G| M
Sy 0@ | M 0d®1o® 0@ | M M
Ss0@®W{o® A |0 0 0 M

S4 /\4 A3 )\8 )\5 )\1 (2) )\2 0
Ss 1A |[Ar [ A [ A O] de |0®
Se | \4 As A7 Ao Al (6) X6 0

An optimal basic feasible solution of the problem P(3.4) yields stage-I time as 40 and
stage-1I time as 19, where 19 is the optimal time of stage-II.
Next pair is obtained from the problem P(3.4); in which routes having time 40 at

stage-1 is blocked. The optimal table of the problem P(3.4); is given as:



D, |Dy |Ds |D, Ds |Ds |D;
Sy |0 0®|M |0 0 06 | M
So|l M |M 0BG 0@ |00 | M
Ss 0@ 0® | A |0 0 M M
Sild | A3 [ As | A5 YR RAD YR ORNI
SslXhe A [ X A O] As 0®
Sel M X A | e A N6 0 ©
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An optimal basic feasible solution of the problem P(3.4); yields stage-I time as 38

and stage-II time as 20, where 20 is the minimum time for stage-II corresponding to

the stage-I time 38.

Next pair is obtained from the problem P(3.4); in which routes having time 38 at

stage-1 is blocked. The optimal table of the problem P(3.4), is given as:

Dy |Dy |Ds |Dy |Ds |Ds |Dsy
Sy |0 08 |M | M 0 06 | M
So | M | M 0@ 10® |0@W | M M
S |0 © | M M |0 0© | M M
Syl A | A3 As | s MA@ 0
S5l Xe | M A A @ g | g 0 ®
Se | A [ A5 ©® X | X M| X 0 (©

An optimal basic feasible solution of the problem P(3.4), yields stage-I time as 26

and stage-II time as 38.

Proceeding in the same way, next pair is obtained from the problem P(3.4)3 in which

routes having time 26 at stage-I is blocked. The optimal table of the problem P(3.4)3
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is given as:

D, D, Ds | D, Ds Dg D-
Sy | M 0® M | M 0 06 | M
Sy | M M 0@ 0@ |00 | Ar M
Sy | M M M 002 | M M

Sa | Mg A3 As | As A\ X @10
Ss | A © |\, Ao [ A O] )\ s 0 ®
S| Ay @ | Xs ® | N | ), A 6 0

An optimal basic feasible solution of the problem P(3.4); yields stage-I time as 23
and stage-II time as 40.

Algorithm terminates here as problem P(3.4)4 is no more M-feasible.

Thus min{40 + 19,38 4+ 20,26 + 38,23 + 40} = 58. Hence the optimal value of the

problem P(3.1) corresponds to the pair (38,20).

CONCLUSION
Algorithm developed by Sharma et al. [23] generates a sequence of stage-I and stage-
IT time, where at each iteration stage-I time decreases strictly and stage-II time

increases. The aim is to minimize the sum of two stage shipment times.



Chapter 4

Mbobpiriep TiME - Cost TrADE - OFF
REevrations In TransporTATION PROBLEM

4.1 Introduction

In the classical transportation problem of linear programming, the traditional objec-
tive is one of minimizing the total cost. However, in certain situations such as in the
transportation of perishable items, mission oriented military supplies, ambulance ser-
vices and fire services the time for completing the transportation to all of the demand
points attains greater importance than the cost of transportation. In such situations,
transport cost and transmit time cannot be viewed as two independent problems and
there is need to have a trade-off between time and cost. By studying the constrained
transportation problem given by Verma and Puri [28] and the time-cost trade-off in
bulk transportation problem given by Gupta et al. [15], an algorithm is developed in
this present chapter to find all efficient time-cost trade-off pairs in the transportation
problem.

o1
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4.2 Theoretical Development

To obtain time-cost trade-off relations in the transportation problem the following
bicriteria problem is considered:

P(4.1) Minyes (Z(X), T(X))

where

a; <> wi; <A, for alliel,
JET

in,j < bj, for allj S J,

i€l
X = {xi;} € R™,
I = {1,2,...,m}, index set of sources,
J = {1,2,...,n}, index set of destinations,
a; = minimum availability at the ith sources, i € I,
A; = maximum availability at the ¢th sources, ¢ € I,
b; = requirement at the jth destination, j € J,

Z(X) = >, > ¢ijxij, ¢; being the time transportation cost of transportation
T

goods from ith source to the jth destination,

T(X) = Max jerxs [tij i), ti; being the time of transporting goods from ith

source to the jth destination.

Here b; is defined as a; < b; < A; and ¢;; and ¢;; are independent of the quantity
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transported.

To solve problem P(4.1), an equivalent standard cost minimization transportation

problem (CMTP) is defined as :

P(42) Min Z Z d@j Tij
iel jeJ

subject to Yoomij = a;, iel
jed

Z LUZ'J = [A)j, je j

iel
x; >0, i€l jel.
where, [ = {1,2,....,m,m+1,...2m}
J={1,2,...,n,n+1}
a; =a;, 1€1
myi = Aj —a;, 1€1

~

bj="0b;, j€J

~

b1 =2, Ai — > by
iel jet
di,jzci,ja 'iej, jGJ
iy = Cig, €1, jJ€J
dipy1=M, 1€l

dmtins1 =0, i€l

Definition 4.1 Efficient Point: An X € S is called an efficient point if there does

not exist X € S such that

(Z(X), T(X)) < (Z(X), T(X)).
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If X is an efficient point, then (Z(X),T(X)) is called an efficient pair.

Definition 4.2 Dominated Point: X € S is said to be dominated by X € § if

~ ~

(Z(X), T(X)) < (2(X),T(X)).

Definition 4.3 Feasible Pair: A pair (Z,7) is called a feasible pair if there exist

X € S such that Z(X)=Z and T(X) =T.
Definition 4.4 Z; : Optimal objective function value in CMTP(T).

Cost minimizing transportation problem at time 7', denoted by CMTP(T), is defined

as:

P(4.3) Minimizex¢s ZZ ¢ vij = Zr(X)
g

where ¢ = iy, ifti;<T

M being an infinitely large positive real number.

Remark 4.1 If Z, and Zp, are respectively the finite optimal values in CMTP(T?)
and CMTP(T) and Ty > T5, then Zy, < Zr,, because optimal solution of CMTP(T5)

is a feasible solution of CMTP(T7).

Lemma 4.1 If (Z,T) is a feasible pair yielded by an X € S and Zy = Z, then (Z,T)
is not an efficient pair.

Proof: Consider (Z(X),T(X)) = (Z,T).

Let the optimal solution of problem P(4.3) be Y.

Therefore, Z(Y) = Zr and T(Y) < T.
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If Z(Y) = Z(X), then (Z(Y),T(Y)) dominates (Z(X),T (X)) and hence (Z,T) is
not an efficient pair.

Theorem 4.1 If (Z,T) is an efficient pair, then Zr > Z, Zr being finite optimal
value in CMTP(T).

Proof: Consider the CMTP P(4.3).

The optimal solution X of this problem is such that Z(X) = Z and T(X) = T, oth-
erwise (Z,T) would be dominated. Thus optimal value in P(4.3) is Z. The optimal
solution Y of CMTP(T) is also a feasible solution of P(4.3).

Therefore, Z(Y) 2 Z.

Z(Y) # Z because then (Z(Y), T(Y)) dominates (Z,T), which contradicts the effi-
ciency of (Z,T).

Therefore, Z(Y) > Z, i.e., Zp > Z.

Theorem 4.2 Consider (Z,T) as a feasible pair. If Zp > Z, then (Z,T) is an efficient
pair (Zr being finite).

Proof: Zr is the optimal value of the objective function in CMTP(T).

Suppose any feasible solution X € S gives feasible pair (Z;,77) such that T} < T
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where

2(X) = Zy, T(X) =T

As T} < T, then X will be a feasible solution of CMTP(T).

Therefore, Z(X;) = Zr.

Zy > Z (since Zp > Z)

so (Z1,Th) £ (Z,T).

That is, there does not exist X € S such that (Z(X),T(X)) < (Z,T).
Hence (Z,T) is an efficient pair.

Theorem 4.3 (Z,T) is an efficient pair Zr = AM + v; (A > 0) and v € R. Then

(i) there doesn’t exist any efficient pair (Z , T) with 7' < T, and

(ii)) T'= Minxes T(X).
Proof: (i) Zr = AM + v which means CMTP(T) has no feasible solution X with
T(X) < T and Z(X) is finite. Hence there doesn’t exist any efficient pair (Z,T') with

A

T,T.

(ii) As (Z,T) is a feasible pair, then there exists X € S such that T(X) =T.
From (i) we can say that there doesn’t exist any X € S such that T(X) < T

Therefore T'= Minxes T(X).
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4.3 Algorithm

1. Finding first efficient pair:
Find optimal solution Xy of Minyeg Z(X). Compute Z(Xy) = Zpand T'(Xy) = To.
Solve CMTP(Tp), let its optimal solution be Y. Z(Y') = Z,.
It Z(Y) > Zy, (Zy,Tp) is the first efficient pair and Xj is the first efficient point.
[Theorem 4.2]
If Z(Y) = Zy, (Zy, Tp) is dominated by (Z(Y),T(Y)) (by Lemma 4.1)

Solve CMTP(T(Y)) and let it’s optimal solution be Y.

~ A ~

If Z(V) = Z(Y), (Z(V),T(V)) dominates (Z(Y), T(Y)).

~

Solve CMTP(T'(Y)) and proceeding in same way find first efficient pair (Z;,77)
and the corresponding efficient point.
2. To find (K + 1)th efficient pair (K > 1) (Z;,T;), i =1, ..., K are K efficient pairs.

Let optimal solution of CMTP(Tk) be Y. As (Zk,Tk) is the Kth efficient pair,

Zr = Z(Y) > Zg and T(Y) < T.

Therefore, optimal solution of CMTP(Tk) yields a feasible point Y € S giving the
pair (Z(Y),T(Y)).

Find optimal solution Y of CMTP(T(Y)). If Z(Y) > Z(Y)), then (Z(Y),T(Y)) is

the (K + 1)th efficient pair and Y is the corresponding efficient point. [Theorem 4.2].

~ A ~

UZY)=2Y), (Z(Y), T(Y)) is dominated by (Z(Y),T(Y)). To examine whether
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A ~ A

(Z(Y),T(Y)) is (K 4 1)th efficient pair, solve CMTP(T(Y')) to obtain its optimal so-

lution Y.

If Z(Y) > Z(Y), then (Z(Y),T(Y)) is designated as (K + 1)th efficient pair and Y

as (K +1)th efficient point, otherwise (Z(Y), T(Y)) gets dominated by (Z(Y), T(Y)).

Continuing in this process we obtain (K + 1)th efficient pair.
4.4 Termination

Let (Z;, T;), i = 1, ..., K be the K efficient pairs obtained up till now. Solve CMTP (7).

If Zr, = AM + v, (A>0) and v € R, then no more efficient pairs exist.

Theorem 4.4 Algorithm records all the efficient pairs. That is, no efficient pair is
missed by the algorithm.

Proof: Let, if possible, (Z, T') be an efficient pair not recorded by the algorithm. That
is, there exist two consecutive recorded efficient pairs say (Z,,7,) and (Z,+1, Tpt1),

such that Z, < Z < Z,yy and T, > T > T}, ;.

Let optimal solution of CMTP(7},) be Y. As (Z,,T,) is efficient, Z(Y) > Z, [from

Theorem 4.1].
Also, by definition of CMTP(T},), T(Y) < T,,.

Let optimal solution of CMTP(T'(Y)) be Y.

(a) If Z(Y) > Z(Y), then (Z(Y),T(Y)) is recorded as (p + 1)th efficient pair. [from

Theorem 4.2]

That is, (Z(Y),T(Y)) = (Zpt1,Tp+1). The feasible solution X € S yielding
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efficient pair (Z,7) will also be a feasible solution of CMTP(T,). As Y is optimal

solution of CMTP(T,,), Z = Z(X)z Z(Y).

AST > Typ1, (Z,T) > (Z(Y), T(Y)).

That is, (Z,T) > (Zp41,Tp+1), this means (Z,T) is not an efficient pair, which is

a contradiction.

(b) When Z(Y) = Z(Y), then (Z(Y),T(Y)) dominates (Z(Y),T(Y)). As (Z,T) is

an efficient pair, (Z(Y),T(Y)) is different from (Z,T). Clearly, T, > T'(Y).

If possible, let T(Y) < T, Y being optimal solution of CMTP(7,) and X is its

feasible solution.
We have, Z(Y) £ Z(X) = Z.
Therefore, (Z(Y),T(Y)) dominates (Z,T), which is not true.

Hence, T(Y') > T Therefore, T, > T(Y) > T > T,;.

Let Y be an optimal solution of CMTP(T'(Y)).

If Z(Y) > Z(Y), then (Z(Y), T(Y)) would be recorded as (p+ 1)th efficient pair.
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[by Theorem4.2]

A

That is, (Z(Y),T(Y)) = (Zpi1, Tp1)-

As T < T(Y), X will be a feasible solution of CMTP(7T'(Y")) whose optimal solu-

tion is taken as Y.
So, Z(X) 2 Z(Y) = Zps.
Therefore, (Z(X),T(X)) 2 (Zp+1,Tpt1) [since T(X) =T > Tp4q].

This means, (Z,T) is again dominated, which is a contradiction. Hence, no efficient

point is omitted by the algorithm.
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4.5 Example

Minxes (Z(X), T(X))

where the set S is :
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> > ¢ij xij, ¢i; being the time transportation cost of transportation
I

goods from ith source to the jth destination,

T(X) = Max jerxs [tij i), ti; being the time of transporting goods from ith

source to the jth destination,

The tabular form of the problem is :



62

D, |D, |Ds |Dy
S |10 9 11 7
5 6 3 2
S, | 11 10 13 14
2 3 5 6
Sy 18 6 9 10
4 5 8 3

In the table allocations in the left corner represents

bottom represents time.

cost and the allocations at the

The tabular form of the above problem in the form of CMTP P(4.2) is :

Dy | Dy | Ds| Dy | Ds
Sp|10 19 (11 |7 | M
Sy |11 |10 |13 |14 | M
S318 |6 |9 |10 | M
Sy110 19 |11 |7 |0
Ss |11 |10 |13 |14 |0
Se |8 |6 |9 |10 |0

The optimal table of the given problem in the form of P(4.2) is :



Dy D, Ds D, Ds
Si | 10 9 11 7 M
(5)
Sy | 11 10 13 14 M
(3)
Ss |8 6 9 10 M
(2) (4)
Sy | 10 9 11 7 0
(0) (4)
S5 | 11 10 13 14 0
(3) (4)
Ss | 8 6 9 10 0
(2) (7)
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In this table allocations are represented in (). From the optimal table we get cost

Zy = 250 and time Ty = Max{2,4,5,8} = 8.

We get (Zy,Tp) = (250, 8).

As we get time Ty = 8 so we block the routes having time T, = 8 and optimal table

of CMTP(8) is:
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Dy | Dy, |Ds Dy Ds
Sy | 10 9 11 76 M
Sy |11 10 13 ®) |14 M
Ss | 8 6 © | M 10 © | M
Si|10 |9 11 7@ 0
Ss | 11 10 13 @14 0 ®
Se |8 ® |6 O M 10 0o M

Now we get cost Z; = 254 and time T; = Max{2,5, 3,4} = 5.
Since Z; > Zy, so (Z1,T1) = (254, 5) is the first efficient pair.

Now by blocking the routes having time 77 = 5. The optimal table of CMTP(5) is :

Dy | D, Dj Dy Ds
Sy |\M |M 11 ® |7 M
Sy | 11 10 M M M
Sy M M 10 ©® | M
Sy M | M 11 @7 @ o
Ss | 11 10 @ | M M 0 @
Sg |8 ® | M M 10 ®Wjp @

oo

From the optimal table of CMTP(5) we get cost Zo = 285 and time Ty, = Max{3,2,4} =
4.

Since Zy > 7y, so (Zs,Ty) = (285,4) is the second efficient pair.

Now by blocking the routes having time 7, = 4 the problem CMTP(4) yields no
efficient pair as from the optimal table of CMTP(4) we get cost Zp, = AM + v.[from

Theorem 4.3]
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Therefore, there does not exist any efficient pair with time 7" < Ty = 4.

Thus, our algorithm terminates here with time-cost trade-off pairs (250, 8), (254, 5), (285,4).

CONCLUSION

A modified time-cost trade-off relations for general transportation problem is pre-
sented. In this problem it is considered that upper and lower bounds are specified on
the source availabilities. Three time-cost trade-off pairs are obtained for the example

considered here.
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