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Abstract

The chapter-wise summary of the thesis is as follows:

Chapter 1 includes introduction about the Tests based on Empirical Distribution Func-

tions. The main focus of this chapter is on Non-parametric tests. This chapters includes

basic concepts, definitions, and brief discription about the Goodness-of-fit problem.

Goodness-of-fit tests are used to check the compatibility of a set of observed sample

values with a normal distribution or any other distribution. These tests are designed for

a null hypothesis which is the statement about the form of probability function or cu-

mulative distribution function of the parent population from which the sample is drawn.

Here χ2 Goodness-of-fit test and its applications are described in details.

In Chapter 2 the second goodness-of-fit test the Kolmogorov-Smirnov test is discussed

in details. The Kolmogorov-Smirnov statistics are used as general goodness-of-fit tests

which are known to be more sensitive to location than to scale alternatives. This test is

based on vertical deviation between observed and expected cumulative distribution func-

tions. In this chapter the Kolmogorov-Smirnov one-sample statistic, the Kolmogorov-

Smirnov two-sample statistic and their applications are discussed.

Then, in Chapter 3 the two-sample, distribution-free statistics of Smirnov (1939) are

used to define a new statistic. While the Smirnov statistics are used as a general

goodness-of-fit test, a distribution-free scale test based on this new statistic is devel-

oped. It is shown that this new test has higher power than the two-sided Smirnov

statistic in detecting differences in scale for some symmetric distributions with equal

means/medians.
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Chapter 1

Introduction

Let X be a random variable, continuous or discrete, with probability mass function p(x)

or probability density function f(x) respectively. If for every real number x there exists

a probability that the value assumed by the random variable X does not exceed x, called

the cumulative distribution function (cdf) of random variable X denoted by FX(x) and

is defined as

FX(x) = P [X ≤ x] =



∑
xi≤x

p(xi) if X is discrete

x∫
−∞

f(t)dt if X is continuous

1.1 The Empirical Distribution Function

For a random sample from the distribution FX , the empirical distribution function (edf),

denoted by Sn(x), is simply the proportion of sample values less than or equal to the

specified value x, that is,

Sn(x) =
number of sample values ≤ x

n

Suppose that the n sample observations are distinct and arranged in increasing order

so that X(1) is the smallest, X(2) is the second smallest,..., and X(n) is the largest. The

edf Sn(x) is defined as
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Sn(x) =



0 if x < X(1)

i
n

if X(i) ≤ x < X(i+1), i = 1, 2, ..., n

1 if x ≥ X(n).

Suppose that the sample observations with sample size n=5 are given by 9.4, 11.2, 11.4,

12 and 12.6. Here Sn(x) is a step function, with jumps occurring at the distinct ordered

sample values, where the height of each jump is equal to the reciprocal of the sample

size, i.e. 1/5 or 0.2.

1.2 Goodness-of-fit Problem

The main problem in statistics is to obtain information about the form of the population

from which sample is drawn. The focus of investigation might be to find the shape of

this distribution. Alternatively, some inference concerning a particular form of the

population may be of the primary interest. In classical statistics, information about

the form of the population generally must be incorporated or postulated in the null

hypothesis to perform an exact parametric type of inference. For example, consider

we have a small number of observations from an unknown population with unknown

variance and the hypothesis of interest concerns the value of population mean. The

traditional parametric test, based on t-distribution, is derived under the assumption of

normal population. The exact distribution theory and the probabilities of both type of

errors depends on form of the underlying population. Therefore it might be desirable to

check on the reasonableness of the normality assumption before forming any conclusions

based on t-distribution. If normality assumption appears not to be justified, some type

of nonparametric inference for location might be more appropriate with a small sample

size.

A goodness-of-fit type of test can be used to check the compatibility of a set of observed

sample values with a normal distribution or any other distribution. These tests are

designed for a null hypothesis which is the statement about the form of probability
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function or cumulative distribution function (cdf) of the parent population from which

the sample is drawn. Ideally, the hypothesized distribution is completely specified,

including all the parameters. Since the alternative is necessarily quite broad, including

differences only in scale, location, other parameters, form or any combination thereof,

the rejection of null hypothesis does not provide much specific information. Goodness-

of-fit tests are mainly used only when the form of the population is in question, with

the hope that the null hypothesis will be found acceptable.

Classically, there are two types of goodness-of-fit tests. The first type is designed for

null hypothesis concerning a discrete distribution and compares the observed frequencies

with the expected frequencies under the null hypothesis. This test is known as the χ2-test

proposed by Karl Pearson early in the history of statistics. The second type of goodness-

of-fit test the Kolmogorov-Smirnov test is designed for null hypothesis concerning a

continuous distribution and compares the observed cumulative relative frequencies with

those expected under the null hypothesis.

1.3 The χ2 Goodness-of-Fit Test

Let X be a random sample of size n which is drawn from a population with unknown

cumulative distribution function FX and the hypothesis-testing situation

H0 : FX(x) = F0(x) for all x

where F0(x) is completely specified against the general alternative

HA : FX(x) 6= F0(x) for some x.

To apply the χ2-test in this situation, firstly, the sample data must be grouped according

to some scheme in order to form a frequency distribution. In the case of qualitative

data, where the hypothesized distribution would be discrete, the categories would be

the relevant numerical or verbal classifications. For example, in tossing a coin, the

categories would be the numbers of heads; in tossing a die, the categories would be

the numbers of spots; in surveys of brand preferences, the categories would be the

brand names considered. When the sample observations are quantitative, the categories
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would be the numerical classes chosen by the experimenter. In this case, frequency

distribution is not unique and some information is necessarily lost. Even though the

hypothesized distribution is mostly continuous with the measurement data, the data

must be categorized for analysis by the χ2-test.

When the population distribution is completely specified by the null hypothesis, one

can calculate the probability that a random observation will be classified into each of

the chosen or fixed categories. These probabilities multiplied by n give the frequencies

for each category which would be expected if the null hypothesis were true. Except

for the sampling variation, there should be close agreement between these expected

and observed frequencies if the sample data are compatible with the specified F0(x).

The corresponding observed and expected frequencies can be compared visually using a

histogram, a frequency polygon, or a bar chart. The χ2 goodness-of-fit test provides a

probability basis for the comparison and deciding whether the lack of agreement is too

great to have occurred by chance.

Assume that the n observations have been grouped into k mutually exclusive categories

and denote the observed and expected frequencies for the ith class by fi and ei re

respectively, i = 1, 2, ....., k. The decision regarding fit is to be based on the deviation

fi − ei. The sum of these k deviations is zero except for rounding. The test criterion

suggested by Pearson (1900) is the sum of squares of these deviations, normalized by

the expected frequency, or

Q =
k∑
i=1

(fi − ei)2

ei
(1.3.1)

A large value of Q would reflect an incompatibility between the observed and expected

relative frequencies, and therefore the null hypothesis should be rejected. The exact

probability distribution of the random variable Q is quite complicated, but for large

samples its distribution is approximately χ2 with k − 1 degrees of freedom. The theo-

retical basis for this can be argued briefly as follows.

The only random variables of concern are the class frequencies F1, F2, ..., Fk, which

constitute a set of random variables from a k-variate multinomial distribution with k

possible outcomes, the ith outcome being the ith category in the classification system.

With θ1, θ2, ....., θk denoting the probabilities of the respective outcomes and f1, f2, ...fk
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denoting the observed outcomes, the likelihood function of the sample then is

L(θ1, θ2, ...θk) =
n!

f1!f2!...fk!

k∏
i=1

θfii ;
k∑
i=1

fi = n;
k∑
i=1

θi = 1. (1.3.2)

The null hypothesis was assumed to specify the population distribution completely,

from which the θi can be calculated. This hypothesis is actually concerned only with

the values of these parameters and can be equivalently stated as

H0 : θ0i =
ei
n

for i = 1, 2, ..., k.

It is easily shown that the maximum-likelihood estimates of the parameters in 2.1.2 are

θ̂i = fi/n. The likelihood-ratio statistic for this hypothesis then is

T =
L(ω̂)

L(Ω̂)
=
L(θ01, θ

0
2, ..., θ

0
k)

L(θ̂1, θ̂2, ..., θ̂k)
=

k∏
i=1

(
θ0i

θ̂i

)fi

The distribution of the random variable −2 lnT can be approximated by the χ2 distri-

bution. The degrees of freedom are k − 1, since the restriction
∑k

i=1 θi = 1 leaves only

k − 1 parameters in Ω to be estimated independently. We have here

−2 lnT = −2
k∑
i=1

fi

(
ln θ0i − ln

fi
n

)
. (1.3.3)

The expression in eq. (3) can be used as a test criterion for goodness-of-fit. We shall

now show that it is asymptotically equivalent to the expression for Q given in 2.1.1. The

Taylor series expansion of ln θi about fi/n = θ̂i is

ln θi = ln θ̂i + (θi − θ̂i)
1

θ̂i
+

(θi − θ̂i)2

2!

(
− 1

θ̂i
2

)
+ ε

so that

ln θ0i − ln
fi
n

=

(
θ0i −

fi
n

)
n

fi
−
(
θ0i −

fi
n

)2
n2

2f 2
i

+ ε

=
(nθ0i − fi)

fi
− (nθ0i − fi)2

2f 2
i

+ ε (1.3.4)
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where ε represents the sum of terms alternating in sign

∞∑
j=3

(−1)j+1

(
θ0i −

fi
n

)j
nj

j!f ji

Substituting 3.1.1 in 2.1.3, we have

−2 lnT = −2
k∑
i=1

(nθ0i − fi) +
k∑
i=1

(nθ0i − fi)2

fi
+

k∑
i=1

ε′

= 0 +
k∑
i=1

(fi − ei)2

fi
+ ε′′

By the law of large numbers Fi
n

is known to be a consistent estimator of θi or

lim
n→∞

[
1

n
P (|Fi − nθi| > ε)

]
= 0 for every ε > 0

Thus we see that −2lnT approaches the statistic Q and the probability distribution of Q

converges to that of −2 lnT , which is χ2 distribution with k− 1 degrees of freedom. An

approximate α-level test then is obtained by rejecting H0 when Q exceeds the (1−α)th

quantile point of the χ2 distribution, denoted by χ2
k−1,α. This approximation can be

used with confidence as long as every expected frequency is at least equal to 5. For any

ei smaller than 5, the usual procedure is to combine adjacent groups in the frequency

distribution until this restriction is satisfied. The number of degrees of freedom then

must be reduced to correspond to the actual number of categories used in the analysis.

However this rule of 5 should not be considered inflexible. It is conservative, and the χ2

approximation is often reasonably accurate for expected cell frequencies as small as 1.5.

Any case where the θi are completely specified by the null hypothesis is thus easily

handled. The more typical situation, however, is where the null hypothesis is composite,

i.e., it states the form of the distribution but not all the relevant parameters. For

example, when we wish to test whether a sample is drawn from some normal population,

µ and σ would not be given. However, in order to calculate the expected frequencies

under H0, µ and σ must be known. If the expected frequencies are estimated from the

data as nθ̂0i for i = 1, 2, ..., k the random variable for the goodness-of-fit test in 2.1.1
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becomes

Q =
k∑
i=1

(Fi − nθ̂0i )2

nθ̂0i
(1.3.5)

The asymptotic distribution of Q then may depend on the method employed for esti-

mation. When the estimates are found by the method of maximum likelihood for the

grouped data, the L(ω̂), where the θ̂0i are the MLEs of the θ0i under H0. The deriva-

tive of distribution of T and therefore Q goes through exactly as before except that

the dimension of the space ω is increased. The degrees of freedom for Q goes through

exactly as before except that the dimension of the space is increased. The degrees of

freedom for Q then are k − 1 − s, where s is the number of independent parameters

in F0(x) which has to be estimated from the grouped data in order to estimate all the

θ0i . In the normal goodness-of-fit test, for example, the µ and σ parameter estimates

would be calculated from grouped data and used with tables of normal distribution to

find the nθ̂0i , and the degrees of freedom for k categories would be k − 3. When the

original data are ungrouped and the MLEs are based on the likelihood function of all

the observations, the theory is different. In practice, however, the statistic in 1.3.5 is

often treated as a chi-square variable.

Example 1.1

A die was rolled 30 times with the results shown below:

Number of spots 1 2 3 4 5 6
Frequency(xi) 1 4 9 9 2 5

If a chi-square goodness of fit test is used to test the hypothesis that the die is fair at

a significance level α = 0.05, them what is the value of chi-square statistic and decision

reached?

Solution In this problem, the null hypothesis is

H0 : p1 = p2 = ... = p6 =
1

6

The alternative hypothesis is that not all p′is are equal to 1
6
. The test will be based on
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30 trails, so n = 30. The test statistic

Q =
6∑
i=1

(xi − ei)2

ei

where p1 = p2 = ... = p6 = 1
6
. Thus

ei = npi = (30)
1

6
= 5

and

Q =
6∑
i=1

(xi − ei)
ei

=
6∑
i=1

(x1 − 5)2

5

=
1

5
[16 + 1 + 16 + 16 + 9] = 11.6

The tabulated χ2 value for χ2
0.95(5) is given by

χ2
0.95(5) = 11.07.

Since

11.6 = Q > χ2
0.95(5) = 11.07.

the null hypothesis H0 : p1 = p2 = ... = p6 = 1
6

should be rejected.

Example 1.2

A quality control engineer has taken 50 samples of size 13 each from a production

process. The numbers of defective for these samples are recorded below. Test the null

hypothesis at level 0.05 that the number of defective follows

1. The Poisson distribution.

2. The Binomial distribution.

Number of defects 0 1 2 3 4 5 6 or more
number of samples 10 24 10 4 1 1 0
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Solution Since the data are grouped and both of the hypothesized null distributions

are discrete, the chi-square goodness-of-fit test is appropriate. Since no parameters are

specified, they must be estimated from data in order to carry out the test in both (1)

and (2).

(1) The Poisson distribution is f(x) = exp−λ λx

x!
for x = 0, 1, 2, ..., where λ here is the

mean number of defectives in a sample of size 13. The maximum-likelihood estimate of

λ is the mean number of defectives in the 50 samples, that is,

λ̂ =
0(10) + 1(24) + 2(10) + 3(4) + 4(1) + 5(1)

50
=

65

50
= 1.3

We use this value in f(x) to estimate the probabilities as θ̂i and to compute êi = 50θ̂i.

The final θ̂ is not for exactly 5 defects but rather for 5 or more; this is necessary to

make
∑
θ̂ = 1. The final ê is less than one, so it is combined with the category above

before calculating Q. The final result is

Table 1.1: Calculation of Q for Poisson distribution

Defects f θ̂ ê (f − ê)2/ê
0 10 0.2725 13.625 0.9644
1 24 0.3543 17.715 2.2298
2 10 0.2303 11.515 0.1993
3 4 0.0998 4.990 0.1964
4 1 0.0324 1.620

}
2.155

0.0111
5 or more 1 0.0107 0.535

3.6010

Q = 3.6010 with 3 degrees of freedom; we start out with k−1 = 5 degree of freedom and

lose one for estimating θ and one more for combining the last two categories.But the

0.05 critical value for the chi-square distribution with 3 degrees of freedom is 7.81. Our

Q = 3.6010 id smaller than this value, so we cannot reject the null hypothesis. Thus our

conclusion about the Poisson distribution is that we cannot reject the null hypothesis.

(2) The null hypothesis is that the number of defectives in each sample of 13 follows the

binomial distribution with n = 13 and p is the probability of a defective in any sample.

The maximum-likelihood estimate of p is the total number of defectives, which we found
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in (1) to be 65, divided by the 50(13) = 650 observations, or p = 65/650 = 0.1. This is

the value we use in the binomial distribution to find θ̂ and ê = 50θ̂ in Table 1.2.

Table 1.2: Calculation of Q for Binomial distribution

Defects f θ̂ ê (f − ê)2/ê
0 10 0.2542 12.710 0.5778
1 24 0.3671 18.355 1.7361
2 10 0.2448 12.240 0.4099
3 4 0.0997 4.986 0.1950
4 1 0.0277

}
0.0342

1.385
}

1.710
0.0492

5 or more 1 0.0065 0.325
2.9680

The final result is Q = 2.9680, again with 3 degrees of freedom, so the critical value

at 0.05 level is again 7.81. Our conclusion about the binomial distribution is that we

cannot reject the null hypothesis.

This example illustrate a common result with chi-square goodness-of-fit tests, i.e., that

each of the two (or more) different null hypothesis may be accepted for the same data

set. Obviously, the true distribution cannot be both binomial and Poisson at the same

time. Thus, the appropriate conclusion on the basis of a chi-square goodness-of-fit test is

that we do not have enough information to distinguish between these two distributions.
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Chapter 2

The Kolmogorov-Smirnov Test

In the χ2 goodness-of-fit test, the comparison between expected and observed class

frequencies is made for a set of k groups. Only k comparisons are made even though

there are n observations, where k ≤ n. If the n sample observations are values of

continuous random variable, as opposed to strictly categorical data, comparisons can

be made between observed and expected cumulative relative frequencies for each of

different observed values. The cumulative distribution function of the sample or the

empirical distribution is an estimate of the population cdf . Several goodness-of-fit test

statistics are functions of the deviations between the observed cumulative distribution

and the corresponding cumulative probabilities expected under the null hypothesis. The

function of these deviations used to perform a test might be the sum of squares, or

absolute values, or the maximum deviation, to name only a few. The best-known test

is the Kolmogorov-Smirnov statistic.

2.1 The Kolmogorov-Smirnov one-sample Statistics

The Kolmogorov-Smirnov one sample statistic is based on differnces between the hy-

pothesized cumulative distribution function F0(x) and the empirical distribution func-

tion of the sample Sn(x) for all x. Sn(x) provides a consistent point estimator for the

true distribution Fx(x). Further, by the Glivenko-Cantelli Theorem, we know that as

n increases, the step function Sn(x), with jumps occurring at the values of the order

statistics X(1), X(2), ..., X(n) for the sample, approaches the true distribution function

FX(x) for all x. Therefore, for large n, the deviations between the true function and

its statistical image, |Sn(x) − Fx(x)|, should be small for all values for x. This result
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suggests that the statistic

Dn = sup
x
|Sn(x)− FX(x)| (2.1.1)

is, for any n, a reasonable measure of the accuracy of our estimate.

This Dn statistic, called the Kolmogorov-Smirnov one-sample statistic, is particularly

useful in nonparametric statistical inference because the probability distribution of Dn

does not depend on FX(x) as long as FX is continuous. Therefore, Dn is called a

distribution-free statistic.

The directional deviations defined as

D+
n = sup

x
[Sn(x)− FX(x)]

D−n = sup
x

[FX(x)− Sn(x)]

are called the one-sided Kolmogorov-Smirnov statistics. These measures are distribution

free.

Theorem 2.1.1.

The statistics Dn, D
+
n , D

−
n are completely distribution free for any continuous FX .

Proof

Dn = sup
x
|Sn(x)− FX(x)| = max

x
(D+

n , D
−
n )

defining the additional order statistics X(0) = −∞ and X(n+1) =∞,we can write

Sn(x)− i

n
for X(i) ≤ x < X(i+1), i = 0, 1, ..., n

Therefore, we have

D+
n = sup

x
[Sn(x)− FX(x)] = max

0≤i≤n
sup

X(i)≤x<X(i+1)

[Sn(x)− FX(x)]

= max
0≤i≤n

sup
X(i)≤x<X(i+1)

[
i

n
− FX(x)

]
12



= max
0≤i≤n

[
i

n
− inf

X(i)≤x<X(i+1)

FX(x)

]

= max
0≤i≤n

[
i

n
− FX(X(i))

]

= max

{
max
0≤i≤n

[
i

n
− FX(X(i))

]
, 0

}

(2.1.2)

Similarly

D−n = max

{
max
0≤i≤n

[
FX(X(i))−

i− 1

n

]
, 0

}

Dn = max

{
max

{
max
0≤i≤n

[
i

n
− FX(X(i))

]
, max
0≤i≤n

[
FX(X(i))−

i− 1

n

]}}

(2.1.3)

Hence Dn, D
+
n , D

−
n all are distribution free as they depend only on the random variables

FX(X(i)), i = 1, 2, ..., n and independent of the particular FX .

Theorem 2.1.2.

For Dn = sup
x
|Sn(x)− FX(x)| where FX(x) is any continuous cdf , we have

P
(
Dn <

1
2n

+ v)

=



0 for v ≤ 0,

1/2n+v∫
1/2n−v

1/3n+v∫
1/3n−v

...
(2n−1)/2n+v∫
(2n−1)/2n−v

×f(u1, u2, ..., un)dun...du1 for 0 < v < 2n−1
2n

1 for v ≥ 2n−1
2n

,

where
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f(u1, u2, ...un) =


n! for 0 < u1 < u2 < ...un < 1

0 otherwise

Proof

P

(
Dn <

1

2n
+ v

)
= P

[
sup
x
|Sn(x)− x| < 1

2n
+ v

]

= P

[
|Sn(x)− x| < 1

2n
+ v, for all x

]

= P

[∣∣∣∣ in − x
∣∣∣∣ < 1

2n
+ v, forX(i) ≤ x < X(i+ 1), for all i = 0, 1, ...n

]

= P

[
i

n
− 1

2n
− v < x <

i

n
+

1

2n
+ v, for X(i) ≤ x < X(i+ 1)

]
,

for all i = 0, 1, ..., n

= P

[
2i− 1

2n
− v < x <

2i+ 1

2n
+ v, for X(i) ≤ x < X(i+ 1)

]
,

for all i = 0, 1, ..., n

Consider any two consecutive values of i. For any 0 ≤ i ≤ n− 1, both

Ai :

{
2i− 1

2n
− v < x <

2i+ 1

2n
+ v, for X(i) ≤ x ≤ X(i+ 1)

}
and

A(i+1) :

{
2i− 1

2n
− v < x <

2i+ 3

2n
+ v, for X(i+1) ≤ x ≤ X(i+ 2)

}
Since X(i+1) is the random variable common to both events and common set of x is

(2i + 1)/2n − v < x < (2i + 1)/2n + v for V ≥ 0, the event A(i)

⋂
A(i+1) for any
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0 ≤ i ≤ n− 1 is

2i− 1

2n
− v < X(i+1) <

2i+ 1

2n
+ v for all v ≥ 0

In other words,

2i− 1

2n
− v < X(i+1) <

2i+ 1

2n
+ v for X(i) ≤ x ≤ X(i+ 1),

for all i = 0, 1, ..., n

if and only if

2i+ 1

2n
− v < X(i+1) <

2i+ 1

2n
+ v for all i = 0, 1, ..., n− 1;

v ≥ 0

The joint probability distribution of order statistics is

fX(1),X(2),...,X(n)
(x1, x2, ..., xn) = n! for x1 < x2 < ... < xn < 1

Putting all this together now, we have

P

(
Dn <

1

2n
+ v

)
for all − 1

2n
< v <

2n− 1

2n

= P

(
2i+ 1

2n
− v < X(i+1) <

2i+ 1

2n
+ v for all i = 0, 1, ..., n− 1

)
0 ≤ v <

2n− 1

2n

= P
[( 1

2n
− v < X(1) <

1

2n
+ v

)⋂(
3

2n
− v < X(2) <

3

2n
+ v

)
×
⋂

...
⋂(

2n− 1

2n
− v < X(n) <

2n− 1

2n
+ v

)]
for all 0 ≤ v <

2n− 1

2n

which is equivalent to the stated integral.

Consider n = 2, for all 0 ≤ i ≤ 3/4,

15



P (D2 < 1/4 + v) = 2!

1/4+v∫
1/4−v

3/4+v∫
3/4−v

du2du1 0 < u1 < u2 < 1

The limits overlap when 1/4 + v ≥ 3/4 − v, or v ≥ 1/4. When 0 ≤ v < 1/4, we have

u1 < u2 automatically. Therefore, for 0 ≤ v < 1/4,

P (D2 < 1/4 + v) = 2

1/4+v∫
1/4−v

3/4+v∫
3/4−v

du2du1 = 2(2v)2

But for 1/4 ≤ v ≤ 3/4, the region of integration is as figure. Dividing the integral into

two pieces, we have for 1/4 ≤ v < 3/4,

P (D2 < 1/4 + v) = 2

 1/4+v∫
3/4−v

1∫
u1

du2du1 +

3/4−v∫
0

1∫
3/4−v

du2du1


= −2v2 + 3v − 1/8.

Collecting the results for all v,

P (D2 < 1/4 + v) =



0 for 0 < u1 < u2 < ...un < 1

2(2v)2 for 0 < v < 1/4

−2v2 + 3v − 0.125 for 1/4 ≤ v < 3/4

1 for v ≥ 3/4.

The inverse procedure is to find that number Dn,α such that P (Dn, Dn,α) = α. In our

numerical example with n = 2, α = 0.05,we find v such that

16



P (D2 > 1/4 + v) = 0.05 or P (D2 < 1/4 + v) = 0.95

and then set D2,0.05 = 1/4 + v. From the previous evaluation of the D2 sampling

distribution, either

2(2v)2 = 0.95 and 0 < v < 1/4

or

−2v2 + 3v − 0.125 = 0.95 and 1/4 ≤ v < 3/4

The first result has no solution, but the second yields the solution v = 0.5919. Therefore,

D2,0.05 = 0.8419.

Theorem 2.1.3.

If FX is any continuous distribution function, then for every d > 0,

lim
n→∞

P
(
Dn ≤ d/

√
n
)

= L(d)

where

L(d) = 1− 2
∞∑
i=1

(−1)i−1e−2i
2d2

Some of the results for the asymptotic approximation to Dn,α = dα/
√
n are:

P (Dn > dα/
√
n) 0.20 0.15 0.10 0.05 0.01

dα 1.07 1.14 1.22 1.36 1.63

The approximation has been found to be close enough for practical application as long

as n exceeds 35. A comparison of exact and asymtotic values of Dn,α for α = 0.01 and

0.05.

Theorem 2.1.4.
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For D+
n = sup

x
[Sn(x)− FX(x)] where FX(x) is any continuous cdf , we have

P
(
D+
n < c) =



0 c ≤ 0,

1∫
1−c

un∫
n−1/n−c

...
u3∫

2/n−c

u2∫
1/n−c

f(u1, u2, ..., un)du1...dun 0 < c < 1

1 for c ≥ 1,

where

f(u1, u2, ...un) =


n! for 0 < u1 < u2 < ...un < 1

0 otherwise

Proof Assume that FX is the uniform distribution on (0,1). Then we can write

D+
n = max

[
max
1≤i≤n

(
i

n
−X(i)

)
, 0

]
For all 0 < c < 1, we have

P (D+
n < c) = P

[
max
1≤i≤n

(
i

n
−X(i)

)
< c

]

= P

(
i

n
−X(i) < c for all i = 1, 2, ..., n

)

= P

(
X(i) >

i

n
− c for all i = 1, 2, ..., n

)

=

∞∫
1−c

∞∫
(n−1)/n−c

...

∞∫
2/n−c

∞∫
1/n−c

f(x1, x2, ..., xn)dx1...dxn

where
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f(x1, x2, ..., xn) =


n! for 0 < x1 < x2 < ...xn < 1

0 otherwise

which is equivalent to the stated integral.

Theorem 2.1.5.

If FX is any continuous distribution function, then for every d ≥ 0

lim
n→∞

P
(
D+
n < d/

√
n) = 1− e−2d2

As a result of this theorem, χ2 tables can be used for the distribution of a function of

D+
n because of the following corollary.

Corollary

If FX is any continuous distribution function, then for every d ≥ 0, the limiting dis-

tribution of V = 4nD+2
n , as n → ∞, is the chi-square distribution with 2 degrees of

freedom.

Proof We have D+
n < d/

√
n if and only if 4nD+2

n < 4d2 or V < 4d2. Therefore

lim
n→∞

P (V < 4d2) = lim
n→∞

P
(
D+
n < d/

√
n) = 1− e−4d2/2

lim
n→∞

P (V < c) = 1− e−c/2 for all c > 0

The right-hand side is the cdf of a χ2 distribution with 2 degrees of freedom.

The procedure is to set 4nD+2
n,0.05 = 5.99 and solve to obtain

D+
n,0.05

√
1.4975/n = 1.22/

√
n
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2.1.1 Application of The Kolmogorov-Smirnov one-sample Statis-

tics

The statistical use of the Kolmogorov-Smirnov statistic in a goodness-of-fit type of prob-

lem is obvious. Assume we have the random sample X1, X2, ..., Xn and the hypothesis-

testing situation H0 : FX(x) = F0(x) for all x, where F0(x) is a completely specified

continuous distribution function.

Since Sn(x) is the statistical image of the population distribution FX(x), the difference

between Sn(x) and F0(x) should be small for all x except for sampling variation, if the

null hypothesis is true. For the usual two-sided goodness-of-fit alternative.

H1 : FX(x) 6= F0(x) for some x

large absolute values of these deviations tend to discredit the hypothesis. Therefore,

the Kolmogorov-Smirnov goodness-of-fit test with significance level α is to reject H0

when Dn > Dn,α. From the Glivenko-Cantelli theorem, we know that Sn(x) converges

to FX(x) with probability 1, which implies consistency.

The value of the Kolmogorov-Smirnov goodness-of-fit statistics Dn in 2.1.1 can be cal-

culated using 2.1.3 if all n observations have different numerical values. However, the

expression below is considerably easier for algebraic calculation and applies when ties

are present. The formula is

Dn = sup
x
|Sn(x)− F0(x)| = max

x
[|Sn(x)− F0(x)|, |Sn(x− ε)− F0(x)|]

where ε denotes any small positive number.

Example 2.1

The data on the heights of 12 infants are given below:

18.2, 21.4, 22.6, 17.4, 17.6, 16.7, 17.1, 21.4, 20.1, 17.9, 16.8, 23.1. Test the hypothesis

that the data came from some normal population at a significance level α = 0.1.

Solution Here, the null hypothesis is

H0 : X ∼ N(µ, σ2).
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First we estimate µ and σ2 from the data. Thus, we get

x̄ =
230.3

12
= 19.2.

and

s2 =
4482.01− 1

12
(230.3)2

12− 1
=

62.17

11
= 5.65.

Hence s = 2.38. Then by the hypothesis

F (x(i)) = P

(
Z ≤

x(i) − 19.2

2.38

)

where Z ∼ N(0, 1) and i = 1, 2, ..., n. Next we compare the Kolmogorov-Smirnov

statistic Dn the given sample size 12 using the following tabular form.

i x(i) F (x(i))
i
12
− F (x(i)) F (x(i))− i−1

12

1 16.7 0.1469 -0.0636 0.1469
2 16.8 0.1562 0.0105 0.0729
3 17.1 0.1894 0.0606 0.0227
4 17.4 0.2236 0.1097 -0.0264
5 17.6 0.2514 0.1653 -0.0819
6 17.9 0.2912 0.2088 -0.1255
7 18.2 0.3372 0.2461 -0.1628
8 20.1 0.6480 0.0187 0.0647
9 21.4 0.8212 0.0121 0.0712
10 21.4
11 22.6 0.9236 -0.0069 0.0903
12 23.1 0.9495 0.0505 0.0328

Thus

D12 = 0.2461.

From the tabulated value, we see that d12 = 0.34 for significance level α = 0.1. Since

D12 is smaller than d12 we accept the null hypothesis H0 : X ∼ N(µ, σ2). Hence the

data came from the normal population.
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Example 2.2

Let X1, X2, ..., X10 be a random sample from a distribution whose probability density

function is

f(x) =


1 if 0 < x < 1

0 otherwise.

Based on the observed values 0.62, 0.36, 0.23, 0.76, 0.65, 0.09, 0.55, 0.26, 0.38, 0.24, test

the hypothesis H0 : X ∼ UNIF (0, 1) against Ha : X � UNIF (0, 1) at a significance

level α = 0.1.

Solution The null hypothesis is H0 : X ∼ UNIF (0, 1). Thus

F (x) =



0 if x < 0

x if 0 ≤ x < 1

1 if x ≥ 1

Hence

F (x(i)) = x(i) for i = 1, 2, ..., n.

Next we compute the Kolmogorov-Smirnov statistic Dn the given sample of size 10 using

the following tabular form.

i x(i) F (x(i))
i
10
− F (x(i)) F (x(i))− i−1

10

1 0.09 0.09 0.01 0.09
2 0.23 0.23 -0.03 0.13
3 0.24 0.24 0.06 0.04
4 0.26 0.26 0.14 -0.04
5 0.36 0.36 0.14 -0.04
6 0.38 0.38 0.22 -0.12
7 0.55 0.55 0.15 -0.05
8 0.62 0.62 0.18 -0.08
9 0.65 0.65 0.25 -0.15
10 0.76 0.76 0.24 -0.14
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Thus

D10 = 0.25.

From the tabulated value, we see that d10 = 0.37 for significance level α = 0.1. Since

D10 is smaller than d10 we accept the null hypothesis

H0 : X ∼ UNIF (0, 1).

Example 2.3

The 20 observations below were chosen randomly from the continuous uniform distribu-

tion over (0,1), recorded to four significant figures, and rearranging in increasing order

of the magnitude. Determine the values of Dn, and test the null hypothesis that the

square roots of these numbers also have the continuous uniform distribution over (0,1).

0.0123 0.1039 0.1954 0.2621 0.2802
0.3217 0.3645 0.3919 0.4240 0.4814
0.5139 0.5846 0.6275 0.6541 0.6889
0.7621 0.8320 0.8871 0.9249 0.9634

Solution The calculation needed to find Dn are shown in Table 2.1. The entries in

first column, labeled x, are not the observations above, but their respective square

roots, because the null hypothesis is concerned with the distribution of these square

roots. The Sn(x) are the proportions of observed values less than or equal to each

different observed x. The hypothesized distribution here is F0(x) = x, so the third

column is exactly the same as the first column. The fourth column is the difference

Fn(x − ε) − F0(x), that is, the difference between the Sn value for a number slightly

smaller than an observed x and the F0 value for that observed x. Finally the sixth

and seventh columns are the absolute values of the differences of the numbers in the

fourth and the fifth columns. The supremum is the largest entry in either of the last

two columns; its value here in Dn ≥ 0.352, so we reject the null hypothesis that these

numbers are uniformly distributed.

The theoretical justification behind this example is as follows:

Let Y have the continuous uniform distribution on (0,1) so that fY (y) = 1 for 0 ≤ y ≤ 1.
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Table 2.1: Calculation of Dn for Example 2.3
x Sn(x) F0(x) Sn(x)− F0(x) Sn(x− ε)− F0(x) |Sn(x)− F0(x)| |Sn(x− ε)− F0(x)|
0.11 0.05 0.11 -0.06 -.011 0.06 0.11
0.32 0.10 0.32 -0.22 -0.27 0.22 0.27
0.44 0.15 0.44 -0.29 -0.34 0.29 0.34
0.51 0.20 0.51 -0.31 -0.36 0.31 0.36
0.53 0.25 0.53 -0.28 -0.33 0.28 0.33
0.57 0.30 0.57 -0.27 -0.32 0.27 0.32
0.60 0.35 0.60 -0.25 -0.30 0.25 0.30
0.63 0.40 0.63 -0.23 -0.28 0.23 0.28
0.65 0.45 0.65 -0.20 -0.25 0.20 0.25
0.69 0.50 0.69 -0.19 -0.24 0.19 0.24
0.72 0.55 0.72 -0.17 -0.22 0.17 0.22
0.76 0.60 0.76 -0.16 -0.21 0.16 0.21
0.79 0.65 0.79 -0.14 -0.19 0.14 0.19
0.81 0.70 0.81 -0.11 -0.16 0.11 0.16
0.83 0.75 0.83 -0.08 -0.13 0.08 0.13
0.87 0.80 0.87 -0.07 -0.12 0.07 0.12
0.91 0.85 0.91 -0.06 -0.11 0.06 0.11
0.94 0.90 0.94 -0.04 -0.09 0.04 0.09
0.96 0.95 0.96 -0.01 -0.06 0.01 0.06
0.98 1.00 0.98 -0.02 -0.03 0.02 0.03

Then the pfd of X = sqrtY can be shown to be fX(x) = 2x for 0 ≤ x ≤ 1, which is not

uniform.

ONE-SIDED TESTS

With the statistics D+
n and D−n , it is possible to use Kolmogorov-Smirnov statistics for a

one-sided goodness-of-fit test which would detect directional differences between Sn(x)

and F0(x). For the alternative

H1,+ : FX(x) ≥ F0(x) for all x

the appropriate rejection region is D+
n > D+

n,α, for the alternative

H1,− : FX(x) ≤ F0(x) for all x

H0 is rejected when D−n > D−n,α. Both of these tests are consistent against their respec-

tive alternatives.

Most tests of goodness of fit are two-sided. However, it is useful to know that the tail
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probabilities for the one-sided statistics are approximately one-half of the corresponding

tail probabilities for the two-sided statistics.

2.2 The Kolmogorov-Smirnov Two-Sample Test

The Kolmogorov-Smirnov statistic is another one-sample test that can be adapted to

the two-sample problem. In the two-sample case , the comparison is made between the

empirical distribution functions of the two samples.

The order statistics corresponding to two random samples of size m and n from continu-

ous populations FX and FY , areX(1), X(1), ..., X(m) and Y(1), Y(1), ..., Y(n). Their respective

empirical distribution functions, denoted by Sm(x) and Sn(x), are defined as before:

Sm(x) =



0 if x < X(1)

k/m if X(k) ≤ x < X(k+1) for k = 1, 2, ...,m− 1

1 if x ≥ X(m)

and

Sn(x) =



0 if x < Y(1)

k/n if Y(k) ≤ x < Y(k+1) for k = 1, 2, ..., n− 1

1 if x ≥ Y(n)

In a combined ordered arrangement of the m + n sample observation, Sm(x) and Sn(x)

are the respective proportions of X and Y observations which do not exceed the specified

value x.

If the null hypothesis

H0 : FY (x) = FX(x) for all x

is true, the population distributions are identical and we have two samples from the

same population. The empirical distribution functions for the X and Y samples are

reasonable estimates of their respective population cdf . Therefore, allowing for sampling
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variation, there should be reasonable agreement between the two empirical distributions

if indeed H0 is true; otherwise the data suggest that H0 is not true and therefore

should be rejected. This is the intuitive logic behind most two-sample tests, and the

problem is to define what is a reasonable agreement between the two empirical cdf ’s.

In other words, how close do the two empirical cdf ’s have to be so that they could be

viewed as not significantly different, taking account of the sampling variability. The

two-sided Kolmogorov-Smirnov two-samle test criterion, denoted by Dm,n, is based on

the maximum absolute difference between the two empirical distributions

Dm,n = max
x
|Sm(x)− Sn(x)|

Since here only the magnitudes, and not the directions, of the deviations are considered,

Dm,n is appropriate for a general two-sided alternative

HA : FY (x) 6= FX(x) for some x

and the rejection region is in the upper tail, defined by

Dm,n ≥ cα

where

P (Dm,n ≥ cα|H0) ≤ α

Because of the Glivenko-cantelli theorem, the test is consistent for this alternative. The

P value is

P (Dm,n ≥ D0|H0)

where D0 is the observed value of the two-sample K-S ‘ test statistic. As with the

one-sample Kolmogorov-Smirnov statstic, Dm,n is completely distribution free for any

continuous common population distribution since order is preserved under a monotone

transformation. That is, if we let z − F (x) for the common continuous cdfF , we have

Sm(z) − Sm(x) and Sn(z) − Sn(x), where the random variable Z, corresponding to z,

has the uniform distribution on the unit interval.
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ONE-SIDED ALTERNATIVES

A one-sided two-sample maximum-unidirectional-deviation test can also be defined,

based on the staistics

D+
m,n = max

x
[Sm(x)− Sn(x)]

For an alternative that the X random variables are stochastically smaller than the Y ’s

H1 : FY (x) ≤ FX(x) for all x

FY (x) < FX(x) for some x

the rejection region should be

D+
m,n ≥ cα

The one-sided test based on D+
m,n is also distribution free and consistent against the

alternative H1. Since either sample may be labeled the X sample, it is not necessary to

define another one-sided statistic for the alternative that X is stochastically larger than

Y .

2.2.1 Application of The Kolmogorov-Smirnov two-sample Statis-

tics

Example 2.4

A random sample of size 9, X1, ..., X9 is obtained from one population, and a random

sample of size 15, Y1, ...Y15 is obtained from a second population. A graph of their em-

pirical distribution functions is given in figure 2.2.1 .

The null hypothesis is that the two populations have identical distribution functions.

If the respective distribution functions are denoted by F (x) and G(x), then the null

hypothesis may be written as

H0 : F (x) = G(x) for all −∞ < x <∞
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Figure 2.2.1: Graphs of S1(x), the e.d.f of Y, showing the maximum distance between
them

The alternative hypothesis may be stated as

H1 : F (x) 6= G(x) for at least one value of x

The test statistic for the two-sided test is given as

T1 = sup |S1(x)− S2(x)|

=
2

5
= 0.400

the largest absolute difference between S1(x) and S2(x), which happens to occur between

x = 11.2 and x = 11.3. The value of 0.400 for T1 could also have been determined

graphically in figure. From the graph one can easily see that the difference S1(x) and

S2(x) changes only at those observed values x = Xi or x = Yi, and that is why it is

sufficient to compute S1(x)− S2(x) only at the observed sample values, as done here.

From table we see that the 0.95 quantile of T1, for the two-sided test and for n = 9 = N1

and m = 15 = N2, is given as w0.95 = 8
15

. For these data T1 value may be estimated as
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Xi Yi S1(x)− S2(x) Xi Yi S1(x)− S2(x)
5.2 0 - 1/15 = -1/15 9.8 5/9 - 8/15 = 1/45
5.7 0 - 2/15 = -2/15 9.9 6/9 - 8/15 = 2/15
5.9 0 - 3/15 = -1/5 10.1 7/9 - 8/15 = 11/45
6.5 0 - 4/15 = -4/15 10.6 8/9 - 8/15 = 16/45
6.8 0 - 5/15 = -1/3 10.8 8/9 - 9/15 = 13/45

7.6 1/9 - 5/15 = -2/9 11.2 1 - 9/15 = 2/5
8.2 1/9 - 6/15 = -13/45 11.3 1 - 10/15 = 1/3

8.4 2/9 - 6/15 = -8/45 11.5 1 - 11/15 = 4/15
8.6 3/9 - 6/15 = -1/15 12.3 1 - 12/15 = 1/5
8.7 4/9 - 6/15 = 2/4 12.5 1 - 13/15 = 2/15

9.1 4/9 - 7/15 = -1/15 13.4 1 - 14/15 = 1/15
9.3 5/9 - 7/15 = 4/45 14.6 1 - 1 = 0

slightly larger than 0.20.

For the sake of comparison, the approximate 0.95 quantile based on the asymptotic

distribution is found to be

w0.95
∼= 1.36

√
m+ n

mn
= 0.573

which is slightly larger than the exact value of 8
15

= 0.533. This illustrates the tendency

of the asymptotic approximation to furnish a conservative test.
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Chapter 3

A two-sample distribution-free scale test of
the Smirnov type

Let X1, X2, ..., Xm and Y1, Y2, ..., Yn be two random samples from populations with abso-

lutely continuous distribution functions F1 and F2, respectively, having equal means/medians.

If D+ and D− are usual one-sided Smirnov statistics, D = max(D+, D−) is the two-

sided statistic that is used as a test against general alternatives. The statistic defined

by

G = min(D+, D−)

is a useful statistic against scale alternatives. Since G is available any time D is com-

puted, both D and G should be utilized; even if D is nonsignificant, a large value of G is

possible which indicates a scale change from the null hypothesis of identical populations.

Let Fm and Fn be the usual empirical distribution functions for X and Y , respectively;

and W(i) i = 1, 2, ...,m+n be the pooled order statistics where each W(i) is either an X

or Y observation. With U0 = 0 and for i = 1, 2, ...,m+ n Let

U(i) =


U(i−1) + 1

m
≡ Fm(W(i))− Fn(W(i)), if W(i) is from the X sample

U(i−1) − 1
n
≡ Fm(W(i))− Fn(W(i)), if W(i) is from the Y sample

Then

D+ = max
1≤i≤m+n

(U(i)), D− = max
1≤i≤m+n

(−U(i)), and

D = max(D+, D−)
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Gideon and Mueller(1978) used a somewhat different notation and multiplied the U(i) by

mn in order to obtain a simple addition-of-integer calculation of the Smirnov statistic;

they also demonstrated the result given in the following paragraph.

An informative graph is obtained by plotting the numbers U(i) i = 1, 2, ...,m+ n at the

points
(
Fm(W(i)), Fn(W(i))

)
. The absolute values of the U(i) give the vertical distance

of the point
(
Fm(W(i)), Fn(W(i))

)
from the diagonal line from (0, 0) to (1, 1).

EXAMPLE

An example from Conover (1980), p. 370 is given as

A random sample of size 9, X1, ..., X9 is obtained from one population, and a random

sample of size 15, Y1, ...Y15 is obtained from a second population. A graph of their

empirical distribution functions is given as

Figure 3.0.1: Graphs of S1(x), the e.d.f of Y, showing the maximum distance between
them

In this example D is not significant but G is significant is used to illustrate the statistics.

In order to keep the table of the G statistics in integer form, this section uses mnD+
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and mnD− which have integer values. In the pooled ordered data given below, the X

variable data(m = 9) are starred whie the Y variable data(n = 15) are not.

W(i), i = 1, 2, ..., 24,= (5.2, 5.7, 5.9, 6.5, 6.8, 7.6*, 8.2, 8.4*, 8.6*, 8.7*, 9.1, 9.3*, 9.8,

9.9*, 10.1*, 10.6*, 10.8, 11.2*, 11.3, 11.5, 12.3, 12.5, 13.4, 14.6). The corresponding

9.15 U(i), i = 1, 2, ..., 24,= (-9, -18, -27, -36, -45, -30, -39, -24, -9, 6, -3, 12, 3, 18, 33, 48,

39, 54, 45, 36, 27, 18, 9, 0). The X and Y variables are independent and the Smirnov

test was used to test H0 : F1(x) = F2(x) for all x against a general alternative. It is

easily seen that mnD− = 135D− = 45 and mnD+ = 135D+ = 54. Thus 135D = 54.

From tables of D for the Smirnov statistic for α = 0.05, P (135D > 72) = 0.05 so

that D is nonsignificant.

However, mnG = 135G = 45; and from the Table of Critical Values for G, P (135G ≥
39) = 0.0168. Since 45 > 39, G is significant. Thus while D was found to be nonsignifi-

cant, the significance of G indicates the data contract H0 in the direction of a difference

in scale rather than in location.

3.1 Critical Values

The null distribution of mnD+ and mnD− are identical since for each arrangement of

Xs and Y s that gives rise to a particular value of mnD+ the reverse ordering gives that

same value for mnD−. For example with m = 2 and n = 3, XY Y XY gives 6D+ = 3

and 6D− = 1 while the reverse arrangement Y XY Y X gives 6D+ = 1 and 6D− = 3.

Thus the following relationship was used to obtain the tail area probabilities for mnG :

P (mnG ≥ v) = 2P (mnD+ ≥ v)− P (mnD ≥ v). (3.1.1)

An exact critical value necessarily implies a randomized test since mnG is a discrete

statistic. A modified FORTRAN subroutine that was utilized in Mueller(1978) was used

to compute P (mnD+ ≥ v) and P (mnD ≥ v). These routines were many times more

efficient than those that appear in Kim and Jennrich(1973). Given α and an assumable

value of G, v was selected so that P (mnG ≥ v) ≥ α and P (mnG > v) ≤ α.

Thus an exact α−level test (0.01 and 0.05) can be constructed from the following Table

by the randomization technique.

The limiting distribution of G is obtained from the relationship 3.1.1 and the Known
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limiting distribution of D+ and D−, Smirnov(1939):

lim
m,n→∞
n/m→q>0

P

(√
mn

m+ n
G > z

)
= 2

∞∑
i=2

(−1)i exp(−2i2z2)

For large sample sizes this limiting distribution leads to the approximate critical values

given in Table 3.1. The table is used in exactly the same way as the Kolmogorov-Smirnov

large sample tables are used.

Table 3.1: Right-Tail Probability for G based on the Limiting Distribution
P
(
G > zα

mn
m+n

)
0.20 0.10 0.05 0.025 0.01 0.005

zα 0.5293 0.6094 0.6781 0.7397 0.8137 0.8654

3.2 Monte Carlo Studies

The studies consist of two parts. The first focuses on the statistics D and G; the second

refers to an earlier study which examines the rejection regions of these two statistics

and relates their power to that of four nonparametric scale tests.

A simulation study was performed to examine the Type I error and power properties

of statistics D and G when sampling from a standard standard normal, or uniform (-

0.5,0.5) distribution. Equal sample sizes of 7 & 13, 13 & 7, 15 & 25 and 25 & 15. The

first sample in each pair is designated as X and the second as Y . Throughout the study,

X is related Y by X = σY where Y is generated from one of the four distributions

given above and the scale factor σ is 0.5, 1.0 (the null hypothesis), 1.5,2, or 3. For each

situation, 2000 Monte Carlo trails formed. Since the probability distributions of D and

G are discrete, assumable alpha levels closest to α = 0.05 were used. In all cases, the

difference in the alpha level used for G was within 0.004 of that used for D.

The results for equal sample sizes are given in Table 3.2 and for unequal sample sizes in

Table 3.3. When σ = 1, the null hypothesis is true and it is possible o compare the actual

sizes of the test with the nominal values. In general, the differences between these values

appear to be due to random variation; no inherent pattern over either distributions or

samples sizes is apparent. An exception to this occurs for the D statistic for sample

sizes m = n = 30 and m = n = 40. In both instances the actual test size is always

below the nominal level: the relative errors range from −31% to−16% in the first case
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and from −50% to −39% in the second. These discrepancies are most likely due to the

fact that the table by Kim and Jennrich (1973) gives for sample sizes greater than 25

the critical value of mnD whose actual size of Type I error is less than or equal to the

stated nominal level.

The distribution in Table 3.2 and 3.3 are listed in the order that the power of G, in

general, increases for a fixed scale factor. The most notable exception occurs for σ = 1.5

where the power of G is lower for the normal exception occurs for σ = 1.5 where the

power of G is lower for the normal distribution than for the Laplace distribution in five

of the eight cases. Due to the symmetry of the problem when m = n, the results for

the scale factors 0.5 and 2 are essentially the same. In all cases G is more powerful than

D, often sudstantially so. Only in the case of large, equal sample sizes (30 & 40) and

the uniform distribution for m = n = 20 in given figure.

In an earlier Monte Carlo study by Rothan (1982) involving the Cauchy and normal

distributions and samples of sizes 6,6; 5,7; 4,8; 10,10; 9,11; 8,12; 7,13; 20,20; 19,21; 18,22;

and 15,15 with randomized tests, a preliminary examination of the output appeared to

indicate that under the null hypothesis of identical distributions the statistics D and

G were rejecting different types of samples. Define D ∪ G as a test which rejects if D

exceeds its critical value or G exceeds its critical value (or if both exceed their respective

critical values). For the null distributions studied, the rejection region was essentially

partitioned into two disjoint regions. At the α = 0.01 level, the overlap was no greater

than 1.77% (m = n = 20, normal distribution) and the mean overlap was 0.51%. Thus

D and G approximately additive for the null distribution and D ∪G rejects roughly at

the 2α level when D and G each reject at the α level, for α ≤ 0.05. This additivityof

D and G for the null distribution supports the claim that D and G are sensitive to

different types of alternatives.

In this same study, the following nonparametric scale tests were included in the power

comparisons: (A) Freund-Ansari-Bradley (1957,1960), (S) Siegel-Tukey (1960), and (Z)

Koltz normal scores (1962). For the normal distribution the Z−test was most powerful.

For the Cauchy distribution, the Z-test tends to be less powerful than the A and S-tests

and even less powerful than G for some scale factors less than 1. One typical example

for the Cauchy distribution follows: for m = n = 20, σ = 4.0and α = 0.01,the powers of

the various tests were 0.08 (D), 0.33 (G), 0.40 (Z), 0.54 (A and S). Although the power
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of G is often less than that of A, S, or Z, users of D have G at no additional computing

expense whereas the other statistics must be computed in a different manner.

In the event that symmetric distributions do not have equal means/medians, a test

proposed by Blair and Thomson (1992) could be applied. Their statistics BW and BS

are shown to be competitive with the Siegel − Tukey when there is a difference in

location and have substantially greater power than that of BW and BS in some cases

when the assumption of equal means/medians holds (Blair and Thomson: Table 6, 7,

and 8 with k = 0).

3.3 Concluding Remarks

Anytime that the Smirnov statistics are computed, the statistic G is automatically

available. The only requirement for its implementation is a table of its critical values.

This study has shown that G is more sensitive to scale shifts than is D. This agrees

with Capon (1965) who developed a lower bound for the asymptotic relative efficiency

of the Smirnov test with respect to the likelihood ratio test. The lower bound was

much lower for scale alternatives than for location alternatives for both the normal and

Cauchy distributions. By considering G as well as D, the practitioner if often able to

gain additional insight with no extra labor. Of course, it is always possible to apply

a location test such as Mann-Whitney-Wilcoxon test and then a scale test. However,

the Freund-Ansari-Bradley test, the Siegel-Tukey test, and the Koltz normal scores

test all require different ranking procedures from those required by the Mann-Whitney-

Wilcoxon test. In addition, the linear rank statistics cannot be adequately graphed.

The Smirnov statistics can be, and the graph itself combined with the scale and location

concepts developed in this work may be used to gain a deeper understanding of possible

departures from the null hypothesis.
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