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ABSTRACT

The objective of the thesis entitled, “Applicatiom$ Lie Classical Method Some
Nonlinear Partial Differential Equatiorisis to obtain the Lie symmetries and the exact
solutions of nonlinear partial differential equaiso (PDEs) or their systems, which
represent some of the important physical phenom&ha. nonlinear phenomena are
encountered in a variety of situations in physissa@ll as in other natural and applied
sciences. Most of these phenomena are governedohijinear partial differential
equations. The study of these systems of diffeaemguations is often regarded as a
difficult and confusing endeavor due various litidas posed by the intrinsic
nonlinearity.

The exact solutions of these differential equatiamich not only play a central
role in the theories of these physical phenomertahbue also become more and more
sought after during the last few years. The mathiealatechniques which generate a
wide range of solutions and applicable to all tgbaronlinear differential equations are
few. The group theoretic techniques can be categdrin this class and generally a
variety of exact solutions may be furnished in stematic manner.

The thesis comprisesix chapters. The brief outline of the research work
presented chapter wise in this thesis is as fotlows

In chapter 1, we have described the nonlineangbatifferential equations and
exact solutions. It contains the various defimtiof Lie Groups. It also includes the
preliminary materials and literature review.

Chapter 2 is an brief description o# kiassical method based on the application
to some nonlinear partial differential equations.

Chapter 3 presents symmetry reductiand exact solutions of a Gardner
equation. This chapter deals with the classical roiethod to obtain symmetries and

reductions. Reduced systems are studied furthggnerate some exact solutions.



In chapter 4, a form of Fishers equati®rstudied. For each generator in the
optimal system, the Fishers equation is reducea ®ystem of ordinary differential
equations, which is further studied with the aindefiving certain exact solutions.

In chapter 5, we investigate symmetard reductions of the Drinfel'8okolov
Wilson Equation. Corresponding to each basic vefodtd, the reductions of the system
to ordinary differential equations are obtainede3dreduced systems are further studied
for exact solutions.

In chapter 6, we study the classical Lie symmetoéghe Benjamin-Bona-Mahony
(BBM) equation which is obtained through the Lieogp method of the infinitesimal
transformations. Secondly usuing the classical sgtrigs of the equation, similarity

reduction are obtained.



CHAPTER-1

INTRODUCTION

Nonlinear partial differertiaquations are one of the key area of the inteEnacof
mathematics and other sciences as they govern pipsical phenomena. With the
development in physics and other sciences nonlippanomena have really caught up
with us. Virtually all fundamental equations of gigs are nonlinear and are difficult to
solve. Various standard strategies are adoptee@tt@mgproximate solutions of nonlinear
partial differential equations. But these solutialesnot provide much information about
the system. Strategies adopted to drive exactisnhkito nonlinear equations are being
avoided due to complicated and cumbersome calongtiBut the strong desire of exact
and more general solutions to nonlinear partidedghtial equations governing nonlinear
phenomenon in technological enhancement has madeemdous growth in research
interest.

An ordinary differential equation is a relation tltmntains the functions of only
one independent variable, and one or more of tivateses with respect to that variable.
The order of differential equations is given by thmaximum number of times the
supposed unknown function in it has been diffeetat. Ordinary differential equation
arises in many differential contexts including getmym etc. Many famous
mathematicians have studied differential equatam contributed to the field, including
Newton, Clairaut, D Alembert and Euler. Much stumg been devoted to the solution of
ordinary differential equations. In the case whie equation is linear, it can be solved
by analytical methods. Unfortunately, most of th&eresting differential equations are
non linear and, with a few exceptions, cannot bkesb exactly. Approximations
solutions are arrived at using computer approxiometi

A partial differential equatis is a mathematical equation that involves two or
more independent variables, an unknown functiorpéddent on those variables) and

partial derivatives of the unknown function withspect to independent variables. The



order of a partial differential equation is thel@r of the highest derivative involved. The
study of partial differential equations is a fundantal subject area of mathematics which
links important strands of pure mathematics to i@dpand computational mathematics.
Partial differential equations and their solutiomehibit rich and complex structures.
Unfortunately, closed analytical expressions fairtlsolutions can be found only in very
special circumstances and these are mostly ofddniheoretical and practical interest.
Thus scientists and mathematicians have naturatlytd seeking techniques for the
approximation of solutions. A solution (or a pauntar solution) to a partial differential
equation is a function that solves the equationnoother words, turns it into an identity
when substituted into the equation. A solutionabed general if it contains all particular
solutions of the equation concerned.

The term exact solution is often used for secortihagher order nonlinear partial
differential equations to denote a particular dotut The exact solutions are also
helpful in designing and testing of numerical aitjons. The proposed work will be
devoted to obtaining the exact solutions of nomlin@artial differential equations or their
systems, which represent some of the importantipdlysystems.

Most of the problems posed by nature, and whicloreterest to physicists and
mathematicians, are inherently nonlinear and awmellysgoverned by a single or a system
of differential equations. Physical examples ofedéin systems are relatively rare.
Nonlinear equations are difficult to solve and linear approximations used to describe
them are often a tacit admission that the undeglgquations can not be solved. In fact,
the study of nonlinear systems of differential aoures is regarded as a difficult and
confusing endeavor.

Whilst linear analysis as a mathematical disciplimegan in the nineteenth
century and in the intervening years achieved mgpgctacular successes throughout
sciences, on the other hand the nonlinear equabprgtue of their inherent complexity
remained much harder to understand because of thek of simple superposed
solutions. Consequently, numerical methods aregbejplied to obtain approximate
solutions of these equations. But these solutidisyever, fail to provide much

information about the system.



The study of nonlinear differential equations has only provided information
about the phenomenon but has, in fact, helped ikingamore precise some of the
concepts and theories developed in the last cembatiiematics. The standard strategies
adopted to get the solutions of nonlinear partitieential equations (PDES) to date are
following:

» Linearize the given set of nonlinear equations hbyoking certain
physical assumption.

* Numerical integration of the equations under appat® boundary
conditions.

» To derive exact solutions of nonlinear equation.

In fact, as the applications of the first two aproes are concerned, a great deal
has been contributed. The third approach is bewmdad due to cumbersome and
complicated calculations. But the strong desireexdict and more general solutions to
nonlinear PDEs governing nonlinear phenomenondhnelogical enhancement and for
research purpose made tremendous growth in resedechst of last approach. There is
much current interest in obtaining exact solutiasfs nonlinear partial differential
equations; these solutions provide information abwmnlinear phenomena and various
aspects of the physical phenomena. These solutioitsn with several important
physical parameters, prove useful to discuss aranme the sensitivity of physical
phenomena they describe.

Exact solutions for nonlinear equations are rarel the methods, which can
generate families of them, are not only increasimglpular, but increasingly sought. So
far, a number of methods have been proposed tdrochshe exact solutions; the most
effective methods include the classical Lie appnofl; 6, 19, 23], the nonclassical
approach [2, 13, 27], Steinberg’s symmetry reductizethod [7, 8], the direct method
[17, 29], the hyperbolic functions expansion metht7], elliptic functions expansion
methods [18,19].

The main tool in our study will be Lie classical tmed for reduction of partial
differential equations (PDEs) and other method uditlg hyperbolic secant-tangent
functions expansion method for some exact solut@inerdinary differential equations
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(ODEs). Software like Maple can be utilized durthg research to drive and to test the

authenticity of solutions and for other relatedgmses.

1.1 Literature Review

The theory of Lie groups is an area of mathematioshich we can see a harmonious
interaction between the methods of classical yamal and modern algebra. The theory
of Lie groups was developed by the Norwegian matigmmn Sophus Lie in the late
nineteenth century in connection with his work gatems of differential equations. He
developed the theory of "finite and continuous gdu Lie devoted his mathematical
career to the development and application of hiswmeental theory of continuous
groups. These groups, now universally known asgkeeips, have a profound impact on
all areas of mathematics, both pure and appliediedisas physics, engineering and other
mathematically based sciences. Lie groups arigbarstudy of solutions of differential
equations just as a finite groups arise in the ystofl algebric equatons. The first
systematic investigation of the problem of groupsslfication was done by L . V.
Ovsiannikov in 1959 for nonlinear heat equatione@i the possible extensions of the
Lie theory of invariant solutions was first consiele by Bluman and Cole (1969) [5].

Lie’s work systematically related a miscellany opits in ordinary differential
equations (ODESs) including seperable equation, lggmeous equation, and the use of
laplace equation. Lie (1881) also indicated tloatlinear partial differential equations
(PDEs), invariance under a Lie group leads direttlysuperpositions of solutions in
terms of transforms.

Lie groups, and hence their infinitesimal geneigtoan be naturally extended to
act on the space of independent variables dependaable, and derivative of dependent
variables up to any finite order. As a consequetite,seemingly intractable nonlinear
conditions for group invariance of a given systeindidferential equations reduce to
linear homogeneous equations determining the teBimhal generators of the group.
Since these determining equations form an ovenated system of linear
homogeneous partial differential equations (PDEsg @an usually determine the

infinitesimal generators in explicit form. For asgh system of differential equations, the
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setting up of the determining equations is entiretytine. Symbolic manipulation
programs exist to set up the determining equatant in some cases explicitly solve
them.

1.2 Preliminary Material

We are presenting some of the basic definition rdgdefor techniques to derive the
exact solutions of the non linear system.

Definition 1.2.1. A group G is a set of elements with a law of compositign
between elements satisfying the following axioms:

I) Closure property. For any elemertandbof G, ¢(a,b) is an element oG .

i) Associative property. For any elemertd,cof G:

da.¢lb.c) = A da.b).c).
iii) ldentity element There exists a unique identity elemeraf G such that for any
elementaof G:

da.e)=gea)=a.

iv) Inverse element. For any elemenbf G, there exists a unique inverse elemarit
in G such that
daa?)=gata)=e.
Definition 1.2.2 Let X = (Xgy Xpy Xgyeeeeny % lieinarmeg Di R" the set of
transformations x” = X(xe) , defined for eadh On ndaa parametere in
setS1 R withf (e d defining a lawaafmposition of paramete® apd Sn forms a
One-parameter group of transformationgoon  éfftilowing hold:
(i) Foreaclk i®& the transforroat are one to one onb
(i) S with the law of compositidnforms a groups
(i) ForeaclkX D x = xwhene= € corresponds to identity, that
X (X&) = X
(iv) Ifx" = X(x€) x"=X(x;d then
x" = X(xf (e d)
If it satisfies these 4 properties theis B Group of transformations.

12



Definition 1.2.3. A one-parameter group of transformations defmese-parameter lie

group of transformations if, in addition to satisfy the property (i) to (iv) of group of

transformations, the following hold:

(v) € is a continuous parameter.

(vi) X is infinitely differentiable witlespect toX inD and an analytic functioreof
inS.

(vii) f (e, d is an analyticfetion of € andd, el S, dl S

Example:

Consider X = X+ €

* ~

y =V el R
and f (g d= e+ c
this forms a one-parameter lie groipansformations.
Definition 1.2.4Consider a one-parameter lie group of transfolonati
X' = X(x€) (.24
With the identity e= 0  and law of comptam f

Expand (1.2 a) abogt= 0
X (x € A X(% ©

. o]
Then we get x" = x + eé— le= 7_21 % gilggo_
o
D

= xr oD 2 o)
et x0 = f g
the transformatlorx + exx) is called thienitesimal group of transformation of (1.2
a)
The components afx) is called infinitesiméi¢lo2 a)
Definition 1.2.5. The infinitesimal generator of the one- paramdter group of
transformations (1.2 a) is the operator

I SN
U=UX) =x(x).N = ia:‘l % (X) ix

where N is the gradient operator

N _‘
f=gr LT

Mx, 9%, Mx, 3

For any differentiable function

13



F(X) = F(X, Xy.....,%,, ,one has

UF00 = x00RF(Y = & X910

Definition 1.2.6. An infinitely differentiable functiorF(x) &n invariant function of lie
group of transformation (1.2 a) if and only dy fany group of transformation (1.2 a)
F(x')° F(x)
If F(x) is invariant function of (1), thenF(x)s called an invariant of (1.2 #(x) and
is said to be invariant under (1.2 a).
Theorem 1.2.1 F(x) is invariant under a lie group ortsformations (1.2 a) if and
only
UF(x)° O
1.2.1. Point Transformations and Prolongations
In later chapters, we will be concerned with theéedwination of one-parameter Lie
groups of transformations admitted by a given sysg& of differential equations. A one-
parameter £) Lie group of point transformations is a groupt@nsformations of the
form
X = X(X,U; &) (1.2.1a)
u =U(xue), (1.2.2b)
acting on the space of+m variables

X= (X5 X yeeny X))

u=(u'u®,...,um),

where x represents1 independent variables anddenotesm dependent variables.

A Lie group of point transformations (1.2.1) admittby S maps any solution
u=0(x) of S into a one-parameter family of solutions= ¢(x; &) of S. Equivalently,
a Lie group of point transformations (1.2.1) lea&#variant in the sense that the form
of S is unchanged in terms of the transformed varialfle®.1) for any solution
u=0(x) of S.

Let du denotes the set ainr coordinates corresponding to all first order @arti

derivatives ofu with respect tox:

14



ox, Ox,  'ox 'ox  Ox, x| ox  ox,  ox

n

1 1 1 2 2 2 m m m
; _(6u ou'  ou' ou? au® Qu®  Qu" au™  du J (1.2.2)

n

In general, fork =1, let 3*u denote the set of coordinates

kpu
v - o0ut
|l|2'~'|k axilaxiz .. .ax

i

with 4 =12,..mandi; =12,...,n, j=12,...,k corresponding to akth-order partial
derivatives ofu with respect tox.

It turns out that the natural transformation oftdwderivatives of the dependent
variables leads successively to extensions (pralbmgs) of a one-parameter Lie group
of transformations (1.2.1) acting ofix,u)-space to one-parameter Lie groups of
transformations acting ofx,u,du) -space,(x,u,du,d°u) -space,.. (x,u,ou,0%u,...0*u)-
space for anyk > 2. [For a given systens of differential equationsk would be the
order of the highest order derivative appearingSJin Then the infinitesimal
transformations of (1.2.1) is naturally extendedccessively to infinitesimal
transformations acting ofx,u,du,d°u,...,0'u -9pace,| = 12,... k.

1.2.2. Multiparameter Lie Groups of Transformations
Consider arr -parameter Lie group of point transformations

X" = X(x;8), (1.2.3)
with X = (X, X,,...,X,)and parameters = (&,,&,,...,&,). Let the law of composition of
parameters be denoted by

#(2,0) =(4(£.0),@(£,0)..... (£,9)),
with 0 =(4,,9,,...,0,) Where ¢(£,0) satisfies the group axioms WitlF =0
corresponding to the identity, = £, =... =&, =0, and ¢(Z,0)is assumed to be analytic
in its domain of definition.

Let the infinitesimal matrix=(X) be ther xn matrix with entries
ox"
o€

a

_ X (X €)
0&,

£,(%) =

, a=212...r, j=12...,n (1.2.4)

=0

=0

15



Definition 1.2.7. Theinfinitesimal generatorX ,, corresponding to the parametgy of

the r -parameter Lie group of transformations (2.1.5piv@n by
X, =me(i)i, a=12...r. (1.2.5)
=t 0X;

Definition 1.2.8. For an r-parameter Lie group of transformations (1.2.3) hwit

infinitesimal generator ,,a =12,...,r defined by (1.2.4) and (1.2.5), tbemmutator

(Lie Bracket) of X, and X ; is a first order operator defined by

e e

IR
—]Z:l:’?; (X) ' (1.2.5a)
where
(05 (R 0E,(X)
m, (X)—;(fm(x) G j (1.2.5b)
It immediately follows that
X X1 =X 5, X,]. (1.2.6)

Theorem 1.2.2The commutator of any two infinitesimal generatofsn r -parameter

Lie group of transformations is also an infiniteaingenerator. In particular,

X, X;1=>.CrX,, (1.2.7)
y=1
where the coefficient€,, are constants called structure constamtss,y =12,...,r.
Definition 1.2.9. Equations (1.2.7) are called tremmmutation relationsof the r -

parameter Lie group of transformations (1.2.3) wli# infinitesimal generators (1.2.5).

For any three infinitesimal generatoxs,, X ; and X , by direct computation
one can show that Jacobi’s identity holds:
X0 [X 5 X +IX 51X XD +IX 0 [X G X 11 =0. (1.2.8)

Definition 1.2.10. A Lie algebra&” is a vector space overl or C with a bilinear

bracket operation (the commutator) satisfying thepprties (1.2.6), (1.2.8) and, most

16



important, (1.2.7). In particular, the set of intasimal generatoréxa},a =12...,r, of

an r -parameter Lie group of transformations (1.2.3jferanr -dimensional Lie algebra
over [J.
Proposition. Let G be a Lie group with Lie algebra~. For each vectorv] &7, the

adjoint vector adv at wll & is
ad V|, =[w,v]=-v,w].
(For proof and other related details refer to O[2&i]).

The adjoint representation A&l of the underlying Lie group can be reconstructed

either by integrating the system of linear ordindifferential equations
dw
—=adv , w(0)=w,,
i v, W)

with solution
w(€) = Ad(expEVv))w,,
or, more simply, by summing the Lie series
Ad(expEV))W, = 2% (adv)" (w,)
£2
=W, — &V, w,] +7[v, [v,w,]] —---. (1.2.9)
Definition 1.2.11. In Optimal System of Lie Symmetriege define a relation between
two invariant solutions to hold true if the first@can be mapped to the other by applying
the transformation group generated by a linear eoation of the operator .Since these
mappings are reflexive, symmetric, transitive, tiedation is an equivalence relation
which induces a natural partition on the set of gibup invariant solutions into
equivalence classes. We need only present one@ofubm each equivalence classes, as
the rest may be found by applying appropriate greyrpmetries; a complete set of such
solution is referred to as an “optimal system” gfugp invariant solution.

The problem of deriving an optinsgstem of group invariant solutions is
equivalent to an optimal system of lie symmetries Subalgebra is spanned by these
operators). The method used here is given by dB@} which basically consists of
taking the linear combinations of the generator amducing them to their simplest

equivalent form by applying a carefully chosen adjransformations.

52
Adj[exp(s y)] \1 = \J/ —1%[ v, }/J+7[ iv,[iv, jVﬂ”



where[v;,v,] is the usual commutator, given
(Vv = vy -y
1.2.3. Extended Infinitesimal Transformations

The situation ofm dependent variables = (u*,u?,...,u™) andn independent variables
X= (X, %,,...,X%,), U=U(X), with m=>2, arises in studying systems of differential
equations. This leads to consideration of extertdmusformations from(x,u) -space to
(x,u,0u,0%u,...,0*u) -space whered“udenotes the components of kth-order partial

derivatives ofu with respect tx. Consider thekth-extended transformation over the

(x,u,0u,0%u,...,0"u) -space

X =X, (X,U;E) = x +&E (x,u) +O(£?) (1.2.10a)
(U”) =U*(x,u;€) =u” +&en*(x,u) + O(£?) (1.2.10b)
(u)" =U ¥ (xu,0u;€) =uf +en®” (x,u,0u) + O(&?) (1.2.10c)

4oa) =UA L (uu,. 0 use) = U +enld (xu,0u,...,0%u) + O(e?),

igig. .

(1.2.10d)

with the extended infinitesimalg_*, are given by

n®* = D,n* - (D&, )ut, (1.2.11)
and

/7i(1ik2).€ik = Dik’7i(1ik:)if_l = (D, &l (1.2.12)
I, =12...,nforl=12...k with k>2. D, is total derivative operator and given by

D, =i+ui“i+uif‘i+...+u;‘i i g +o.,

ox, ou* " ou ol

with summation over a repeated index. Here,ktheextended infinitesimal generator is

given by

18



WH

0 0 0
X® =& (x,u)— +n* (X, u)— + X,U,0u) —— +...
i ( )6xi n*( )au“ o ( )6ui“
0
Ho !

k=1

+/7i(lik2).'.t{ik (x,u,0u,...,0u)

1.2.4. Invariance for a System of PDEs

Consider a system &f PDEs withm dependent variables = (u*,u?,...,u™) andn

independent variables = (X, X,,..., X, @iven by
F#(x,u,0u,0%u,...,0u) =0, £ =12,...,N. (1.2.13)
Definition 1.2.12.The one-parameter Lie group of point transformation
X = X(X,U; &) (1.2.14a)
u =uU(xu;e), (1.2.14b)

leaves invariant the system of PDEs (1.2.4), i®.a point symmetry admitted by
(2.2.13), if and only if itskth extension, defined by (1.2.10), leaves invaridmg N

surfaces in(x,u,0u,d°u,...... d*u Jspace, defined by (1.2.10).

Theorem 1.2.3(Infinitesimal Criterion for the Invariance of gs8em of PDEs)Let
0
ou’

X :é(X,U)% +1"(X,u) (1.2.15)

be the infinitesimal generator of the Lie grouofnt transformations (1.2.14). Let

X®W =g (x,u)i +/7"(x,u)i +/7i‘1’v(x,u,au)i +...
X, ou” ou;
(1.2.16)

+,7i(1:(2).liik (X, u, au, cee yakU)

%
fig. ik

be the kth-extended infinitesimal generator of (6% wheren®’is given by (1.2.11)

and 7% by (1.2.11),v =12...,m and i, =12...,n, for j=12....k, in terms of

t

E(xu) = (& (6 U), & (6U),....& (6w, 7(xU) = (74 (% u).72 (% ),....7"(x,u)). Then
the one-parameter Lie group of point transformagi@®.1.8) is admitted by the system of
PDEs (1.2.13) if and only if

19



X®F?(x,u,0u,0%u,...,0u) =0, (1.2.17)
whenu satisfies (1.2.13) for eacti = 1,2,...N..

1.2.4-1. Determining Equations
Consider a system of PDEs (1.2.13) with each d?R&s given in a solved form

ur ., = f#(xu,0u,0,...,0"u) =0. (1.2.18)

In terms of some specifit, th-order partial derivative ofi” for some v,=12...,m,

where f*#(x,u,0u,0%u,...,0“u does not depend explicitly on any of the components

u{g_,_im, g=12...,N, for each £=12...,N. From theorem 1.2.3., we see that the

system of PDEs (1.2.18) admits the point symmetry
X :gﬁ(x,u)i +/7”(x,u)i, (1.2.19)
0X; ou’

with thekth extension of (1.2.19) given by (1.2.16), if axdy if
off ot v off

VACEEY Skl (

”iliz‘“"u Ct] an n u 17; au'j’ ......

(1.2.20)
(k)v af’u _
+,7]1]2--»ik av—’ /'1_ 112, ,N,
Ui
with
uy i, = f7(xu,0u,0%,...,0%0) =0, 0=12..,N. (1.2.21)

It is easy to see thatq}f;’;_jp is a polynomial in the components of

du,0°u,...,0"u, with coefficients that are linear homogeneous ha tomponents of
&(x,u), n(x,u) and their derivatives to ordpr Thusé ands; appear linearly in (1.2.20).
As is the situation for a given scalar PDE, thaesysof symmetry determining equations

(1.2.20-21) leads to a system of linear homogendeDgs for & and 7. First we

eliminate the componentsif;; _and their differential consequences from (1.2.20) b

substitution from (1.2.21) and the differential sequences of (1.2.21g3 =12,...,N.

Consequently, the components ok,u and the remaining components of

du,0°u,...,0"uthat appear in the resulting system of symmetrgrdgning equations
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(1.2.20) are themselves independent variables,they take on arbitrary values. Since
the resulting expression for (1.2.20) holds for aajues of these independent variables,

one obtains a system of linear homogeneous PDE< fand ;7 that constitutes a set of
determining equations for the infinitesimal generatX admitted by the given system of
PDEs (1.2.13). In particular, if eacH #(x,u,du,0%u,...,0%u), #=12...,N, is a

polynomial in the components odu,d%u,...,0%u, then the system of symmetry
determining equations (1.2.20) yields polynomialuagppns in the independent
components ofdu,d?u,...,0“u. Consequently, the coefficients of these polyndmia

equations must vanish separately. This yields gtef&linear determining equations for
& andn. Typically, the numbers of determining equatiorss far greater tham+ m, so
that the set of determining equations is very ogenained.

Definition 1.2.13. u = ©(x), with componental’ =" (x), v=122,...,m js an invariant
solution of the system of PDEs (1.2.13) resultingnf admitted point symmetry with
infinitesimal generator (1.2.15) if and only if:

(i) u” =©"(x) is an invariant surface of (1.2.15) for each 12,...,m;

(i) u=0(x)solves (1.2.13).

It follows that u = ©(x)is an invariant of the system of PDEs (1.2.13)ultesy
from its invariance under the Lie group of poirdartsformations (1.2.14), if and only if
u = O(x) satisfies:

0) X(Uu'-0'(x)) =0 whenu=0(x), v=12,...,m; i.e.,
0 O(x)
0X

i (x,0(x)

=n7'(x%0(x), v=12...,m; (1.2.22)

(ii) F#(x,u,0u,0%u,...,0"u)=0 whenu=0(x),u=12...,N, ie.,
F#(x,0(x),00(x),0°0(X),...,0*0(x))=0, u=12,...,N, (1.2.23)
whered'O(x Jlenotesd’'@" (x)/, dx, ...0% v =12,...,n, for j=12,....k.

Equations (1.2.22) are the invariant surface caomtfor the invariant solutions
of the system of PDEs (1.2.23) resulting from fitgariance under the point symmetry
(1.2.15). As is the situation for the scalar PDivariant solutions can be determined by

the following procedure:
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Invariant form method. Here, we solve the invariant surface condition2.gR) by

explicitly solving the corresponding characteristarjuations fou = ©(x) given by

dx, _ dx, _ _ dx, _ duv _ du® _ _ du"
&(xu)  &(xu) & (xu) pt(xu)  pi(xu) O p"(xu)

If y,(xu),y,(Xu),...,y , (x,u),v (x,u),v?(x,u),...,»"(x,u), are n+m-1

(1.2.24)

functionally independent constants that arise fsmiving the system oh+m-1 first-
order ODEs (1.2.24) with the Jacobiaxv',v?,...,v™)/d(u*,u?,...,u™) # 0, then the
general solutionu = ©(x) of the system of ODEs (1.2.11) is given implicithy the
invariant form
VY (xu) = @Y (y, (X, U) Y, (X U),..., Y, (X U)), (1.2.25)
where ®"is an arbitrary differentiable function gf(x,u)y,(x,u),...,y,,(x,u), for
v=12...,m Note that y,(x,u)y,(Xu),..., Y, (x,u ) (x,u),v?(x,u),...,v"(x,u) are
n+m-1 functionally independent group invariants of (1%).and hence ara+ m-1
canonical coordinates for the Lie group of poimemsformations (1.2.14). Ley, (x,u)
be the(n + m)th canonical coordinate satisfying
Xy, =1
If the system of PDEs (1.2.13) is transformed atsystem of PDEs in terms of
independent variablesy,,y,,...,y,and dependent variableg*,v?,...,v™, then the
transformed system of PDEs admits the one-pararheteyroup of transformations.
y* =vy,i=12...,n-1],
y* . =Y, tE,
v* =y, v=12...m
Thus, the variabley,does not appear explicitly in the transformed systsf

ODEs and, hence, the transformed system of PDEsdiasons of the form (1.2.25)
consequently, the system of PDEs (1.2.13) has ievasolutions given implicitly by the
invariant form (1.2.15). Such solutions are foung dolving a reduced system of

differential equations witm—1independent variabley,,y,,...,y,, and mdependent

variables v*,v?,...,v™ . The variablesy,,y,,...,y,, are commonly called similarity
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variables. The reduced system of differential eiQuatis found by substituting the
invariant form (1.2.25) into the given system of BaD(1.2.13). We assume that this

substitution does not lead to a singular diffengiquation. Note that = =0, as is

¢
ou
typically the case, thery, =y, (x),i =12,...,n— 1f n=2, then the reduced system of

differential equations is a system ODEs.
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CHAPTER 2

METHODOLOGY

In this thesis, we deal with the methods of grawariant solutions, based on the theory
of continuous group of transformations, better kn@s ‘Lie groups’, acting on the space
of independent and dependent variables of the rsysi@de method is due originally to
Sophus Lie who unified and extended the bewildespegcial methods of integration of
differential equations. Through the constructivegaedures Lie established that, in the
case of ordinary differential equations (ODESs), ainance under one-parameter
symmetry group implies that the order of the equatian be reduced by one.

Lie’s work for ordinary differential equations examas in a systematic and
comprehensive way a wide spectrum of topics sudntagrating factors, separable and
homogeneous equations, reduction of order, metbbdsdetermined coefficients and
variation of parameters, Euler equation and homeges equations with constant
coefficients. Further for linear partial differesitiequations, Lie has established that the
invariance under continuous group of transformatimads directly to superposition of
solutions in terms of transformations.

The work put up in this thesis has primarily beasdd on certain concepts of
group symmetry through the applications of the tast techniques mentioned above.

By symmetry group of a single or a system of phdifierential equations, we
mean a continuous group of transformations actingh® space of independent and
dependent variables which leaves the equationfgriemt. The solutions of partial
differential equation(s) are all found by solvingealuced system of differential equations
involving fewer independent variables. Thus, intigatar, the solutions to a partial
differential equation in two independent variabMsch is invariant under one parameter
symmetry group can be found by solving a ‘reducedinary differential equation.

From the view point of deriving explicit solutiorie a system of differential

equations, ordinary or partial, group theoretic hnds carry a lot of potential yet these
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methods could not be very popular as the algebralculations involved were too
complex and cumbersome. However, with the advesbtifvare such Maple and some
others, the task has been greatly simplified.

As mentioned earlier the work comprising this thasi based primarily on the
applications of Lie Classical method to some nadinpartial differential equations. The
problems are dealt-with in two phases- in the fitlsé symmetries of the system under
investigation are derived using the Classical Liethnd and then in the second phase,
after successful deduction of the reduced systdnasdinary differential equations, the

efforts are confined to furnish the exact solutions

2.1 Extended Infinitesimal (Prolongation)

We are working with the applications of the Lie gpoto differential equations,
hence infinitesimal corresponding to derivative poeted here.
2.1.1 Invariance for a System of PDEs

Consider a kth-order PDE
= f(x u,0u0?uy,...0° u), (2.1

where f(x,u,0u,0%u,...0" u), dussdepend explicitly oy,
we first show how to derive théeLgroup of infinitesimal transformations with
infinitesimal

u=U (xtue)=u+ten(xtu+ Qe*)

X =X (xtue)= x+ef(xt Y+ Qe*)

=T (xtue)=t+er(xtu+ Oe).

where 7,& and@  be the infinitesimal corregpog tou, X and

On invoking the invariance criterion the followimglation from the coefficients of the
first order of¢ is deduced. Then the symmegtetmining is in the form of

of of ) of

+nO 24 +p0
au ,7] an ,7J1J2--Jk aq

of
R A
I7'1v'2~-'k gtJ an

12k
when u satisfies (2.1)
Now find the values O[]X ,”t ,/7XX,/7 xt Wi xxx,,7 x ate

First we need to calculate the auxiliary functio%)é,a_)f ﬂ ﬂ
ox ot ot o0x
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By Y~ 90X \ve understand thati = 8(x,t) and that onlyt”

is held fixed.
ox’

0

ox _ .
Hence 07_67[)( ~£6(x1,8)+ O() |

:1_£|:Ea_)i g% axj| 0(52)
Ox 0X 0u dx0X

=1_g[ﬁ+a<‘ }om
ox adu

16)4 0 0
Similarly - ==~ {a—?f—j }fo(é‘z)
a_t*:]_—g{ﬂ+a_ret}+0(gz) (2.2.1)
ot ot odu

o - —g{ﬂ+ﬂe }+0(52).
ox ad

ox’

Recall thatu” =U" (X t,8(x1);) = 0(x )+ en(x t8)+ OE*).
Hence we find the extensions are :

First extensions
ou _ 0[a(x.t) +en(xt,6)]
ox X
=0[0(X,t)+£‘l7(X,t,3)]a_)E+a_*0t +0(£?). (2.2.2)
ox ox  0X
Substituting (2.2.1) into (2.2.2) we are led to

ai*=ex+£ 6_/7{("_/7_%)@_%@ a‘tez a—raa}+0(a) (2.2.3)
[1)4 104 ou O0x 0X ou ™ 0

+0(&?)

Let* andy' denote the infinitesimals@f and9u’_
X ot’

n* = "_'7+("_’7_Ejex—ﬂet 6502 299} (2.2.4)
ox \odu 0x 0 X ou * 0
and similarly

gt =21 (a”—ﬂ)a—ﬁex 9T g2 _ a‘(ee} (2.2.5
ot \du ot ot * 9ut 9

respectively. Then
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Second extensions

2 2 2 2 2, 2 2
e =0 L[, 0, 0T, az 2076 ) o507 5 0%
oX oxou 90X X ou?> 0xu 0> u o
0°r on 0¢ ar
63 -2—16 49 - 49 2 49
a t [au ax) XX ax ﬁ )61 Xﬁl

6xat

2
g O (00 0%\, (0% 0% gx_alrg2+ a%_ag_azr
t ou> 0RAuda

oxou 0tx adu 9 a9 u'

6x6t agef azz-etex aé- 8 arett'l'(a_,]_ﬁ_ﬂjext_ﬁ xx
otou ou ou’ 0Xx Ju 0x 0t ot
23’@9“—2359 6, —‘; exen—%exxet.
2 2
”tt:6/2)7+ 26/7_62 H_angeer 6/72_262r P 26599—6295—
ot gtou ot ot du? atdu U au
2
9% geg, + (6’7 2‘”}@ 299 397909090 - %0 4.
au u ot ot au u U

Third extensions

3 3 3 3
nmzan{gan _agjgx are Q% 6.0+ 3(0%7 _ 0% e

ax° axu ax ax ! ax26u

3 3 3 3
397 g2g + a’Z—s 0¢ Jgo 07 gog 0% g 075 o 07
axa au ouou o ou 0 X oxou
2
_g exx+3 a E 9 0 a T xﬂt_6£0xlgx_ 6EQXX
oX ou®>  0xdu 0Xu 0> u o d
a or or on
62-3%Lg g2 -3—6 3—0 +|—+
X a 2 Xt~ x a )ﬂt au Xﬂ XI aX XXt ( a u

33_Ej0xx af xxﬂx xxﬂt_sa_rexﬁ X"
X

a°n °n  0°r % 0°¢ % 0%
xxt — + — 8 +| 2 - g + -2 62
T~ oot (axzdu 6xzatjt ( oxdtou 0xXat) * (aBd 0x0u) *

0.6
OXu?> 0x0u  0xotdu

3 3 3 3 3
W20 L0, 0T Ny 0T g, 0T g 0,
0 X0 u oxau atou

3 3 3 2 2
0 5 08 07 \gog 0%¢ gog 0T gogo [ 07 5074 )y
U’ 0w 0w o o0 otou ~ 9xdt
2 2 2
200 06 50T 1y "Zn 42T g9 29T g _39€ 5 ¢
oxou 0x 0x0t 0X 0Xu 0X u 0du
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2 2 2 2
f[ 00 50 0T \oy g [0 508 0T g g 98y o
ou oxou oO0tdu 0 u ou’

u 6>6u ki) X
02 0°r 03¢ or
a 2 axtgxa - au 3 2 0 eZ a ﬂt _exﬂt Hxﬂ XX 20_02
ar 0 ett [a” - Zg_a_rjexxt ZaT ex 060 Xxx 05 xxtHx xxﬂ
ou Jdu ox ot 0x ot
aTBXXtB 20 thtg
ou Ju

For two dependent variables the values6fn', 8*,B'.8" .3

First we need to calculate the auxiliary functlo% 0X at a*t
ox ot 'af 'ox
By 9%

we understand that 8,a(x,t) andthatonly  is héied.
ox

Hencg = [ X ~e£(x1.6.a)+ O(")]
:1_{65 ox , 0§06 9x 0§ 0w ax} o)

0X 0X  0u 0xoxX 6w6xax

=1_‘{E+E ia}+0(52)
ox du ow

ox __ [0, 08, 06
SimilarlyaT‘_‘{E"'%t W ]“O(f)

ot _,_ {ar or , 01

—=1-g|—+—0 + }+O(£2) (2.2.1
ot ot odu aw

a—t*z—s or g&ﬁﬂa +0(£?%)
0X ox du ow

Recall thatu” = U™ (x,t,8(x 1);&) = 8(x )+ &n(x t8.a )+ OE*)
Hence we find the extensions are :

First extensions

ou” _o[8(x.t) +en(xt.0.a)

i . +0(&?)
oX 0X
_9[6(xt)+en(xt.6,a)] ox 9 +O(e?). (2.2.2)
x ox a -

Substituting (2.2.1) into (2.2.2) we are led to
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M —g +e a—”+(a—’7—ﬂjex—a—ret—a‘tef 966 -% 00,
ox  0du ou ow

67_ 1) Ju O0x

—Eaxj+0(52). (223
ow

X C . . 0 ’ 6u* .
Let 7° and7' denote the mﬂmtesmalss#T and? respectively. Then
X

T R TR
ax (du ax 0 X du gu ow
arag an Xj (2.2.4)
ow ow

And similarly

Z_\,,]vat - g\iaﬂxj. (2.2.5)

Recall that w' =W (x ta(x ;e)=a(x )+en(x t8.a)+ Oe?).

Hence we find the extensions are :

First extensions

ow _ofa(xt) +en(xt8.a)

p - +0(&?
0x 0X (&%)
dla(x,t)+en(xt,0,a
_Olatx )+ ent )]a—f+a—ﬁat+0(az). (2.2.6)
0x 0xX  0X

Substituting (2.2.1) into (2.2.2) we are led to

aw*

=a,+¢€
ox {

,3 (aﬁ_gja _ara o0& or afag

—a,-—a’-—aa,-—
ox \ow 0x ax b aw X aw Xt gw

—a—re at+%8x}+%ex+0(52). (2.2.7)
Ju du du

X

Let 8 denote the infinitesimals (%W_ restpeely. Then
X
,BX:|:%+[%_£JO’X—6—TU—65 2_67 afae 3

ox (ow ax d X ow * aw ' au
97 ,6.+% } (2.2.8)
ou ou
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and similarly

ﬁ‘:{%+(%_ﬂjm_% or ., 0& 0t . 0Of

<~ —a - —a.a,-——a,
ot ow Ot ot ow ow Jdu

a6+ ‘;ﬁ’ } (2.2.9)

Second extension

62,8 L 0°%¢ 0°r 0’ 20%) , 0T 0¢ .
x> = a, — a, + - a, —2——a.a,——a
P (6x6w ox* ) ax* " ow ax@w) * adw ' v *

6 T o5 o0& ar o0& ar or

aa -2—\a,—-2—a.,—-3—a -2—q -

oW (aw axj o S T T T T g AT S T
2 2 2 2

aé’&a 297 —a b+ 2 0B _50¢ 6a,- ‘:eiax— 0% a’f, -

Ju 6 Juwow 6>6u ou 0w w

2 2
Eaxﬁxx—ziexat o 2920, 2—— ot exaﬂt_ﬂexx a, - o 1[2305 g IB

Jdu oxou Jdu Jww Ju Jdu oxou

By

odu

Third extension

ﬂxxxza%{g 2°B _a?jax_asr o t+{ 0B 9%

a -3 a.q - a?
ax® axPow ax axX ' axow” dRwW 9 X

0T o (OB _5 0% ) o 0T 0% . 97 08
Saxavvzaxalt4-[6\/\/3 36)6V\fJa ow T aw? 36_%a 2(axaw

2 2 2 2 2
—afJaxxﬁ’{a’B—saEJaxxax—Sa—Tap—GG—T N GEO’

ox owW?>  Oxow aw ' T w ow?
0°r 62 6{ or or os
a’-3—a. a’- -3—a -3—a,
X OWZ xt™ x 6W2 a,.a.a.~ ow A x dX [OW
o0& o0& OT or a¢& or
33— -4—q 3—a 3I2a 3—0
aXJ 6W XX)gX W Xth X)&7 X a X)g q XXt
3 3
af 6.+ 608 _39¢ \y9 30T g 4[5 908 g 0¢
ax ou oxouow  9xou 0Xou auaw2 Y GLGAL
3 3 2 2
6,a: —6L9Xaxat—3£9 3679 a5a .+ 308 _g0¢
YGLGAL Auow? 0w W oudow 0w X
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2 2 3 2
oa, -62 Txﬁxaxt—[!-}af ~4 9% jﬁaa —36—Tﬁg yt—sﬁ

X T 9ud QW  Quow’ | X aww * X 0w w
0°r 0°r af or or (6,6’
a’?-3—a. a?-3 -3—a L
o Taw? w2 A aw’ T ey ow
2 2
X X Xt 6 E XX X agexg XX a Bz)g T aTBXXaXl+3 a ﬁ - 6 E
ou? ou Juow oww
3 3
0°¢ o0 B ), 0% 0°¢ 2_ 0°

6. .a 6.a,-3—06a,-3———0.a,-3—=6,0 -

e [ duau’ auzaw T T Ty R w A

0°& , 0%& af o’r ., °r 0°r .
—f°'a,, —3—— 379 -—40 -——@

a 2 77X XX a a xﬂx XX)Q,X aua 2 )Q,t a>6u X)&rt alf gt
3 2 3 2
0°¢ ., 0°r a T 6 0°B ., 0°p

3 a0, 3—99 — +3 g+ 3

auza a X xﬂt xﬂ)gt xxgt axauz X ax-,u

g, +325 exexﬁ%emﬁ%ei
ou ou ou

2.2. Classical Lie Method: An Algorithmic Overview

The classical method essentially consists of figdsgmmetry reductions of PDEs with
the help of determining equations obtained undercttndition of invariance (1.2.17) of
the system of PDEs. More specifically, when a gisystem of PDEs (1.2.13) is
subjected to invariance under one-parameter Liemaf transformations (1.2.14), one
arrives at an over determined linear system of wops for the group infinitesimals.
These infinitesimals of the transformations helpobgin the reductions of the system.
The symmetries and reductions reported in chafBer4, 5 and 6 are based on the
application of this method.

The stepwise procedure is as follows:

Consider a system of PDEs withm dependent variables = (u*,u?,...,u™) and

nindependent variables = (X, X,,..., X, @iven by

F#(x,u,0u,0%u,...,0u) =0, £ =12,...,N. (2.2.1)

1) Let the one-parameter Lie group of point transftions (1.2.14a, b) leaves
invariant the system of PDEs (2.2.1).

2) Apply the prolonged operatoX® given by (1.2.16) to each equation of the
system (2.2.1) and require that

X(k)F'u

=0 My =212...,N. (2.2.2)

F'=0
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3)

4)

5)

6)

The meaning of the condition (2.2.2) is thét’ vanishes on the solution set of

the originally given system (2.2.1). Preciselystoondition assures thai(x) is

solution of (2.2.1) whenever (X i¥ one.

Following the procedure as mentioned in sectib2.4-1), a system of linear
PDEs for & and 5 that constitutes a set of determining equationstiie
infinitesimal generator X admitted by the given teys of PDEs (2.2.1) is
obtained.

The solutions of the determining equations Veéd to the explicit forms ofé
andy.

Construct the corresponding characteristics s (1.2.24) and obtaimn in
terms ofn -1 new independent variables.

Rewrite the system (2.2.1) in these new cootdst get the reduced form of the

system.
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CHAPTER 3

GARDNER EQUATION

The mathematical theory of the nonlinear evolutiequations, starting from the
Korteweg-de Vries (KdV) equation and the modifiedrteweg-de Vries (mKdV)
equation is an area of research for the past feadbs [27, 30, 31, 32]. The Korteweg -
de Vries equation (KdV) is a well-known model fasdription of nonlinear long internal
waves in the ocean. Its coefficients are defined Vieytical density and currents
stratification. In a shelf zone the coefficientgpfadratic nonlinearity may tend to zero,
and the nonlinear model should be modified particular, The Gardner’s equation, that
is also known as the mixed KDV-mKdV equation. Thardher equation, which differs
from the KdV by presence of an additional term wbic nonlinearity may be used as the
generalized model.

This Gardner equation shows up, paldrly, in the context of internal gravity
waves in a density-stratified ocean. This is commalescribed by the KdV equations
and its versions with small nonlinearity. Howewvdgre are situations when waves with
strong nonlinearity is experienced, as in the aafs€oastal Ocean Probe Experiment
during 1995 in the Oregon Bay, the problem of é¢ngan adequate theoretical model

was deemed necessary. This lead to the study ain@aequation [15].

3.1 Symmetries
Consider the Gardner equation

u =6(u+e*v’)y -y, =0. (3.1
Let the group of infinitesimal transformationsdefined as

U =u+en(xtu+ OE’)

X = x+&&(xtu)+ Oe?)

t" =t+er(x t,u)+ O@E).
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On invoking the invariance criterion the followimglation from these coefficient of the
first order of £ is deduced,

n' —6un* - 6pu, — 6a’un* - 12> uun -n** = 0, (3.2
wheren',n*,n*

Substitute the values af',7”,7”** 3] we get

3
(a_n_aua_fz_ﬁazuza_n_a_g . (a_fr_Lﬁuau P ﬂj surad %
ot oX ox OX ou ot ox ox 0X

—eul 97 295\ _ g - eg22[ 97— 9 ) _ 1952 -
6u(au ax) o1 6au[au axj 12wy a a } J{ 36(”””23

204

are infinitesimal geater corresponding td,,uU,, U,

t

_6 + 2,2
Urau) du  oudx

3 3 3
5 00 0¢ 92+(6—’7 SULO LM e LRl 1 "‘tje - 120+a?
ou?ox 0w x du ot ox o0X ox ou 0

20r+(5 6u ) 2uzﬂ+ 6(u+a’u’)y—+3
0

or
ou ou )a_u

3 3 3
+|18u+a’u?) 62r - a_z_gi g -
du’ox |au® Quax

3
+6u—f+36(u+0/2u2)2gr + Gazuzgf+ 6(u+a’u {ﬁxzuzﬂ+ 36—Tj
u

3 3 2
# Hx Hxxx 30— 9§9xxx 36_T 6
x*du U0 x %

N _0%\, ,_| 401 _40%
xou 0>€Jexx+ {{ T 6)@] 1o
6

uf +18(U+a’u’ )—j

2
(u+a?) "Xau}exexx %5462 0, +

6 0°r or

6.6 6€9Xﬂ2x+3—20ﬂﬂ +3%%g + 3—eg 3‘;—0@ CAL

XX XXX XXX a XXX

6 3
[6(u+0/ u )T+6l3fj94

6...0...0, const etc equal to zero and we obtain

Now equate the coefficients
XX Xt ™ xxt?

(3.3)
Ju O0x OJu
01 6,91 _gp220 0% _ (3.4)
ot 0X ox ox
6(u+a’u )[a—” ﬂj g_&{an agj 67 - 677
Jdu ot ot ou O0x

an o , °n 9% _ |
on _% |\ _1oq2un-3217 4 3.5
(au axj Y axau ax 33

o°n

3971 _ 3.6
oudx (3:6)
91 3% 3.7)
ot 0X
°n
—L =0 3.8
ou® (3.8)
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2 2
-3 6_/7_% =0 (3.9)
oxou  0x

2
-3ZT’Z = 0. (3.10)

From equations (3.3) and (3.10) we get

¢=h(xt),7=jt),n=f(xtu+ g(x?1). (3.11
Put the value off, 7 ang  in above coedfits (3.3)-(3.10)

uf (x )+ g(xH-61 f(xD-6ug(x)-@*d f(x¥ @&* & g(x)

-uf (X t)— 0, (Xx)=0 (3.12)
6(u+a’u’)(f(xt)- F@)-h(xt)—-6u(f(xt)- h(x9)—-6uf(x - 69 %9
—-6a’u’(f(x,t)—h (xt)-12°F f(x t)- 12> @(x,t)-3f (x, )+ h (x =0

(3.13)
—j () +3n, (x,t)=0 (3.14)
=3(f, (x,t)— h,, (x,1))= 0. (3.15)
By equating the coefficient afi we get
f.(x,t)—-69, (x,t)- f  (xt)=0 (3.16)
6(f (x,t)— j, @) f (x,t)+h (x,t)- 6f(x,t))- 12r* g(x,t)= O. (3.17
By equating the coefficient ofi®
-6f (x,t)-6a%g, (x,t)=0 (3.18)
6a®(f (x,t)= j, ) f (x,t)+h (x,t))-122% f (x,t)= 0. (3.19
On equating the coefficient afi®
We get f (x,t)=0. (3.20)
By equating the coefficients of withowt( x, tjand u?(x, t)
9.(x )= gu(x9=0 (3.21)
~h(x)=69(x =31, (x )+ h, (x =0 (3.22)
—-j,@®)+3n (x,t)=0 (3.23)
=-3(f, (x,t)-h, (x,t))= 0. (3.24)

Now we get f (x,t) = 0.

g,(xt)=0. (3.25)
From equation (3.18) we get
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From equation (3.21) we get
g,(x 1) =0. (3.26)
Therefore from equation (3.25) and (3.26) we get

g = constant
g=a say.
From equation (3.19) and (3.17)
—-j @) +h (x,t) =2 (x,1) (3.27)
—j, ) +h (x,t) = f(x,t)=2a*g(x1). (3.28
Solving equation (3.27), (3.28)
f =2a%a.

Therefore from equation (3.22)

h(xt)=-6a
h=-6at+ k(X). (3.29)
From (3.19), (3.23) we get
—j, @) +h, (x,t) = 4a%a (3.30)
-j @) +3h (x,t)=0. (3.31)
After solving these equations (3.30)-(3.31) we get
h=-2a%ax+ n(1). (3.32)

Therefore from (3.29) and (3.32) we get
h = -2a”ax- 6at+ b,
wherea, b are arbitrary constants.
From (3.23) we get
j(t) =-6a’a
j =-6a’at+c,
wherea, ¢ are arbitrary constants
Therefore the value off ,g,h anpd is
f =2a0%a ,g=a, j=-6a’at+b
h=-2a%ax-6at+ h
Now put the valuef ,g,h anjd in equa(®il)
Then the solution of the determining equationsvemgby
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&(x,t) =—2a”ax- 6at+ b
r(x,t)=-6a’at+b

n(x,t)=(2a*a)u+ a,
are three arbitrary parameters. Eletite point symmetry generators

(3.33)

where ahc
admitted by the Gardner equation (3.1) are
0 0 0 0
V, = -20° x— - 6t— - 60 *t—+ (2 °u+ 1)—
! ox X ot ( ou
0 0
V,=—, V,=—. 3.34
) ° ot (3:34)

3.2 Optimal System
The commutator table-3.35 and adjoint table-3.36Lie algebra (3.34) can easily be

constructed as follows:
The commutator (Lie bracket) 0¥, am)} s fiist order operator defined by

KA ELAVEAAYA

Commutator Table-3.35

V, V, V,
Vi 0 20V, 6V, +a?V,)
V, 2a?V, 0 0
Vs 6V, +a?V,) 0 0

Formula of adjoint table is
2

Adj| exr{ V)] o=y —g[ V, y} +£2[ V] iV jvﬂ +o

Adjoint Table-3.36

Adj A \2 Vs
V, V, v, (1- Zade;zg ) | Ve - 6BeV, 6%
v, V, +2ea’V, vV, V,
\'A V, +6eV, + 6a’eV, V, V,
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We deduce an optimal system of sub algebras wiir dorresponding generators as
follows:

@ v

(2) V, + v,

() Vs,

wherey is arbitrary constant.

3.3 Reductions and Exact Solutions

In this section, corresponding to each generatothé optimal system of sub
algebra, the reductions of PDEs (3.1) into ODE®Ims of similarity variable  and the
new dependent variables- F, are obtained usingathdiary equations (3.33). Some

exact solutions of each of each reduced systerthareattempted.

Generator (1)
The generator (1) ¥,
The corresponding characteristic equations arengiye

dx _ dt _ du
-2a%x-6t -6a’t 20%u+1

Thus the generator (1) in the optimal system defthe similarity variable and similarity

solution as follows
-1 2

F=t3x- t3

2a’
1 -1

(P F(E)-1).

Using the similarity variable, the forms of the #gamty solution, the system of partial

u(x,t) =

differential equation (PDE) (3.1) reduces to thdlofeings system of Ordinary
differential equation (ODE)

6a’F +26F a?+ 2Fa’+ F°F =0
In this case we are able to find only reduction.

Generator (2)
The generator (2) i¥, + uV,.
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The corresponding characteristic equations arengiye

dx _ dt _ du

Thus the generator (2) in the optimal system defthe similarity variable and similarity
solution as follows:

¢ =pux—t

u(x,t) = F(£).
Using thesimilarity variable, the forms of the similarity lstion, the system of partial
differential equation (PDE) (3.1) reduces to thiéofeing system of Ordinary Differential
Equation (ODE):

F'+6uFF'F"™+a’F°F% u’F"=0

Using maple we obtain the exact solutions

(6 =~y L (a faa v ) se o, - /R ¢

2a® 2 ua’ i

20 2 ua’ a

F@)=--2 -2 1[5 fu(-2a® + 3u) seth c1+1f\/ﬂ( 20" + 3t ||

2a® 2 ua’ a

C+1f\/m)g

1

2a

()= -5he v L (VB ) se o, - 1NRICA < 0

F(E) = -y 2 [ V2 fu(-2a7 + 3u) set
ua

ua

F(f)=—2i2—%#; mtan{ 1J u(-2a’ +3ﬂ)<‘H’

ua

F(&) == ; (mtam{ N u(—2a” +3u)£D

2a i
F(E)z_zflyz _; (mmnr(c + 1 1\/ H(= iaa+ 3#)5}]

20'2 2 u 1a

F) =gt (mmh{c , 1-u2a’ +3u)gn

Thus, the following solution of the equation (34 pbtained:
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u(x,t):—%_%riz[\/_\/lu(_m—msem( 1J_m

20

ura
(ux-1)), 5 (3.3.1)
-1 1 2 AV2yu(- 2a% + 3u)
u(x,t) 2 ﬂaz(x/_\/y(Za—Jrs,u)sem( T
(ux—1)), (3.3.2)
__ 1 11 2 12 ut2a 3y x-v)
u(x,t) 27 2 pa? (x/_\/,u(Za—-lrS,u) se(h[c + i n
o 1,11 2 L AV2\u(-2a? +3u) (ux-1)
x )= g 2 VT s ) sen 6+ - |
ux9=- a? % clr (\/m tanl{ l\/ H(= 2aﬂ+a3lﬂ)(ﬂ><—t)]]’
a7 («/m 207+ 3 tani - - 1utza ﬂ+5u)<yx—t)
u(x t)y=- % ; ( /,u( 20q2 +3u)tanr(c + 4 1\/ H(—Zazﬂ.zju)(yx—t)
u(x,t)=- % ; (\//J( 2a? +3,u)tam-(c += 1-p(-2a ;jﬂ)(ﬂx_t)

Generator (3)
The generator (3) i¥/,.
The corresponding characteristic equations arengiye

dx dt du

010'

Thus the generator (2) in the optimal system defthe similarity variable and similarity
solution as follows

=X

u(x t) = F(<&).
Using thesimilarity variable, the forms of the similarity lstion, the system of partial
differential equation (PDE) (3.1) reduces to thiéofeing system of Ordinary Differential
equation (ODE):

6FF '+ 6a°F°F +F "= 0
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After solving this equation we get

\/Esed{—Cﬁl\/EgJ
2 a 1 1
(&)=~

1 1
F = - - + —
() 2a? 2 a’ 2a° 2
J6 sech —C1+1& J6 sech C1+1@
2 a F (&) = 1 1 2 a
a? ’ 207 2 a?
\/gsed'] C1+1E
FE) ==yt 2 Rt
2a% 2 a? ' 20 2
1,3 Livas
V3 tanh -C + 2 J3tanh -C + 2
a a
1 1
, F = - + =
a? (¢) 2a° 2 a’
N
J3tanh C + 2
a
1 1 1 1
F == -= , F =- + =
(<) 2a0° 2 a’ (<) 2a° 2
N T
J3tanh Cl+27
a
a2
Thus, the following solution of the equation (34 pbtained:
J6 sech —C1+1@
u(xt) =- 1 1 2 a u(x,t)=- ! +1
’ 2% 2 a? B 20° 2
J6sech| -C +1@ J6 sech C+l@
1 2 1
a 1 1
, u(x,t)=- -=
a? (x9 20 2 a’
J6 sech C1+1@
u(xt) =- CH 2 a u(xt)———l 1
’ 20° 2 a? ’ ’ 2% 2
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1.

~i/3x Ei\/§x
J3tanh —C1+27 J3tanh —C1+27
a a

1
p , u(xt)=- a2+_ p:
Ei 3X
J3tanh C1+2
a
1 1 1 1
u(xt)=- -— L u(x,t)=- + =
(X1 20° 2 a’ (.0 20 2
Ei\/§x

J3tanh C + 2
a

a’ '

wherecC, is constant.

42



CHAPTER-4

FISHER'S EQUATION

In mathematics, Fisher’s equation is also knowthagrisher Kolmogorov equation and
the Fisher —KPP equation, named after R. A. FiahdrA. N. Kolmogorov [9, 10] is the
partial differential equation

ou d°u

—=udl-u)+—.
ot d-w ox®

There are many methods to solve Fisher's equaliohgach method can only lead to a
special solution. A method namely, the exp-functinathod, is employed to solve th
Fisher’s equation by Xin-Wei Zhou. Aronson and VWeirger’'s work on the Fisher type
nonlinear diffusion equation [3] has shown the &xise of distinct selection mechanism,
that is the solutioru(x, t) of the Fisheratpn in (1+1) dimensions,

u, = u,, + ull- u), (9
converges to a local traveling wave with a dedirspeed from a wide class of initial
data. Further it is known that equation (a) hasveeling wave solution called a cline [26]
which is nothing but a wave traveling in the iredtion c>C,, = 2.

4.1 Essential Vector Field and Optimal System
Consider the Fisher’s equation

u =ul@l-u)-u, =0. (4.1)
Let the group of infinitesimal transformationsdefined as

u = u+en(xtu+ Oe?)

X = x+e&(x tu)+ Oe?)

t =t+er(xt,u)+ O().
On invoking the invariance criterion the followimglation from the coefficients of the

first order of £ is deduced,
n'=n-2un+n*, (4.2)
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where 7',/7°* are infinitesimal generator esponding tou,, U,
Substitute the values of',7”*  in (4.2)ges,

2
(60,7+2,76f7 42197 _0r), afiﬂﬂﬂg{ﬂﬂ%
ot ox* ) \ou oax* ot ou 0t du ax ot ox

+2£J9 +(—E 2.9 a‘tje +200 g 909 +97p2g -+ (Kuaajeex

ox) ™ ot  o0xdu oax° ou ou ou ou

2 2 2 2
+(—E 297 \geg + ( 0, o 0T 39 g +[ -0, 50¢ |4, 0¢ 4o, O
ou oxou Ju o0Xu du ou? Jd¥u Jou Ju

2
067 - 326203 ZZ@fﬁXﬁz%a +2—6’ﬂ
u

Equate the coefficient op g2 6.6, ¢ and so on we get,
or _or _o¢ _

4.3
Ju o0x du 4.3)
) 92
(a_’z—mzuq—a—x’zj:o (4.4)
(o120 s
u
(’%J’Z?jzo (4.6)
X
2 2
(—ﬁ 2971 9% g (4.7)
ot  0xou o0x°
2 2
0N, ,9¢ |_g (4.8)
ou?>  oxdu
2
a_fzo (4.9)

From equation (4.3) we get

r=j(t), £ =h(xt) (4.10)
From equation (4.8) we get

n _

ou’

n=f(xtu+ g(x 1 (4.11)

Now put the value of,é,7  in above coeffitesay (4.4)-(4.9)

u fi(xt)+g(xd-uf(x - g xI-24 f( x)
—2ug(x )= U, f (XD g (%x9=0 (4.12
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f(x,t)-jt)=0
i) +2h (x,t)=0
h(xt)-2f (x1)+h,(xH=0.

By equating the coefficient ofi> in equationl(). we get
f(x,t)=0.

On equating the coefficient of  in equation .1
-f(x,t)-2g9(x,t)=0

From equation (4.16)
g(xt)=0.

From equation (4.13)
ji®)=0
] =4,

where a is constant.

From equation (4.14) we get
2h (x,t)=0
h = b(t).

From equation (4.15)
h(xt)=0.

From equation (4.18)

h is constant sayi = c.

Thereforef =g=0, j=a,h=c.

Put the value off, g, h, j in above coefts(4.10)-(4.11)

Then the solution of the determining equationsvsryby
$(x,t)=a

T(x,t) =c,

(4.13)
(4.14)
(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

where a,c are two arbitrary parameters. Hetimepoint symmetry generators admitted

by the Fisher’s equation (4.1) are
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Optimal system
The commutator and adjoint resresentation tablealgebra (4.20) can easily constructed
as follows:

Commutator Table-4.21

V, V,
V, 0
v, 0

Adjoint Table-4.22

Adj v, v,
Vl Vl V2
V2 Vl V2

We deduce an optimal system of sub algabras wéh torresponding essential vector
field:

@) N +V,
(2) Vi, (4.23)

wherel is arbitrary constant.

4.2 Reductions of Optimal System and Exact Solutien

In this section, we use the method of charactessth determine the invariants
and reduced ODEs corresponding to each subalgelma ig (4.23). Symmetry variables
and the invariants of the subalgebras of the Lgelada is described as below. The result
of this can be summarized as follows, whére isilarity variableF () is invariant

function related ta , and have to be determiredgithe reduced ODEs.

Essential Vector Field (1)
The Essential Vector Field) is 4V, +V,

The corresponding characteristic equations arendoye
dx_ dt_ du

u 1 0
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Thus the Essential Vector Fie{dl) in the optimal system defines the similarityighle
and similarity solution as follows:

¢ =pux—t

u(x t) = F(£).
Using the similarity variable, the forms of the #amty solution, the system of partial
differential equation (PDE) (4.1) reduces to thdlofeings system of Ordinary
differential equation (ODE):

F-F>+F'+u’F"=0.

In this case we able to find only reduction.

Essential Vector Field (2)

The Essential Vector Fiel@) isV, .

The corresponding characteristic equations arengiye
dx _ dt_ du

1 0 O

Thus the Essential Vector Fie{d) in the optimal system defines the similarityighle
and similarity solution as follows:

=X

u(x, t) = F(£).
Using the similarity variable, the forms of the #amty solution, the system of partial
differential equation (PDE) (4.1) reduces to thiéofeings system of ordinary differential
equation (ODE):

FA-F)+F"=0.

Using maple we obtain the exact solutions

= —E - 1 2 = _3’ _1 i
F(&)=1 Zsedq( C1+2<‘j yFE)>= T Zsech(q+2€j :

F(f):%sech(—cl+%ifj ,FG):—gsedﬂ(Cl+—;i£j ,

_1, 3 nn(-c + Le) __1,3 ER
F(E)-E+Etanh[ C + 2{) , FE¢) 2+ 2tanh((:l+ 2{)
T U e _3.3 1)
F(f)—E 2tanh( Cl+2£j , FE&) > 2tanh(Cl+2£j .
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Thus the solution of equation (4.1) is as follows:
u(xt)-l—ésech —Cl+1x2 u(x,tE 1—3’ se (;+—1 2
l 2 2 L) H 2 2 k)

u(x,t):gsech(—Cﬁ%ixj : u(x,t):—z sed{ q+—; i% :

1 3 1Y 1 3 1)?
u(x,t)==+—tanh| -C += x| , u(x t)=—-—=+—tan + =
(x0=3+Sann -G+ 3% u(xp=-+ Stanf ¢
3 3 1Y 3 3 1)
u(x,t)=—-—tanh| -C +=x| , u(x, t)=—-—tanh + = ,
(% t) >3 (Q zj (xt) 273 (Q 2}

Where(;1 is constant.
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CHAPTER-5

DRINFEL’'D SOKOLOV WILSON EQUATION

Drinfeld Sokolov Wilson System:

U, =3ww,

W, = 20, + 2uW + U W

Zhao Xue-Qin and Zhi Hong-Yan [33] solved the Beld sokolov Wilson equation by
F-expansion method. It is also solved for Darbowan§formation and Explicit Solutions
by Gen Xian-Guo and Wu Li-hua [20]. Analytical stidins of Drinfeld equation also

found by Erik Sweet and Robert A.van Gorder [16].

5.1 Symmetries
Consider the Drinfel’d-Sokolov-Wilson equation
u, =3ww,
W = 20, + 2UW, + U W (5.1)

Let the group of infinitesimal transformationsdefined as
u =u+en(xtu+ OE?)
X = x+&E(x tu)+ OE?)

t =t+er(xt,u)+ O(&?).
On invoking the invariance criterion the followimglation from the coefficients of the

first order of £ is deduced,

n' =3wp -3wL=0

ﬂt _Zlgxxx_ajlgx_ 27VVX _/7XW_ L!(ﬁ: O
First we solve T determining equation i.e.

n, —3wB, —3w,8=0, (5.2)
wheren', 7", 8", 8,8 are infinitesil generator correspondingtip, U, , W, W,, W,
Substitute the values af ,7*,8",8%,8° in (5.2) we get
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a—’7—3W%+ ZW(G_/?—Q_%.F%)_S@ ax{_% aﬁj ( 95_1'
ot ox ou o0t dw 0x ot ou ou

vvz+3wa€ja —ZWQaa +(6/7+3Wa_rjat+[ _9¢, 3\/\/—)0’9 =0
ow ow ow 0X ow ou

Equate the coefficient af,,a, ,6, 0/x a8, equal to zero and we obtain

al-3w%: 0
ot 0x

ou at aw 0X

(—a_f - 3W%\J =0
ot ou

(—QQW2 + 3w£] =0
ou

ow

—ZWE =0
ow

(6’7 +3wﬂ) =0
ow ox

(o)
ow Jdu

Now we solve the symmetry determining equation
ﬁt _Zﬁxxx_mﬁx_ 27WX _/7XW_ L&Bz 0
3 3
[% 6,6’ ZLJ%— 6_/7)_{2[{6,8 arj_sa[i { 0°r )4

W - -
ot ox’ oX X ow ot ox2ow 6)(3 ox ow

ow ox ot

(5.3)

(5.4)

(5.5)
(5.6)
(5.7)
(5.8)

(5.9)

3
-2 - WO 4 4,97 EJ g ( 297, 4a—+ 62 + 416 )am{—auzﬂ— 29 +
X

ot ox 0Xx

12u o7 —6(63'8—63{J 65 + Af — }x {G‘K+12—+ %aa +
w ow 0

ox’ow W 9x0 0 X0

2
(T R Y LAl
ow ot ox’ 6x26u APIX) ou 0dx
3 3
2 vow 232 Je amT e o] - 4UW<£ B {6 0B
ow 0x-ou ou“0x au Jdu ow 6W 0> vd u
3 3
0°¢& +12uar or o0&
ax%ou

O 4698424 9T +4uar}9xaw [aﬁ+w—)
ow du ax*ou 0 ou  0x

aw

0¢é or

ax2u ow odu ou 0w ox2ow ow

6, { 2uﬂ+w£—g}a 6 +
ou oJdw 0
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0°r 9°B 0% or 0°¢ 0°r 0°B
12u -2 3 -2—a,06,+12——a BV - 3
WPOx (aw* Sywax) T T o Tl 1B Tt O S
9°¢ 0°r ) 0°r . 0°r 0% ., 0%
- +2— a0+ 2—a.a,  +| A +2—=|a +|| d—+ 2
axa\qu 30 @ } T Saw T Taw? T ow? ) ow

%8 °r . 0% °r | 0°r 0’8 0% 0°B
— |a, +2w +6 +12 alf +6—a, - -——|a, +| -
6\/\/3] " oW awldu owau| ** ax .

2 2 2 2 2 2
o2 i Ja.a [maf_[ﬂ_uﬁﬂga @0, 1200
X

OXOW X0 e 0w

2

o°r £
a.a, +6 a.a’+| 12—
Xt~ x 6W2 xtx(avvz a\NZ

3 3 3 2
a,b, +12w ot 6*a  +| 6w 07 1 69¢ 412 o 6’a’? (%je v 127
OXOUOW ouow’ U oW ou 0

3
jaxxax-'- 6a_a'xxa’xt-i- 6§_axxﬁx a a d ax

2 2 3
aa.a +(6w£+2(5£—4—5} 12Jaua ]axaxxé’x+ GaLa o+ 63La L1

e ow? ouow  Qudw

3 2 2

o1 MW a araxyxxﬁx+ 6Na 6—56’20’ +12ﬂa
oUW OLBW GLBW ou? 0w X

3 3 3. 2 2
0,6, +62L g + ea‘:+12uar+6/va’ 397 \geg +|-§ 0B 0%
ou? HF B¢ owd 0w d Mou  9xdu

2 2
w1 T}UXHXXJ{Z[ 5) 12‘au3 }9 a? 126—6?257 + 12:%6’xﬁm

oudx “oww e oxou®
2 2 3 3
GE T aN a HXXaXHX a T - a ﬁ HXXHX + a T +M ei +
ou? oudx ouow a wx au? xou’ 9
3 3
4u6—+2a < Ba, + 6wa . 626, + 6a—Texyxt+ Ggé’x oot zﬂéﬁg xx;'-( 2g+
o o au ou ou au
or 62 °r 6 T °r
409 g o +6% L0 oL+ 297 o + R
a j XXX X a 2 ﬂx)ﬂ XXX a au g g XXX alJZa g q XXX a
2
XXX XXX_6 a ﬁ gXX: 0'
oxou

Now equate the coefficients af ,a,,,6,.0 ..0..0°@ @ , and equal to zero we get,

ﬂzﬂzﬂzo (5.10)
Ju oOw O0X
E = ﬂ =0 (5.11)
ow Jdu
9B =0 (5.12)
ou
3

(%—zﬁ—m%—wa—”j: 0 (5.13)

ot ox 0x ()4
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( 0T g 0B 0% 5,98, mﬁ_;ﬂ_wt’_ﬂ_ﬁj_ 0 (5.14

ot  oxow axX  oaw  oX ow ot

(_zﬂ . eﬁj -0 (5.15)
ot ox

L 0B

6~ -=0 (5.16)
9B _0r)_(0n _0¢\_,_

[W(aw atj [6u 6xj F=0 (.17)

9B _

2-5=0 (5.18)

¢ _

60)(2 0 (5.19)

0’8 _

6> =0. (5.20)

From (5.5), (5.8) we get
% _g 9y (5.21)
ot ow
Also from (5.10), (5.11), (5.12) and (5.21) we get
r=jt),<=h(x),7=k(xtu), B=wl(x)+ ox9. (5.22)
Put the value of &, amd in equation$3p(5.21) and (5.3)-(5.9) we get

Wl (X O+ g (% )=2WE, (X =29, (% )= 2uwf( % ¥ 2ug( x}

-wk (%t u)=0 (5.23)
2uj, (t) - 6f,, (x,t)+ 20, (X)+ 2uh ()= 2k(Xx t uF O (5.2¢
W(f(x )= ) -wi(xt)-g-wk(xt9- h( =0 (5.25)
-2j,¢)+6n, (x)=0 (5.26)
6h, (x)=0 (5.27)
k(xtu—3w f(xH)-3wg (x9=0 (5.28
3w(k, (x t,u)= f(t)— F(x O+ B (X)-3wf(x §- 3o % 9= 0. (5.29

By equating the coefficient af in equation ®,X5.24)

29, =0 (5.30)
2j, +2h, = 0. (5.31)

On equating the coefficient af  in (5.23), (5.2bhd (5.29)
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f.(xt)—-2f,, (xt)—-k (xtu=0 (5.32)

F(x)-j @)~ F(xD-k (xtu- h($=0 (5.33
3k, (x, t,u)= j (&)= f(xt)+ h (- f(x19)=0. (5.34

Equating the coefficient ofy* in equation (5.2& get
f (x1)=0.

By equating the coefficients of without amdn equation (5.23)-(5.29) we get
g, (X ) =2g,, (x =0 (5.35)
-6f, (x,t)+ 2h,, (X)— 2k(x,t,u)= O (5.36)
-g(x,t)=0 (5.37)
~2j, )~ 6n, (x)= 0 (5.38)
-6k, -h,)=0 (5.39)
k(xtu=0 (5.40)
3g(x,t)=0. (5.41)

Now we get f (x,t) =0, k (x,t,u)= 0,g(x,t)= O
From equation (5.31) and (5.38) we get
2j,+2n, =0 (5.42)
-2j,+6h, = 0. (5.43)
After solving the equations from (5.42) and (5.43)
h=a, j=b.
From equation (5.36) we gét=0.
Therefore the value df, j,k,f agd is
h=a, j=b, k= f= g=0.
Then put the value oh, j,k, f apd irR5.
Then the solution of the determining equationsvsryby
f=a, r=h, (5.44)
where a,b are two arbitrary parameters. Henae pthint symmetry generators admitted

by the Drinfeld Sokolov Wilson equation (5.1) are

0 d

V, = ,sza.

= 5.45
Loox (545

5.2 Optimal System

The commutator table-5.46 and adjoint table-5.477 lfie algebra (5.44) can easily
constructed as follows:
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The commutator (Lie bracket) of ,  aKd s fiist order operator defined by

[ Xa X5 = X, X5 = X, X,

Commutator Table-5.46

\A Vv,
\'A 0
v, 0
Formula of adjoint table is >

Adj| exf{ V)] Vo= —s[ v, y} +£2[ ] V. jvﬂ +o

Adjoint Table-5.47

Adj v, v,
Vl Vl V2
V2 Vl V2

We deduce an optimal system of sub algebras wiir gorresponding generators as
follows:

Q) V., +uv,

2) Vv, , (5.48)
wherey is arbitrary constant.

5.3 Reductions to ODEs and Exact Solutions

In this section, we use the method of charactesstd determine the invariants and
reduced ODEs corresponding to each subalgebra giv&n48). Symmetry variables and
the invariants of the subalgebras of the Lie algebrdescribed as below. The result of
this can be summarized as follows, where & shtylaariable, is mE@riant function

related to , and pave to be determined usingatieced ODEs.

Vector Field(1)
The Vector Field (1) i¥, + uV,.
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The corresponding characteristic equations arengiye

dx _dt_ du_ dw

1 u 0 0

Thus the Vector Field1) in the optimal system defines the similarityrishle and
similarity solution as follows:

¢ =pux—t
u(xt) = F()
w(Xx, t) = G(¢).

The reduced equation for the subalgabra is,
-F'-3uGG'=0
-G'-2u°G"™ 2uFG- uF'G= 0,

After solving with the help of maple software we,ge

(P =-2 28 e gncisen €+ G ¥ GE R VE A

lZ,UC2+l

sech C,+C,é} , { FE)=- + U sedh G+ GE )

41°C2 +1

G(&) = —J~2uC, sech (G, + C,¢ } ,{Fg):_% - e
tanh(C, + C,& ¥ .G ¢ )=V 2/uC, tanh G+ C& ) { F¢ ):_14/1(; +1

-34°C} tanh(C, + C,¢ ¥ .G € )=~/ 2/u G tanh G+ G )

Thus, the solution of the equation (5.1) is

{u(x.t) = - 12"3(: 2HC L 5 sechG+ G w x 0] , wixtE = 2 C
sech C,+C, ux- 1)}, (5.3.1)
{u(x t)=- l&’LH 347C2 sech (G, + G,
{u(x, t)——lz'u Co+ +3,u ’Clsech(C+ C  x t)f ,w(xtF-J- 2 C
sech C,+C, wx- 1)}, (5.3.2)
{u(x t)_—lm

U

—342C2 tanh(C, + C, x- t))f ,w(x,t)=v 2/u G tanh G+ G & x b)) ,
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{u(x = -%M—Bpﬂc; tanh(G, + C, ¢ x- 1)f ,

w(x,t) = —v/24/uC, tanh (G + G @ x )}

Vector Field (2)
TheVector Fieldis V, .

The corresponding characteristic equations arendoye

Thus the Vector Field (2) in the optimal systemimesf the similarity variable and
similarity solution as follows:

&=t
u(x,t)=F(s)
w(x,t) = G(£).
The reduced equation for the subalgabra is,
F'=
G'=0.

By solvingwe geF =a,G = h.
Exact solution isu(x,t) = a, w(x )= b

wherea, b are arbitrary constant.
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CHAPTER-6

BENJAMIN-BONA-MAHONY EQUATION

The Benjamin-Bona-Mahony (BBM) equation (which asreetimes called the regularised
long wave (RLW) equation)

u +u, +uy - U, =0. (6.1a)

was proposed by Benjamin et al (1972) as an aligmato the celebrated
Korteweg-De Vries (KDV) equation (Korteweg and Deég 1895)

U, + U, + Ul + U, =0. (6.2)

was originally derived as approximation for surfagater was originally derived as
approximation for surface water waves in a unifelmannel [4, 14].

Both (6.1a) and (6.2b) also covesesaof the following types: surface waves of
long wavelength in liquids, acoustic- gravity waves compressible fluids,
hydromagnetic waves in cold plasma, acoustic wawegnharmonic crystals etc. The
wide applicability of these equations in the masason why, during the last decades,
they have attracted so much attention from matheraas.

The main mathematical difference betw&DV and BBM models can be most
readily appreciated by comparing the dispersioati@ for the respective linearized
equations. It can be be easily seen that thesgoredaare comparable only for small wave
numbers (i.e., long waves) and they generate dedistidifferent responses to short
waves (which are irrelevant to its role as a phafsioodel). This is one of the reasons
why, whereas existence and regularity theory ferkKbV equation is difficult the theory
of the BBM equation is comparatively simple. Thenputing is also much easier for
(6.1a) than for (6.2b).

The applications of Lie transformatiogoup theory for the construction of

solutions of nonlinear partial differential equais¢PDES) is the one of the most active
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fields of research in the theory of nonlinear (PD&sd applications. The fundamental
basis of the technique is that when a differéetijations is invariant under a Lie group
of transformations, a reduction transformatioriste Most of the required theory and
description of the method can be found in [6, Z0,,31].

In this we find the Lie symmetry dbge of the BBM equation and present the
optimal systems of one dimensional subalgebraseosymmetry algebra. We use these

subalgebras to perform similarity reductions andhlitain the similarity solutions.

6.1 Lie Symmetries
Consider the Benjamin Bona Mahoney equation

u, +u, +uu - U, =0. (6.1)
Let the group of infinitesimal transformationsdefined as

u =u+en(xtu+ OE?)

X = x+&&(x tu)+ OE?)

t" =t+er(xt,u)+ O().
On invoking the invariance criterion the followimglation from the coefficients of the
first order of £ is deduced.

n'+n+upt+nu =0, (6.2)
wheren',n*,n*
substitute the valueg',7*,7*"  in (6.2)get

3
(6_’7_6u0_’7_6a2u26_’7_0_’7j+(_(1+ u)g_’7+ 1+ u )5_ o< 0/7 - (1 u)—+ I+ u)
u

are infinitesimal generatorresponding tal,, U, , U,.,

ot 0x ox ox° ot t
3
97,91 - 65u+(u+ LF) U 62,7 -1+ U 62r -2 0’n_, 07 +n 0, +
X du O0x ox%at ax?0t 090X Du 9xot
3 3 3 3
(a_q_g ORP LA i/ & Y YL arjgm+ N 45 ¢
du ot aX 0x20u  ox°ot du ox ot ou’dt 0x1u
o°n 938 0°r r ) ., ( ar a& _dn
-(1+u -2(1+u)————+ (1+u O+ -(+ruy———>-2——+
ou?ox ( )ax26u ( oxotou ( )26%6 ( ﬁ 0 0 4o x
0°¢ °r °r & arj °r arj )
+2 -2(1+ +3—=-2(1+u 80 g
ox’du  oxatou ( u)a><2a du ( )a_ * axzau au )0t
0°r 03¢ 6/7 03¢ % 0%
2(1+uYy + +(1+u 20+ u)——- (Hru)—— |8 +| - 4(H u}——
( (dru) du’ox Auat ( )6u3 ( 0 U0 x ( guot ( 0 o »
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03” 035' 03 ) a T, 035

-—t2 + 6’6 +—6%6_ + —21+u>— 066 +| -@0+u

o “awax auat) T g X a ( Oua |~ (LH U
0°r 3¢

+1+u) — |6+ 2(1+u 0 +

( )aue,}x(ag T ]( tMtjxx(auax

JrzgxzartjeXI g 29“ +[_4(l+u)aa>;ru_ 20327 * 466>6£u+ 266 ;r tj+ %uex‘em +[ 2«%1

grje o, +(3§_0+ (1+U)Z_:,27_ 2(+u )(%J— (Hu )ﬁ]HXHXX + —g—:’Z+ aa:ju
:Zatje 6, + [3?—4(1 )Z—Z}extez 3‘;—59 6, (g; + 0‘12; ) 2 9 + 2—02
%enexx 2?9 +g€9 +( (1+ u)%jexxﬁxxt+[—3(l+ u)—‘t+ (I+u }gz )Hf@xx
4% 66,0, =0.

Now equate the coefficients of)

XXX?

0,..0.0..0 ., constetcequaltozeroand we

obtain
E:O'E:O,E:O’G—T:O (63)
ou ot 0u 0Xx
L 0°n o°n
1+u)— - (1+ —+ 1+ u -2 +n=0 6.4
( U) ( U) ( 6 290 ‘900U n (6.4)
3
_or _ 52 +2£+ﬂ=o (6.5)
ot o0x°du ox ot
o’n o°n
+2(1+u =0 6.6
ou’ot ( )aUZax (6.6)
03/7
=0 6.7
auZax (6.7)
@+ u)ﬁ =0 (6.8)
ou® '
63
_a_uz =0 (6.9)
2
:'7 =0 (6.10)
uot
’n 0%
——-+——==0 (6.12)
oxou 0x
26—'7 = (6.12)
ou?
2
1+ u)% = 0. (6.13)
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979 6.14

Y (6.14)
3

9N _ 6y 91 _ g2 291 _ 971 (6.15)

ot 0x 0x 0x°0t

From (6.3) and (6.14) we get
¢=h(x),7=1(),n=f(xu+ g(x 9.
Put the value of, &, r in above coefficient from (6.3)-(6.15)
@+ u)l, )= @+u)h 9+ @+ u) £, (x )= 2, (x O+ F(xHu g(x b= 0 (6.16

- (Xt)+2h (X)=0 (6.17)
-f.(x,t)=0 (6.18)
-f (xt)+2h (X)=0 (6.19)
f)+@+u)f (xt)- f,,(xt)=0. (6.20)

By equating the coefficients of
From equation (6.16) and (6.20) we get
@) =h (x)+ f(xt)+ f(xu=0 (6.21)
f (x,t)=0. (6.22)
By equating the coefficients of without
From equation (6.16) we get
L) =h () + F(x )= . (x )+ g(x )= 0. (6.23
From (6.18), and (6.17) we get
f=Db
h=a
From (6.21) and (6.23)
g=>b
| = -bt +c.
Put the value of ,g,h and in above doits (6.16)-(6.20)
Then the solution of the determining equationsvemgby
§(xt)=a
T(X,t) = -bt+c (6.24)
n(x,t) = b(u+1),
wherea, b, ¢ are three arbitrary parameters.

Hence, the Lie algebra admitted by the BenjaminaBidiahoney equation (6.1) is
0 0 0 0
V,=—, V,=—t—+(@1+u)—, \,=— . 6.25
1=k VT T U % T g (8.25,
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Optimal system

The commutator and adjoint resresentation tablealgebra (6.25) can easily constructed
as follows:

Commutatdiable-6.26

Vl V2 V3
V, 0 0 0
V, 0 0 V,
vV, 0 vV, 0

Adjdifiable-6.24

Adj V1 V2 V. 3
V1 Vl Vz V3
\A \'A Vv, V,ef
V, A V, + &V, Vs

We deduce an optimal system of sub algabras wéh torresponding essential vector
field:

) V,+ 4V,
2 Vv,
(3) V..

where is arbitrary constant.

6.2 Reductions of Optimal System and Exact Soluti@n

In this section, corresponding to each generattihe optimal system of sub algebra, the
reductions of PDEs (6.1) into ODEs in terms of famty variable ¢ and the new
dependent variables- F, are obtained using thelianyxiequations (6.24). Some exact
solutions of each of each reduced system are titemgted.

Essential vector field (1)

The Essential vector field) is V, + V.
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The corresponding characteristic equations arengiye

dx_ dt _  du

1 -mt ml+ u)

The Essential vector fielfll) in the optimal system defines the similarityigble and
similarity solution as follows:

& =texp(mx)
u(xt) = @ -1.
Using thesimilarity variable, the forms of the similarity lston, the system of partial
differential equation (PDE) (2.1) reduces to thiéofeing system of Ordinary differential
equation (ODE):

EF —F+mMéFF +2nfé*F + nfé®F =0,
In this case we are able to find only reduction.

Essential vector field (2)
The Essential vector fiel@) isV,.

The corresponding characteristic equations arengiye

Thus the Essential vector fiel@) in the optimal system defines the similarityiable
and similarity solution as follows:
§ =X

u(x,t)=@—l.

Using the similarity variable, the forms of the #gamty solution, the system of partial
differential equation (PDE) (6.1) reduces to thiofeing system of Ordinary differential
equation (ODE):

-F+FF +F =0.

In this case we are able to find only reduction.
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Essential vector field (3)
The Essential vector fiel8) is V,.
The corresponding characteristic equations arendoye

dx_ dt_ du

0O 1 ©O

Thus the Essential vector fie(8) in the optimal system defines the similarityiahle
and similarity solution as follows:

=X

u(x t) = F(<£).
Using the similarity variable, the forms of the 8arty solution, the system of partial
differential equation (PDE) (6.1) reduces to thiofeing system of Ordinary differential
equation (ODE):

F'-FF =0,
By solving this equation we gdt = a.
Thus the exact solution is( x, t) = a,

wherea is constant.
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CONCLUSION

The thesis deals with the Lie Classical Method i@appibn to some nonlinear partial

differential equations representing some intergstphysical systems via Gardner
equation, Fisher equation, Drinfel'd Sokolov Wils@guation and Benjamin-Bona-

Mahony equation. To determine the admissible symesetwe referred to as the

classical Lie approach. After obtaining the poirmetries admitted by a system under
investigation, a formal approach of identifying @ptimal system of Lie sub algebras has
been adopted with help of the adjoint action of Lhe algebra. The basic generators
contained in the optimal system have then beeroégdito achieve the desired reduction
of PDEs to ODEs. The resulting ODEs have been exasnsubsequently for various

types of exact solutions. The various exact sahgtiare in hyperbolic functions. Some
plots to have an idea about the nature of theisolsiare obtained in the thesis.

Figure 1

Section (3.3) for solution (3.3.1) witls, =1, =10 = 1x=-3..3f=- 3..2
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Figure 2
Section (3.3) for solution (3.3.2) with, =1, =1,a0 = 1,x=-3..3f= - 3..¢

Figure 3
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Section (5.3) for solution (5.3.1) with, =1, =1,a = 1,x=-2..2f=- 2..2

o
'*" “.

o
AT,
TSN
AR

Figure 4
Section (5.3) for solution (5.3.2) with, =1, =1,a = 1,x=-2..2t=- 2..2
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