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Abstract

Let G be a group and let Aut(G) denote the group of all automorphisms of G. An
automorphism a of G is called a class-preserving automorphism if for each x € G,
there exists an element g, € G such that a(z) = g;'rg,; and is called an inner
automorphism if for all x € G, there exists a fix element g € G such that a(x) =
g 'zg. The group Inn(G) of all inner automorphisms of G is a normal subgroup of
the group Aut.(G) of all class-preserving automorphisms of G. An automorphism ¢
of G is called a central automorphism if it commutes with all inner automorphisms
of G; or equivalently g~ p(g) € Z(G), the center of G, for all g € G. The group of
all central automorphisms of G is denoted as Aut,(G).

The main objective in this thesis is to study the equality of two automorphism
groups of a finite p-group. In chapter 2, we give necessary and sufficient conditions
for a finite p-group G such that Aut.(G) = Aut,(G). We classify all finite p-groups
G such that Aut.(G) = Aut,(G) when Z(G) is cyclic or elementary abelian, or when
order of the group is at most p”. We complete the classification of all finite p-groups
of order < p° for which there exist non-inner class-preserving automorphisms. In
chapter 3, we study finite p-groups G for which Aut,(G) is of minimal order, that
is, Aut,(G) = Z(Inn(G)). We give necessary and sufficient conditions on a finite p-
group G of coclass upto 4 such that Aut,(G) = Z(Inn(G)), and as a consequence, we
characterize all finite p-groups G of order at most p” for which Aut,(G) = Z(Inn(G)).
Our results generalize the results obtained by Sharma and Gumber [57].

In 1904, Schur [56] proved that if the index of the center of a group is finite, then
its commutator subgroup is also finite. In chapter 4, we give an elementary and
different proof of the converse of this theorem using automorphisms. Our results
generalize the previous results obtained in this direction by Niroomand [46] and
Sury [58]. For a finite group G, the structures of Inn(G), Aut.(G) and Aut,(G) are
influenced by the structure of the conjugacy classes of GG. In the final chapter, we
study finite groups in the following three cases: (i) Each non-trivial conjugacy class
of G together with the identity element 1 is a subgroup of G, (ii) Union of any two
distinct non-trivial conjugacy classes of G together with 1 is a subgroup of GG, and
(iii) Union of any three distinct non-trivial conjugacy classes of G' together with 1

is a subgroup of G.
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CHAPTER 1

Introduction and Basics

1.1 Introduction

Let G be an arbitrary group and let G' and Z(G) respectively denote the commutator
subgroup and the center of G. Let Aut(G) denote the full automorphism group of
G. An automorphism « of GG is called a class-preserving automorphism if for each
r € G, there exists an element g, € G such that a(zr) = g;'zg,; and is called an
inner automorphism if for all x € G, there exists a fix element g € G such that
a(z) = g7'zg. The group Inn(G) of all inner automorphisms of G is a normal
subgroup of the group Aut.(G) of all class-preserving automorphisms of G. We
denote the group Aut.(G)/Inn(G) of all class-preserving outer automorphisms of
G by Out.(G). An automorphism ¢ of G is called a central automorphism if it
commutes with all inner automorphisms of G; or equivalently g '¢(g) € Z(G) for
all g € G. Let Aut,(G) denote the group of all central automorphisms of G and let
Aut?(G) denote the group of all those central automorphisms which fix the center of

G element-wise. We reserve the letter p to denote an arbitrary prime in the Thesis.

Our main objective in the thesis is to study different automorphism groups of a

1



2 Introduction and Basics

finite p-group and to study the structure of a finite p-group whose different auto-
morphism groups are equal. Interest in the equality of two different automorphism
groups dates back to 1911 when Burnside [10, Note B] posed the following question:
Does there exist a finite group G such that G' has a non-inner class preserving au-
tomorphism? In 1913, Burnside [11] himself gave a positive answer to his question.
He constructed a group G of order p°® isomorphic to the group W consisting of all

3 x 3 matrices of the form

0
M = 0
1

I S
@ = O

with z,y, z in the field F,2 of p* elements, where p is an odd prime. For this group G,
Aut.(G) # Inn(G). In 1947, Wall [63] constructed some smaller and simpler groups
G for which Aut.(G) # Inn(G). The smallest group constructed by Wall is of order
32. In 1968, Sah [55] explored many basic properties of Aut.(G) and Out.(G) for a
finite group G. It is a well known result of Gaschutz [21] that every finite p-group
has a non-inner automorphism. In 1980, Heineken [28] constructed finite p-groups
G whose all automorphisms are class-preserving. It follows that for all these groups
G, Out.(G) # 1. In 1988, Feit and Seitz [19] proved that Out.(G) = 1 for all simple
groups.

A map f: G — G is called a cocycle of G if f(zy) = f(z)zf(y)z" for all
x,y € G. A cocycle f of G is called a local coboundary if for each = € G, there

exists an element a, € G such that f(z) = a;'zaz™"

; and is called a global
coboundary, or simply a coboundary, if for all z € G, there exists a fix element

a € G such that f(z) = a 'zaz™!. A group G is said to enjoy Hasse Principle

if every local coboundary of G is a coboundary. It is known that a finite group
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G enjoys Hasse Principle if and only if every class-preserving automorphism of G
is an inner automorphism [48]. In the years from 1998 to 2000, Ono and Wada
[47, 48, 49, 50, 51, 61, 62] in a series of papers showed that various types of groups
like free groups of finite rank, symmetric and alternating groups, special and general
linear groups over a Euclidian domain D enjoy Hasse Principle. In 2000 and 2001,
Kumar and Vermani [39, 40] proved that every non-abelian finite p-group having a
maximal subgroup which is cyclic enjoys Hasse Principle. In particular, they proved
that every extraspecial p-group and every group of order p* enjoy Hasse Principle.
In 2002, Kumar and Vermani [41] found those non-abelian finite p-groups of order
p™, m > 4, having a normal cyclic subgroup of order p™~2 but having no element of
order p™~! which enjoy Hasse Principle. In 2004, Fuma and Ninomiya [20] showed
that every non-abelian group of order p™ having a cyclic subgroup of order p™—2
1

but having no normal cyclic subgroup of order p™2? and no element of order p™~

enjoys Hasse Principle.

It follows from [33] that all finite p-groups of order p°, where p is an odd prime,
are partitioned into ten isoclinism families. In 2008, Yadav [65] proved that if G and
H are two finite non-abelian isoclinic groups, then Aut.(G) ~ Aut.(H). He then
showed that Out.(G) # 1 for the groups ¢7(1°) and ¢1¢(1°) from seventh and tenth
family in [33], and concluded that if G is a finite p-group of order p°, where p is an
odd prime, then Out.(G) # 1 if and only if G is isoclinic to a group either in the

seventh or in the tenth family.

In 2001, Curran and McCaughan [15] gave necessary and sufficient conditions

for a finite p-group G such that Aut,(G) = Inn(G). They proved that for any finite
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p-group G, Aut,(G) = Inn(G) if and only if G’ = Z(G) and Z(G) is cyclic. In 2007,
Attar [3] proved that for any finite p-group G, Aut?(G) = Inn(G) if and only if
either G is abelian or nilpotency class of G is 2 and Z(G) is cyclic. In 2009, Yadav
[66] gave necessary and sufficient conditions on a finite p-group G of nilpotency class
2 for which Aut,(G) = Aut?(G). Recently, Attar [4] and Jafari [32] have generalized
this result of Yadav. They have given necessary and sufficient conditions on a finite
p-group G of arbitrary nilpotency class for which each central automorphism of GG

fixes the center element-wise.

In 2011, Yadav [67, Problem 6.3] asked to classify all finite p-groups of class
2 for which Aut.(G) = Aut,(G). In Chapter 2, we give necessary and sufficient
conditions on a finite p-group G such that Aut.(G) = Aut,(G) (Yadav [68] has
also obtained a similar result). We also classify all finite p-groups G with cyclic or
elementary abelian center such that Aut.(G) = Aut,(G). It follows from [27] that
all finite 2-groups of order 2° are partitioned into eight isoclinism families. We study
finite 2-groups of order 2° for non-inner class-preserving automorphisms and show
that only sixth family in [27] has two groups which have non-inner class-preserving
automorphisms. This result completes the classification of all finite p-groups of order
< p® for which Out.(G) # 1. Using this result, we classify all finite p-groups of order

< p’ for which Aut.(G) = Aut,(G). The results of this chapter will appear in [35].

In 2004, Curran [14] studied finite p-groups G for which Aut,(G) is of minimal
possible order. He proved that for any finite p-group G if Aut,(G) = Z(Inn(G)),
then Z(G) < G'. He also proved that if G is a finite p-group of maximal class, then

Aut,(G) # Z(InnG)). Observe that if G is a finite p-group of nilpotency class 2, then
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Inn(G) = Z(InnG)). It thus follows from the main result of Curran and McCaughan
[15] that for any finite p-group G of nilpotency class 2, Aut,(G) = Z(Inn(G)) if
and only G’ = Z(G) and Z(G) is cyclic. Therefore, to study finite p-groups G for
which Aut.(G) = Z(Inn(G)), we can assume that nilpotency class of G is bigger
than 2 and G is not of maximal class. Recently, Sharma and Gumber [57] have
characterized all finite p-groups of order p® and all finite p-groups of order p°, p an
odd prime, such that Aut,(G) = Z(Inn(G)).

In Chapter 3, we give necessary and sufficient conditions on a finite p-group with
cyclic center such that Aut,(G) = Z(Inn(G)). As a consequence of this, we give
necessary and sufficient conditions on finite p-groups G of coclass upto 4 for which
Aut,(G) = Z(Inn(G)) and then characterize finite p-groups G of order < p” such
that Aut,(G) = Z(Inn(G)). Our proofs are short, elementary and even generalize
the main results of Sharma and Gumber [57]. The results of this chapter will appear
in [25].

In 1904, Schur [56] proved the result: If the index of the center of a group is
finite, then its derived group is also finite. The converse of Schur’s theorem is not
true in general. For example, it is not true for an infinite extra-special p-group,
where p is an odd prime. In 1951, Neumann [45] proved that if G’ is finite and G is
finitely generated, then G/Z(G) is finite. In 2001, Hilton [31] gave short proofs of
Schur’s and Neumann’s theorems using exact sequences. In 2010, Niroomand [46]
generalized the Neumann’s theorem to the following: If G’ is finite and G/Z(G) is

finitely generated by d elements, then

G/Z2(G)| < |G'|". (1.1)
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In 2010, Sury [58] generalized Niroomand’s result to the following: Let G be a group
such that the set K (G) of its commutators is finite. Then G’ is finite and if G/Z(G)

can be generated by d elements, then |G/Z(G)| < |K(G)|<.

In Chapter 4, we give a very short and different proof of a further generalization
of Niroomand’s and Sury’s results using automorphisms. We prove that if G is an
arbitrary group such that G/Z(G) is generated by 21 Z(G), 22 Z(G), . .., x4Z(G) and
[z;, G] is finite for each i, 1 < i < d, then |G/Z(G)| < L, |[x;, G]| and G is finite.
It follows from our results that if G is a finite group such that equality holds in (1.1),
then G’ = K(G) and Inn(G) = Aut.(G). It therefore becomes interesting to study
groups for which equality holds in (1.1). Yadav [69] also has asked the question
for what non-abelian groups equality holds in (1.1). He himself has classified, upto
isoclinism, all such groups of nilpotency class 2 with G/Z(G) finite. We prove that
if G is a finitely generated nilpotent group of class 2, then G/Z(G) ~ G'UG/Z(@) if
and only if G’ is cyclic and G/Z(G) is homocyclic. We also classify all finite p-groups
of maximal class and of coclass 2 for which equality holds in (1.1). Yadav [69] gave
some examples of groups G for which equality holds in (1.1). In all these examples
G’ is finite cyclic. He then posed the following question:

Question: Let G be a finite nilpotent group for which equality holds in (1.1). Is it
true that G’ is always cyclic?

We give a negative answer to this question by giving an example of a group of order
32 for which equalty holds in (1.1), but its commutator subgroup is elementary

abelian. The results of this chapter have appeared in [24].

The class-preserving automorphisms, inner automorphisms and central automor-
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phisms of a finite group are interrelated and are influenced by the structure of the
group, which is further influenced by the structure of its conjugacy classes. For
example, if G is minimally generated by x1, xs, ..., x4, then [Inn(G)| < |Aut.(G)| <
[T, |z€|. In Chapter 5, we classify all finite groups G in the following three cases:
(i) Each non-trivial conjugacy class of G together with the identity element 1 is a
subgroup of G.

(ii) Union of any two distinct non-trivial conjugacy classes of G together with 1 is
a subgroup of G.

(iii) Union of any three distinct non-trivial conjugacy classes of G' together with 1
is a subgroup of G.

Results of this chapter will appear in [36].

1.2 Basics

In this section, we give a quick review of some of the basic facts of group theory that
are assumed in the foregoing chapters. The definitions and proofs of results presented
here can be found in any standard book on group theory. We of course suppose a
familiarity of more basic group theoretic terms and concepts like abelian, cyclic,
coset, normal subgroup, factor or quotient group, homomorphism, isomorphism,
direct product et cetera.

Let G be an arbitrary group and X be a subset of G. The intersection of the
family of subgroups of G which contain X is a subgroup of G and is denoted by
(X). In other words, (X) is the smallest subgroup of G which contains X. The

subgroup (X) is called the subgroup generated by X. If X is non-empty, then (X)
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contains every finite product of the type

ey, r>1, 1€ X, my € Z,

. o

and conversely all such products form a subgroup of G containing X. It follows
that (X) consists of all such products. A cyclic group is thus generated by a single
element. We shall denote a cyclic group of order m by C,,. The rank of a group
G is the smallest cardinality of a generating set of G and is denoted by d(G). The
least common multiple of the orders of the elements of a finite group G is called the
exponent of G and is denoted by exp(G).

The commutator of two elements a,b € G is the element [a,b] = a='b~'ab
of G and the commutator subgroup or the derived subgroup G’ of G is
the subgroup of G generated by all commutators of G. It is easy to see that G’
is a normal subgroup of G. If X and Y are two subsets of G, then we define
[X,Y] = ([z,y]|xr € X,y € Y). Thus [X,Y] is always a subgroup of G. For
z € G, [z, G] denotes the set of all commutators [z, g], where g € G. By K(G) we
denote the set of all commutators of G. The followings are well known commutator
identities

[z, yz2] = [z, 2] [z, yl[z, y, 2]; |2y, 2] = [z, 2]z, 2, 9]y, 2],

where z,y, z € G and will be frequently used in the thesis without any reference.

A series

1:G0§G1§§GZZG

of subgroups of G is called a normal series if each G; is a normal subgroup of G.

The normal series above is called a central series if for each i, G;11/G; < Z(G/G;).
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Let Zy =1 and let Z;1/Z; = Z(G/Z;) for i > 0. Observe that Z; is the center of G
and Z,;,1/Z;, being the center of G/Z;, is normal in G/Z; and hence Z;,; is normal

in G for all 7 > 0. It follows that the series

1=y 21 <7, < ...

is a central series of G. The subgroup Z; is called the 2-th center and this series
is called the upper central series of G.

We define subgroups v;(G), i > 1, of G by setting

1n(G) =G, 741(G) = [%(G),Gl.

Observe that 12(G) = G, each ;(G) is normal in G and v;11(G) < 7(G). The
series

G=7(G) > (G)>..%(G)>...

is called the lower central series of G. If the lower central series of a group G
terminates in a finite number of steps at 1, and if ¢ is the least natural number such
that v.41(G) = 1, then G is called a nilpotent group of class c¢. The class of a
nilpotent group is denoted by ¢l(G). Observe that if c/(G) = 2, then G’ < Z(G).

A mazimal subgroup of G is a proper subgroup M such that there is no
subgroup H of G with M < H < (G. The intersection of all the maximal subgroups
of G is the Frattini subgroup ®(G) of G. If G has no maximal subgroup, then
we set ®(G) = G. An element a of G is called a non-generator of G if whenever
G = (a, X), then G = (X). An interesting property of ®(G) is that it is exactly the
set of all non-generators of G.

Two elements a and b of G are called conjugate if there exists an element g of
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)

G such that b = g lag. It is easily seen that “conjugacy” is an equivalence relation
on GG and therefore it partitions G into equivalence classes. The equivalence class
that contains the element a of G is called the conjugacy class of a and is denoted
as a®. Let A be a non-empty subset of G. The set of elements of GG which commute
with every element of A is called the centralizer of A in G, and is denoted as
Cg(A). If A = {a} is singleton, then Cg({a}) is simply denoted as Cg(a). It is
easy to see that C(A) is a subgroup of G. For any a € G, |a®| = |G|/|Ca(a)|.

A finite group G is called a purely non-abelian group if it has no non-trivial
abelian direct factor. If Z(G) is cyclic or if Z(G) < ®(G), then G is purely non-
abelian.

An isomorphism « of G to itself is called an automorphism of G. The set
of all automorphisms of G is a group under the usual operation of compositions of
mappings. We call this group the full automorphism group of G and denote it by
Aut(G).

Let A be an abelian group and let Hom(G, A) denote the set of all homo-
morphisms of G into A. For f,g € Hom(G, A), define fg(x) = f(z)g(z). Then
Hom(G, A) becomes an abelian group under this operation. If A, B, C are all finite
abelian groups, then Hom(A, B x C') ~ Hom(A, B) x Hom(A, C') and Hom(A, B) ~
Hom(B, A). Also, Hom(C,,, C,,) ~ Cy, where d = ged(m,n).

For a fix prime number p, a group G is called a p-group if order of every element
of G is a power of p. If G is finite, then G is a p-group if and only if |G|, the order
of G, is a power of p. The followings are well known facts about p-groups: (i)

G' < ®(@) and (ii)) G/P(G) is elementary abelian of rank d(G).



CHAPTER 2

Equality of Central and Class-Preserving
Automorphisms

2.1 Introduction

Let G be a finite group. An automorphism « of G is called a class-preserving

@ and an automorphism ¢ of G is called a

automorphism if for all z € G, a(x) € x
central automorphism if g7 '¢(g) € Z(G) for all g € G. The set Aut.(G) of all class

preserving automorphisms and the set Aut,(G) of all central automorphisms of G
are normal subgroups of Aut(G).

In section 2.2, we give necessary and sufficient conditions on a finite p-group
G such that Aut.(G) = Aut,(G). As a consequence of this result, we obtain an
easy and short proof of the main result of Curran and McCaughan [15]. We also
classify all finite p-groups G such that Aut.(G) = Aut,(G) when Z(G) is cyclic or
elementary abelian.

Let X be a finite group and let X = X/Z(X). Then commutation in X gives
a well defined map ax : X x X — X’ such that ax(2Z(X),yZ(Y)) = [z,y] for all
(z,y) € X x X. Two finite groups G and H are called isoclinic, as defined by

11
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Hall [26], if there exists an isomorphism v of the factor group G' = G//Z(G) onto
H = H/Z(H), and an isomorphism 6 of the subgroup G’ onto H' such that the

following diagram is commutative

GxG —G
P X P 0

_ _ a

Hx i LB EY

The resulting pair (1, 0) is called an isoclinism of G onto H. Notice that isoclinism

is an equivalence relation among finite groups.

If G and H are two isoclinic groups, then nilpotency class of G is equal to the
nilpotency class of H and the terms in the lower central series of GG are isomorphic
to the respective terms of the lower central series of H. More precisely, one can say
that the commutator structure of G is similar to the commutator structure of H.
In each isoclinism family of p-groups, there exist groups G of minimal order, say
p™, such that Z(G) < G'. All such groups are called stem groups of the family.
The number m, which is an invariant of the family, is called the rank of the family.
Some other invariants are ¢;(G) and 7;(G), which are respectively the number of
conjugacy classes of G with precisely p’ members and the number of irreducible

complex representations of G of degree p'.

It follows from [27] that all the groups of order 32 are partitioned into 8 isoclin-
ism families. In section 2.3, we show that there are only two groups of order 32
in sixth isoclinism family for which Aut.(G) # Inn(G). This result completes the

classification of all finite p-groups of order < p® which have non-inner class preserv-
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ing automorphisms. We also classify all finite p-groups of order upto p” such that
Aut.(G) = Aut,(G). In section 2.4, we find all finite p-groups G of order p®> and p°
for which Aut.(G) = Aut,(G) from the lists of all such p-groups given by Hall and

Senior [27] (for p = 2) and given by James [33] (for odd primes p).

We next record some definitions and known results which will be used in the rest

of the chapter.

Let G be a finite p-group and M be non-trivial proper normal subgroup of G.
The pair (G, M) is called a Camina pair if M C [y, G] for all y € G — M; and G
is called a Camina group if (G,G") is a Camina pair. A finite p-group G is called
a special group if Z(G) = G' = ®(G). In addition, if |Z(G)| = p, then G is called
an extra-spectal group.

The following well known results of Adney and Yen [1] and Morigi [44] will be

referred to as Adney-Yen Lemma and Morigi Lemma respectively in the thesis.

Lemma 2.1.1 ([1, Theorem 1]) If G is a purely non-abelian group, then there is a

one-to-one correspondence between Aut,(G) and Hom(G/G', Z(G)).

Lemma 2.1.2 ([44, Lemma 0.4]) Let G be a finite nilpotent group of class 2. Then
exp(G') = exp(G/Z(G)) and in the decomposition of G/Z(G) in direct product of

cyclic groups, at least two factors of maximal order must occur.

Lemma 2.1.3 ([42, Lemma 2.1]) Let G be finite p-group of nilpotency class ¢ and
let (G,H) be a Camina pair. Then H = v.(G) and H = Z._.1(G) for some r

satisfying 1 <r < c.
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Theorem 2.1.4 ([42, Theorem 2.2]) Let (G, H) be a Camina pair, let H = Z(G),

and let G have class c. Then Z,.(G)/Z,_1(G) has exponent p whenever 1 < r < c.

Lemma 2.1.5 ([14, Lemma 2.8]) Let A and B be abelian groups with C' a proper
subgroup or quotient of A, and D a proper subgroup or quotient of B, such that
|A|/|C| = n = |B|/|D|, for somen > 1. Then Hom(C, D) is isomorphic to a proper

subgroup of Hom(A, B).

Proposition 2.1.6 ([39, Proposition 2.2]) Let G be a direct product of its subgroups
H and K. Then G enjoys Hasse Principle if and only if both H and K enjoy Hasse

Principle.

Proposition 2.1.7 ([40, Proposition 4.1]) Let G be a group which can be generated
by 2 elements x,y such that every element of G can be written in the form x"y*,

where r, s are integers. Then G enjoys Hasse Principle.

Proposition 2.1.8 (|29, Proposition 14.4]) Let G be a finite group having an abelian
normal subgroup A with cyclic quotient G/A. Then class-preserving automorphisms

of G are inner automorphisms.

Lemma 2.1.9 ([65, Lemma 2.2]) Let G be a finite p-group such that Z(G) C [z, G]

forallx € G—G'. Then |Aut.(G)| > |Aut,(G)||G/Z2(G)|.

Theorem 2.1.10 ([65, Theorem 3.5]) Let G be a finite p-group of class 2. Let
{1, 29, ..., 24} be a minimal generating set for G such that [x;, G| is cyclic for each

i, 1 <i<d. Then Out.(G) = 1.

Theorem 2.1.11 ([65, Theorem 5.5]) Let G be a finite p-group of order p°, where p
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is an odd prime. Then Out.(G) # 1 if and only if G is isoclinic to one of the groups

G7, GlO and H.

Lemma 2.1.12 ([7, Lemma 36.5 (a)]) If a finite p-group G is a two-generated group

of class 2, then G' is cyclic.

2.2 Main Results

We start with the following theorem which gives necessary and sufficient conditions

on a finite p-group G such that Aut.(G) = Aut,(G).

Theorem 2.2.1 Let G be a finite p-group. Then Aut.(G) = Aut,(G) if and only if

Aut.(G) ~ Hom(G/Z(G),G") and G' = Z(G).

Proof. First suppose that Aut.(G) = Aut,(G). We show that Z(G) < ®(G). As-
sume contrarily that Z(G) is not contained in ®(G). We can then choose an element
h € Z(G) — M for some maximal subgroup M of G. Observe that G = M (h) and
every element g € G can be written as ¢ = mh® for some m € M and 0 <i <p—1.
Let z € Z(G) N ®(G) be of order p. It is easy to check that the map p: G — G
defined by

p(mh'y =mh'z', me M, 0<i<p-—1

is a central automorphism of G but not a class-preserving automorphism of G. It
thus follows that Z(G) < ®(G). For any commutator [a,b] € G, where a,b € G, we
can define an inner automorphism 7, : G — G such that a™'Ty(a) = [a,b] € Z(G).

Thus G’ < Z(G). For any p1 € Aut,(G), the map ¢, : G/Z(G) — G’ defined as

Uu(bZ(G)) = b~ pu(b)
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is a homomorphism. It is easy to see that the map

¥ Aut,(G) = Hom(G/Z(G),G")

sending 4 to 1, is a monomorphism. For any 7 € Hom(G/Z(G),G’), the map

i G — G defined as

w(g) = g7(9Z(G)), g€ G

is a central automorphism and v (p) = ¢, = 7. Thus ¢ is onto as well and hence

Aut.(G) ~ Hom(G/Z(G),G").

But, by Adney-Yen Lemma, |Aut,(G)| = |Aut.(G)| = |Hom(G/G', Z(G))| and so

Hom(G/Z(G), G")| = [Hom(G/G', Z(G))]. (2.1)

Suppose to the contrary that G < Z(G). Then G/Z(G) is a proper quotient of
G/G" and
(G/G)/(G/Z(G))| = 12(G)/G'| > 1.

It thus follows from Lemma 2.1.5 that Hom(G/Z(G), G') is isomorphic to a proper
subgroup of Hom(G/G', Z(G)). This is a contradiction to (2.1) and hence G' =
Z(G).

Conversely assume that Aut.(G) ~ Hom(G/Z(G),G") and G' = Z(G). Observe
that since G' = Z(G), Aut.(G) < Aut,(G) and G is purely non-abelian. By Adney-

Yen Lemma

|[Aut.(G)| = [Hom(G/G, Z(G))| = [Hom(G/Z(G), G')| = [Aute(G)].

This completes the proof. O
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As a consequence of Theorem 2.2.1, we next give an easy proof of main result of
Curran and McCaughan [15]. The proof of only if part is easy and is similar to as

given in [15].

Theorem 2.2.2 If G is a finite p-group, then Aut,(G) = Inn(G) if and only if

G'=Z(G) and Z(Q) is cyclic.

Proof. Suppose G’ = Z(G) and Z(G) is cyclic. Then Inn(G) < Aut,(G), G is purely

non-abelian and exp(G/Z(G)) = exp(G’) by Morigi Lemma. By Adney-Yen Lemma

|[Aut.(G)] = [Hom(G/G, Z(G))| = |G/Z(G)| = [Inn(G)],

and thus Aut,(G) = Inn(G).

Conversely suppose that Inn(G) = Aut,(G). Then cl(G) = 2 and hence

Inn(G) = Aut.(G) = Aut,(G).

By Theorem 2.2.1, G’ = Z(G) and

Hom(G/Z(G),G') ~ Aut,(G) = Inn(G) ~ G/Z(G).

Since exp(G/Z(G)) = exp(G'), it follows that G’ is cyclic. O

Theorem 2.2.3 Let G be a finite non-abelian p-group such that Z(G) is elementary
abelian. Then Aut.(G) = Aut,(G) if and only if G is a Camina p-group of nilpotency

class 2.

Proof. First suppose that GG is a Camina p-group of nilpotency class 2. Then G’ =
Z(G) by Lemma 2.1.3. Let ¢ € Aut.(G) and ¢ € G. Then g lp(g) € G' =

Z(G). Thus ¢ is a central automorphism. On the other hand, let ¢ be a central
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automorphism and let h € G. If h € Z(G), then ¢»(h) = h and if h € G — Z(G),

then h='(h) € Z(G) C [h,G]. Tt thus follows that ¢ (h) = b='hb for some b € G.

Therefore 1 is a class preserving automorphism and hence Aut.(G) = Aut,(G).
Conversely suppose that Aut.(G) = Aut.(G). By Theorem 2.2.1, G' = Z(G)

and Aut.(G) ~ Hom(G/Z(G),G"). It follows that
exp(G/Z(G)) = exp(G') = exp(Z(G)) = p.

Let |G| = p', {y1,%2,...,y-} be a minimal generating set of G and let |G| = p°.
Then

|[Aut(G)| = [Hom(G/Z(G). G")| = p=*) = p™".

Any element y € G — G’ is a part of a minimal generating set {y = y1,v2,..., Y}

for G. If possible, suppose that [y, G] < G'. Then
vl = |ly. G) < |G"] = p.

Thus |Aut.(G)| < p*", which is a contradiction and hence G is a Camina p-group of

class 2. O

Theorem 2.2.4 Let G be a finite non-abelian p-group such that Z(G) is cyclic.

Then Aut.(G) = Aut,(G) if and only if Z(G) = G'.

Proof. It Z(G) = G, then Inn(G) = Aut,(G) by Theorem 2.2.2. Let p be any class-
preserving automorphism of G' and let g € G. Then ¢~ 'u(g) € G’ = Z(G). Thus p

is a central automorphism and hence
Aut.(G) < Aut,(G) = Inn(G) < Aut.(G).

Converse follows from Theorem 2.2.1. ]
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2.3 Groups of order upto p’

In this section, we classify all finite p-groups of order p™(n < 7) such that Aut.(G) =
Aut,(G). For this, we need next theorem which also completes the classification of
all finite p-groups of order < p° such that Aut.(G) # Inn(G). In the theorem, we
show that out of 51 groups of order 32, there are only 2 groups for which Aut.(G) #
Inn(G). A list of groups of order 32 is available from Hall and Senior [27], and
from Sag and Wamsley [54] with minimal presentations of groups. In [27], groups of
order 32 are divided into 8 isoclinism families. We denote the ith family by ®;. As
mentioned in [54], the groups are listed in same order in both [27] and [54] and so we
take the liberty of choosing the presentation of a group from any of the lists. Unless
or otherwise stated, we use Sag and Wamsley’s list and adopt the same notations
for the nomenclature and presentations of the groups. However, we write the i-th
group of order 32 in the list as GG; and generators 1,2,3 and 4 respectively as z,v, z
and w. Yadav [65] has proved that if G and H are two finite non-abelian isoclinic
groups, then Aut.(G) ~ Aut.(H). Therefore, it is sufficient to pick only one group

from each isoclinism family. We need the following lemma to prove the theorem.

Lemma 2.3.1 If G is a group of order p", n > 3, and |Z(G)| = p" 2, then

Aut.(G) = Inn(G).

Proof. Observe that nilpotency class of G is 2. If x is a non-central element of G,
then |Cg ()| = p" ! and thus |2%] = |[x, G]| = p. If z is a central element of G, then
|2¢| = |[z,G]| = 1. In any case, [x,G] is cyclic and therefore Aut.(G) = Inn(G) by

Theorem 2.1.10. O
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Theorem 2.3.2 For all groups G of order 32, except for the groups Gy and Gy in

the sizth family ®¢, Aut.(G) = Inn(G).

Proof. The first family &, contains abelian groups GG; to G; and therefore all class
preserving automorphisms for these groups are inner. From the second family &,
we pick

Gll = {1727947227 ['Ivywr]a [l';y,y], [I’,Z], [1/72]}

Clearly z is in the center, and since

[2,9%] = [z, 9] = [2%, 9] = 1,

it follows that y? is in the center and |[z,y]| = 2. Also, since z commutes with x
and y, it commutes with [x,y] as well. Thus [x,y] is also in the center and hence

|Z(G11)| = 8. Therefore Aut.(G11) = Inn(Gy1) by above lemma.

From third isoclinism family, we take

G23 = {IB,?JQa 227 [ZL’, y]IQ, [(L’, Z], [ya Z]}

Observe that Go3 = H @ K, where

H=(z,yl2® =y* =1,y =2"y)

and

It is easily seen that K is cyclic and therefore Aut.(K) = Inn(K). Also, since every
element of H can be written as z'y’ for suitable ¢ and j, Aut.(H) = Inn(H) by

Proposition 2.1.7. Hence Aut.(Ga3) = Inn(Ga3) by Proposition 2.1.6.
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In ®4, consider

Gay = {2, y", 22 [, 9], [z, 22, [y, 2]y*}-

Let Hzy = (x,y). Then Hj, is an abelian normal subgroup of order 16, and therefore
Gis4/Hsy is a cyclic group of order 2. Hence Aut.(Gs4) = Inn(Gs4) by Proposition
2.1.8.

From fifth family, consider

G43 = {w27 $2y727 x2272’ [27 y]$27 [w7 x]$27 [x7 y]? [‘CC7 Z]? [y7 w]? [27 w]}‘

Since d(Gy3) = 4, |®(Ga3)| = |(Ga3)'| = 2. Also, since Gy3 is a stem group, Z(Gy3) <
(G43)'. Thus Gy3 is an extra-special group and hence Aut.(Gy3) = Inn(Gy3) by [39,
Theorem 3.2].

Next consider the group

G =Gy = {2%, 2% [y, 2)y*, [y, 2]y, [z, 2]}

from ®g. Since

yr = zyly, ] = zyy = xy ™,

and since [y, z] = y~2 implies that zy = y~'2, it follows that every element of G can
be written in the form z'y/2*, where 0 < i,k <1, and 0 < j < 7; and hence |y| = 8.
Since G is of nilpotency class 3 and d(G) = 3, it follows that |®(G)| = |G| = 4.

But y? = [z,y] € G’ is of order 4, therefore G’ = (y?). Now Gy is a stem group,

therefore Z(G) < G'. Since

oyl =y =y =P =1
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and

[z, 5] = [z 9] =¢° = 1,
y* € Z(GQ) and thus Z(G) = (y*). Therefore G/Z(G) is a class 2 group of order 16.
Thus Z(G/Z(G)) is of order 4 and hence |Z5(G)| = 8. We prove that Z(G) C [g, G]
for all g € G — G'. Let g = 2'y/2* € G — G'. First suppose that j is even. Then

g =1y x'zF. Both i and k cannot be zero, because then g € G’. If k = 1, then

l9.9°] = [Va'2,y°] = [2'2,9%] = [z, 9] = ¢*

and if £k = 0, then

l9.9] = [z, y] = [z, y] = y".
Thus Z(G) C [g,G] for all g € G — G’ in this case. Next suppose that j is odd.
Then g = y/~laiyz*. If k = 1, then

= [2'(y2), v = 2, v7] = [2,0%] = [0 = o,

l9,v"] = [y~ (2"y2),y
and if £ = 0,7 =1, then

l9,9] = [y~ (2w), 4] =[xy, 9] = [z,9] = ¢,

and finally if £ = 0 = 4, then

l9.2] = [y 'y 2] = [y, 2] = y*.

Thus Z(G) C [¢,G] for all ¢ € G — G’ in this case as well. Therefore, by Lemma
2.1.9.

[Auto(G)| > [Aut.(G)||G/Zx(G)].

Since Z(G) < G', G is purely non abelian and therefore

Aut.(G)] = [Hom(G/G', Z(G))| = [Hom(Cy x Cy x Cy, Cy)| = 8
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by Adney-Yen Lemma. Thus |Aut.(G)| > 2° > 2* = |Inn(G)|.

From seventh family, we take

G'(46 - {93273447 [937?/, Zlf], [$7y7 yvy]}

Let u = [z,y] and v = [z,y,y] = [u,y]. Then v commutes with x and v commutes
with y. Observe that 1 = [2%,y] = [v,y]* = «* ; [v,9°] = [z, yP[r,y,y] =v; 1 =

[z, yY] = [z, ¥z, y?, y?] = v* Thus |u| = |v| = 2. Since

zy® = (zy)y = (yru)y = yr(uy) = yr(yuw) = y(zy)uv = y(yzu)uo = y?zv,

therefore

vr = (vy*ry?)r = (vy’r)y’zr = (vy’z)(vyv) = av.

Thus v commutes with x and hence with u as well. It is easy to see that every
element of Gy can be written in the form z'y/u*v!, where 0 < ik, < 1 and
0<j <3. Take

Hys = (x,u,v).

Then Hyg is an abelian normal subgroup of order 8 such that G/ Hys = (YHae) is
a cyclic group of order 4. Thus Aut.(G4s) = Inn(Gys) by Proposition 2.1.8.

Finally consider
Gs1 = {z%y 2 [y, 2]z}

from ®g. The relation [z7,y] = 2% implies that yz® = zy. Post multiplying by
2% = 2 we get yr = 27y> = x'%y. Thus every element of G5, can be written
as x'y!, 0 < i < 15,0 < j < 1 and hence Aut.(Gs;) = Inn(Gs;) by Proposition

2.1.7. [l
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Remark: The order of Aut.(G) for G = G4y in the above theorem is in fact exactly
equal to 32. Observe that Cg(x) = (x,9% 2), Ca(y) = (y) and Cg(z) = (x,y*, 2).
Thus |Cq(z)| = 16 and |Cq(y)| = |Ca(2)| = 8. Hence |2¢] = 2 and |y¢| = |2¢| = 4.
Since any class preserving automorphism preserves the conjugacy classes, there are
“

|z%], |y“| and |z¢| choices for the images of =, y and z respectively under it. It

follows that |Aut.(G)| < |2%||y%||z¢| = 32.

Theorem 2.3.3 Let G be a non-abelian group of order p", 3 < n < 5. Then

Aut.(G) = Aut,(G) if and only if G' = Z(G) and Z(G) is cyclic.

Proof. Suppose Aut.(G) = Aut,(G). Then G' = Z(G) by Theorem 2.2.1. If |G| = p?
or p*, then Aut.(G) = Inn(G) by [39, 40]. If |G| = p°, then since class of G is 2, it
follows from Theorem 2.3.2 (for p = 2) and from Theorem 2.1.11 (for odd p) that
Aut.(G) = Inn(G). Thus Inn(G) = Aut.(G) and hence G’ is cyclic by Theorem

2.2.2. The converse follows from Theorem 2.2.4. OJ

Theorem 2.3.4 Let G be a non-abelian group of order p®. Then Aut.(G) = Aut,(G)
if and only if either G' = Z(G) and Z(G) is cyclic or G is a Camina p-group of

nilpotency class 2.

Proof. Suppose Aut.(G) = Aut,(G). Then G' = Z(G) by Theorem 2.2.1. If Z(G)
is not cyclic, then we prove that Z(G) is elementary abelian and the result will
then follow from Theorem 2.2.3. Now p? < |Z(GQ)| < p*. If |Z(G)| = p?, then it
is trivially elementary abelian. Let |Z(G)| = p?® and let Z(G) ~ Cj2 x C,. Then

exp(Z(G)) = exp(G’) = exp(G/Z(G)) = p* and hence G/Z(G) ~ C2 x C,, which
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is a contradiction to Morigi Lemma. If |Z(G)| = p*, then G/Z(G) is elementary
abelian. Therefore exp(Z(G)) = exp(G’) = exp(G/Z(G)) = p and hence Z(G) is

elementary abelian. The converse follows from Theorems 2.2.3 and 2.2.4. O]

Theorem 2.3.5 Let G be a non-abelian p-group of order p’. Then Aut.(G) =
Aut,(G) if and only if either G' = Z(G) and Z(G) is cyclic or G is a Camina

p-group of nilpotency class 2.

Proof. Suppose Aut.(G) = Aut,(G). Then G' = Z(G) by Theorem 2.2.1. If Z(G)
is not cyclic, then as in Theorem 2.3.4, we need only prove that Z(G) is elementary
abelian. Now p? < |Z(G)| < p°. The cases | Z(G)| = p? or p® can be handled as in the
above theorem. Let |Z(G)| = p? and let Z(G) ~ Cp2 xC,. Then G/Z(G) ~ CpaxC2
by Morigi Lemma. Thus G is a 2-generated class 2 group and hence G’ is cyclic by
Lemma 2.1.12. This is a contradiction to G’ = Z(G) ~ C,2 x C,,. It |Z(G)| = p*,
then exp(Z(G)) = p? or p?, |G/Z(G)| = p* and exp(G/Z(G)) = p* or p>. This
is not possible by Morigi Lemma. The converse follows from Theorems 2.2.3 and

2.2.4. [l

2.4 Application

In this section, we use the classification of all groups of order p”, 5 < n < 6, given
by James [33] for odd p and by Hall and Senior [27] for p = 2. As an application of

our results, we find those groups G of order p® and p° for which Aut.(G) = Aut,(G).

Theorem 2.4.1 Let G be a non-abelian group of order p°, where p is an odd prime.

Then Aut.(G) = Aut,(G) if and only if G € 5.
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Proof. By Theorem 2.3.3, Aut.(G) = Aut,(G) if and only if G' = Z(G) and Z(G)

is cyclic. This happens if and only if G € ®5 by §4.1 of [33]. O

Lemma 2.4.2 A non-abelian group G of order p®, where p is an odd prime, is a

Camina group of class 2 if and only if G € ®q5.

Proof. In a Camina p-group of class 2, G = Z(G) and |2%| = |G’| for each z €

G — Z(G). This happens if and only if G € ®y5 by §4.1 of [33]. O

Theorem 2.4.3 Let G be a non-abelian group of order pb, where p is an odd prime.

Then Aut.(G) = Aut,(G) if and only if G € $14 or Oy5.

Proof. By Theorem 2.3.4, Aut.(G) = Aut.(G) if and only if either G is a Camina
p-group of nilpotency class 2 or G’ = Z(G) and Z(G) is cyclic. Now G is a Camina
p-group of class 2 if and only if G € ®15 by above lemma, and G’ = Z(G) and Z(G)

is cyclic if and only if G € @14 by §4.1 of [33]. O

Theorem 2.4.4 Let G be a non-abelian group of order 2°. Then Aut.(G) = Aut,(G)

if and only if G € Ps.

Proof. By Theorem 2.3.3, Aut.(G) = Aut,(G) if and only if G' = Z(G) and Z(G)
is cyclic. There are only two families viz. &, and ®5 which consist of groups G such

that G' = Z(G). Consider the group

H = G34 = {1’47y47 22, [.T, y]7 [I’, Z]IQ? [y7 Z]yz}

from ®,. Observe that

2%, 2] = [z, 2" =2 =1 and [y*,2] =[y,2]" =¢" = 1.
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Thus 2?,y? € Z(H) = H' and hence |H'| > 4. Since d(H) = 3, |®(H)| = 4
and thus Z(H) = H = ®(H). Now exp(H/Z(H)) = exp(H’) implies that H’ is
elementary abelian. As proved in Theorem 2.3.2, the group Gys of fifth family ®; is
an extra-special group. Since G’ is family invariant, all the groups in fourth family

have elementary abelian center and all the groups in fifth family have cyclic center.

Hence Aut.(G) = Aut,(G) if and only if G € ®5. O

In the next lemma, all the presentations for groups are taken from [27]. For the
sake of brevity, we only write the relators. And for the same reason, a relator of
the form [oy, a;] is excluded from the presentation if a; commutes with «;. For the

group G ), ¢ stands for the group number and j stands for the family number.

Lemma 2.4.5 A non-abelian group G of order 2° is a Camina group of class 2 if

and only if G € ®q3.

Proof. Since G’ = Z(G) for a Camina p-group of class 2, we need only consider
the families &g to ®;3. These families contain stem groups and the structure of
conjugacy classes for stem groups is an invariant of the isoclinism family. Therefore,

it is sufficient to pick one group from each of these families. First consider

G - G(144,9) - <Oé%, aga a§7 044217 Oé%, 0%7 [0447 O[5]Oé1_17 [Q4, O‘G]Oé2_1a [O[5, 066]043_1>.

Since a1, a9, a3 € Z(G), |Z(G)| = |G'| > 8. Therefore if x € G — Z(G), then
|2¢] = |[z, G]| < 4 and hence G is not a Camina group. Next consider

2 2 2 2 1

G = G(154,10) = <Oé%, Ay, Qy, O, 0430[1_ ) a§a2_17 [043, ()44]051_1, [Oé5, 056]062_1>'
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Observe that oy, e € Z(G) and hence |Z(G)| = |G’| > 4. Since
a1, g, a3, a5, a6 € Cg(as)

and every element of the subgroup generated by {a1, as, as, as, ag} can be written

as aladakalal, 0 <i, 4,k 1,m <1, it follows that |Cg(as)| = 32. Thus
la5'| = |las, G| = 2 # |G|

and hence G is not a Camina group. Next consider

G = Gy = (af, 03,03, 03, 08, azas ™, [au, aslag ™, [as, aglag ™, [as, aglag ).

As above, we can show that
o5’ = |las, Gl =2 # |G| > 4
and hence G(169,11) is also not a Camina group. We next consider

1 2 2 2 1

— — 2 2. — - — 2 -1 -1
G = G(180,12) - <O[17O[20[1 y Qg Oy, Q53— QgOly ,[0[47045](11 )

[a?n 046]051_1, [045, &6]042_1>-

If |Z(G)| = 16, then G/Z(G) and hence G’ is elementary abelian, which is not so
because ay = [as, o] € G is of order 4. If |Z(G)| = 8, then Z(G) ~ C3 x Cy or
Z(G) ~ Oy x Cy x Cy. The first case is not possible by Morigi Lemma and the
second one is ruled out because ay = |5, ag] € G' = Z(G) is of order 4. Thus Z(G)
is a cyclic group, generated by s, of order 4. Therefore G cannot be a Camina

group by Lemma 2.1.3 and Theorem 2.1.4. Finally consider

_ _ 2 2 92 1 92 -1 2 2 -1
G = Gassuy = (af, a3, 0507, ajay -, as, o, [as, asla;

[y, a5]&5104f17 las, &6]a51af17 v, aﬁ]a51>-
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Observe that G' = Z(G) = (a1, ae) and every element g of G is of the form

zagPoyas®ag, 2z € Z(G), 0<mg,my,ms,me < 1.

We claim that Z(G) C [g,G] for all g € G — Z(G). First suppose that mg = 1. If

ms = 0, then [g, ] = [0 ag, 4] = ag where as [g,a3] = ajas. And if ms = 1,
then [g, a4 = a1 where as [g,a3] = as. Now suppose that mg = 0 and m; = 1.
Then [g,a3] = a1 and [g, ] = ajas. We next suppose that ms; = mg = 0 and

my = 1. If mg = 0, then [g, ag] = ay where as [g, a5] = ayas. And if mg = 1, then
[g9, 6] = a1 where as [g, a5] = ao. Finally suppose that my = ms = mg = 0 and
mg = 1. Then [g,a5] = oy and [g, a] = ayas. In every possibility, Z(G) C [g, G]

for all g € G — Z(G). This proves the claim and the lemma. O

Theorem 2.4.6 Let G be a non-abelian group of order 2°. Then Aut.(G) = Aut,(G)

if and only if G € @15 or Oy3.

Proof. First suppose that Aut.(G) = Aut,(G). By Theorem 2.3.4, either G is a
Camina group of class 2 or G’ = Z(G) and Z(G) is cyclic. If G is a Camina group
of class 2, then G € ®,3 by above lemma. Assume G' = Z(G) and Z(G) is cyclic.
There are only five isoclinism families viz. g to ®13 which consist of groups G such
that G’ = Z(G). Consider G4y € ®9. By above lemma |Z(G144)] > 8 and by
[54], d(G144) = 3. Thus Z(G144) = (G144)" = ®(Graa). Now exp(Graa/Z(G1a4)) =
exp((Giaq)') implies that Z(G144) is elementary abelian of order 8. Next consider
G154 € P19. By above lemma |[Z(Gi54)| > 4 and by [54], d(Gi54) = 4. Thus
Z(G154) = (Gi54) = ®(Gis4). Then exp(Gi54/Z(G1s4)) = exp((Gis4)’) implies that

Z((G154) is elementary abelian of order 4. Next consider Gg9 € ®17. By above lemma
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‘Z(Glﬁg)‘ > 4 and by [54], d(Glﬁg) = 4. Thus Z(G169) = (Glﬁg), = CI)(G169). There-
fore exp(Gi69/Z(G169)) = exp((Gieg)’) implies that Z(Gigg) is elementary abelian

of order 4. Finally, if G € ®15, then Z(G) is cyclic by Lemma 2.4.5. O



CHAPTER 3

Central Automorphism Group of Minimal Order

3.1 Introduction

Let G be a finite p-group. An automorphism « of G is called a central automorphism
if it commutes with all inner automorphisms; or equivalently, z~*a(x) € Z(G) for all
x € G. The group Aut,(G) of all central automorphisms of G is a normal subgroup
of G and fixes the commutator subgroup G’ of G element-wise. Observe that the
center Z(Inn(G)) of the group of all inner automorphisms of G is always contained
in Aut,(G). It follows that Z(Inn(G)) < Aut,(G) < Aut(G) for any group G.
Non-abelian p-groups G for which Aut,(G) = Aut(G) have been well studied (see
for example [6, 13, 34]). Curran [14] first considered the other extreme possibility
for Aut,(G). He studied non-abelian finite p-groups G and gave some necessary
conditions on G such that Aut,(G) = Z(Inn(G)). Recently, Sharma and Gumber
[57] have characterized all finite p-groups G of order p® and p° (p an odd prime) for
which Aut.(G) = Z(Inn(G)).

In section 3.2, we give necessary and sufficient conditions on a finite p-group G
with cyclic center such that Aut,(G) is of minimal order. As a consequence of it,

31



32 Central Automorphism Group of Minimal Order

we obtain necessary and sufficient conditions on finite p-groups G of coclass upto
4 for which Aut,(G) = Z(Inn(G)). In section 3.3, as an applications of the results
obtained in section 3.2, we characterize all finite p-groups G of order upto p’ for
which Aut.(G) = Z(Inn(G)). Our proofs are easy, short and even generalize the
main results of Sharma and Gumber [57].

If G is a finite p-group and if GP = (xP|x € G), then &(G) = G'G?. By C,
we denote the n copies of C,,. A finite p-group G of order p" and of nilpotency class
¢ is said to of coclass n — c¢. A group of coclass 1 is of course a group of maximal

class.

Let G be a finite p-group of maximal class and let |G| = p™. Observe that
G/G is not cyclic and v, (G) = 1. Tt follows that |G'| = p"~% and |v;(G)| = p"™*
for all 4,3 < i < n. Also, since G/Z,_5(G) cannot be cyclic, |Z;(G)| = p® for all
1,1 <1 <n—2. By using similar arguments, it is easy to see that if G is of coclass

upto 4, then p < |Z(G)| < p?, p? < |Z2(G)| < p° and p"° < |G'| < p" 2.

The following results of Curran [14, Corollaries 3.7, 3.8] and Gavioli [22, Lemma

2] will be used quite frequently.

Lemma 3.1.1 Let G be a finite non-abelian p-group such that Aut,(G) = Z(Inn(Q)).

Then Z(G) < G' and Z(Inn(G)) is not cyclic.

Lemma 3.1.2 Let G be a (not necessarily finite) group with center Z(G) and second
center Zs(G), A an abelian normal subgroup of G with Z(G) < A < Zy(G). Then

AJZ(G) embeds in Hom(G/A, Z(G)).
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We next prove an important lemma which is a small but very useful modification

of the following lemma of Alperin [2, Lemma 3].

Lemma 3.1.3 Let A be a central and characteristic subgroup of a group H. The
group K of those automorphisms of H which leave A element-wise fixed and which

induce the identity automorphism on H/A is naturally isomorphic to the group

Hom(H/A, A) of homomorphisms of H/A into A.

Lemma 3.1.4 Let G be any group and Y be a central subgroup of G contained in
a normal subgroup X of G. Then the group of all automorphisms of G that induce

identity on X and G/Y s isomorphic to Hom(G/X,Y).

Proof. Let Aut§(G) denote the group of all automorphisms of G that induce identity

on both X and G/Y. For any y € Aut(G), the map
Y, G/ X —Y
defined as 1, (bX) = b~ 'pu(b) is a homomorphism. The map
Y Autk (G) — Hom(G/X,Y)

defined as ¥ (p) = v, is a monomorphism. For any 7 € Hom(G/X,Y), the map
i G — G defined as u(g) = g7(gX) is an automorphism of G inducing identity on

both X and G/Y and ¢ () = 7. Thus 9 is onto as well. O

Let Aut?(G) denote the group of all those automorphisms of G which induce
identity on both G/Z(G) and Z(G). It immediately follows from above lemma that
Auti(G) ~ Hom(G/G'Z(G), Z(G)). The following main result of Attar [3] is now

an easy consequence.



34 Central Automorphism Group of Minimal Order

Corollary 3.1.5 Let G be a finite non-abelian p-group. Then Aut:(G) = Inn(G) if

and only if nilpotency class of G is 2 and Z(G) is cyclic.

Proof. Observe that if Aut?(G) = Inn(G), then nilpotency class of G is 2. The proof

then follows from the simple fact that if A and B are finite abelian p-groups such

that exp(A)| exp(B), then Hom(A, B) ~ A if and only if B is cyclic. O
3.2 Groups of coclass upto 4
Let

G/G =[] Cpoi = Cpor X Cpez X ... X Chen
=1
and

Z5(Q)/Z(G) ~ Hcpﬂi = Cpor X Cpay X ... X G
i=1

be the decompositions of G/G" and Z,(G)/Z(G) into cyclic groups, where for each i,
a; > ;.1 and §; > ;41 are positive integers. Observe that if Aut,(G) = Z(Inn(G)),

then Z(G) < G’ and hence by Lemma 3.1.4
Aut,(G) ~ Hom(G/G', Z(@)) ~ Z2(G) ] Z(G).

It thus follows that d(G)d(Z(G)) = d(Zy(G)/Z(Q)).

Theorem 3.2.1 Let G be a finite p-group with cyclic center Z(G) ~ Cpn. Then
Aut,(G) = Z(Inn(Q)) if and only if either G/G' is isomorphic to Z2(G)/Z(G) or
d(G) =d(Z:(G)]Z(Q)), Bi = for 1 <i<r and B; = oy forr+1<i<n, where

r, 1 <r <mn, is the largest such that o, > 7.
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Proof. First suppose that Aut.(G) = Z(Inn(G)). Then m = d(Zy(G)/Z(G)) =
d(G) = n. Also, since exp(Z,(G)/Z(G)) < exp(Z(G)) by [52, 5.2.22], therefore
exp(G/G") > exp(Zs(G)/Z(G)). T exp(G/G") = exp(Z5(G)/Z(G)), then G/G' ~
Zo(G)/Z(G); and if exp(G/G) > exp(Z2(G)/Z(G)), then exp(Ze(G)/Z(G)) =
exp(Z(G)) and hence By = 71. Suppose r, 1 < r < n, is the largest such that

a, > v;. Then
Aut,(G) ~ Hom(J [, Cpei, Cpm ) =~ C{;ﬂ X H?=r+1 Cpei.

But Aut.(G) ~ Z,(G)/Z(G) ~ ]\, Cpe.. Tt follows that §; = v, for 1 < i <7 and
Bi=a;forr+1<i<n.

Conversely, since Z(G) is cyclic, G is purely non-abelian and therefore
|Aut.(G)| = [Hom(G/G', Z(G))|

by Adney-Yen Lemma. It is now easy to see, using the assumptions, that |[Aut,(G)| =

|Z(Inn(G))| and hence Aut,(G) = Z(Inn(G)). O

Let G be a finite p-group of order p™ and coclass < 4 such that Aut,(G) =
Z(Inn(G)). Then d(G)d(Z(G)) = d(Zy(G)/Z(G)) and p"~° < |G| < p"~2. Also,
since Z(Inn(G)) cannot be cyclic, p < |Z(G)] < p* and p* < |Z5(G)| < p°. Tt is
easy to see that Z(G) is cyclic in each case and hence we obtain the following three

corollaries.

Corollary 3.2.2 Let G be a finite p-group of coclass 2. Then Aut,(G) = Z(Inn(G))

if and only if Z(G) ~ C, and d(G) = d(Z2(G)/Z(G)) = 2.
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Proof. First suppose that Aut,(G) = Z(Inn(G)). Then |Z(G)| = p, |Z2(G)| = p?
and Z(Inn(G)) =~ C, x C,. It follows by theorem that either G/G' ~ Z(G)/Z(G)
or d(G) = d(Z3(G)/Z(G)). Thus d(G) = d(Z3(G)/Z(G)) = 2. Conversely, suppose
that Z(G) ~ C, and d(G) = d(Z5(G)/Z(G)) = 2. Then vy, =1 and Z»(G)/Z(G) ~
C, x Cp. Thus a; > » and B; = » = 1 for all i. The result now follows by

theorem. O

Corollary 3.2.3 Let G be a finite p-group of coclass 3. Then Aut,(G) = Z(Inn(G))
if and only if either Z(G) ~ C, and d(G) = d(Z2(G)/Z(G)) = 2,3 or Z(G) ~ Cp

and Zy(G)/Z(G) ~ G/G'.
Proof. The proof is similar as in above corollary. O

Corollary 3.2.4 Let G be a finite p-group of coclass 4. Then Aut,(G) = Z(Inn(G))
if and only if one of the followings holds:

(a) Z(G) ~ C, and d(G) = d(Z2(G)/Z(G)) = 2, 3,4,

(b) Z(G) ~ Cp2 and either (i) Z2(G)/Z(G) ~ G/G" or (it) Z2(G)/Z(G) =~ Cp x C,
and G/G' ~ Cps x C), or (1ii) Z3(G)/Z(G) ~ Cpe X Cp and G/G" = Cpu x C,,

(c) Z(G) ~ Cps and Zy(G)/Z(G) ~ G/G".

Proof. 1t is not very hard to see that if any of the three conditions hold, then
Aut,(G) = Z(Inn(G)). Conversely, we prove only part (b), because the other
two can be proved using the arguments as in Corollary 3.2.2. Observe that p* <
|Z2(G)| < p°. It | Zo(G)| = p*, then G/G’ ~ Z5(G)/Z(G) by theorem. Next suppose
that |Zy(G)| = p°. If Zy(G)/Z(G) ~ C3, then G/G' ~ Zy(G)/Z(G) by theorem;
and if Z5(Q)/Z(G) ~ Cp2 x C,, then ) = v = 2 and Py < 71, and hence either

G/G" ~ Zy(G)/Z(G) or G/G' ~ Cp x C, or G/G' =~ Cps x C,. O
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3.3 Groups of order upto p’

As a consequence of the results proved in last section, we now characterize all finite
p-groups G of order upto p” for which Aut,(G) = Z(Inn(G)). Proofs are easy, short
and even generalize the main results of Sharma and Gumber [57]. The next theorem

follows immediately from Corollary 3.2.2.

Theorem 3.3.1 Let G be a finite p-group of order p° and nilpotency class 3. Then

Aut,(G) = Z(Inn(Q)) if and only if Z(G) ~ C, and d(G) = d(Z2(G)/Z(G)) = 2.

Theorem 3.3.2 Let G be a finite p-group of order p°® and cl(G) = 3 or 4. Then

Aut,(G) = Z(Inn(Q)) if and only if Z(G) ~ C,, and d(G) = d(Z2(G)/Z(G)) = 2.

Proof. 1f cl(G) = 4, then the result follows by Corollary 3.2.2. Therefore suppose
that cl(G) = 3. Then either Z(G) ~ C,2 and Z»(G)/Z(G) ~ G/G" or Z(G) ~ C,
and d(G) = d(Z2(G)/Z(G)) = 2,3 by Corollary 3.2.3. We rule out two possibilities
to get the result. First suppose that Z(G) ~ Cj2. Then G/Z(G) is a group of order
p* and nilpotency class 2. Tt follows that | Zo(G)| = p* and |G’| = p?, and hence G /G’
and Z5(G)/Z(G) cannot be isomorphic. Next suppose that |Z(G)| = p and d(G) =
d(Z3(G)/Z(G)) = 3. We show that Zy(G) is abelian. Since d(G) = cl(G) = 3,
|G'| = p? or p?. If |G'| = p?, then since G’ < Z(Z5(G)), Z2(@G) is abelian. Therefore
suppose that |G'| = p?. Since G/Z3(G) is elementary abelian, ®(G) < Z,(G) and
hence G’ < Cu(Z2(G)) < Ce(P(G)). Thus ®(G) is abelian. Let Zy(G) = (h, ®(G)).
Then, since h centralizes ®(G), Z»(G) is abelian. It now follows by Lemma 3.1.2
that Z(G)/Z(G) embeds in Hom(G/Z»(G), Z(G)) ~ C,, x C,, which is not possible.

This completes the proof. O
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Theorem 3.3.3 Let G be a finite p-group of order p*. Then Aut,(G) = Z(Inn(G))
if and only if one of the followings holds:

(i) c(G) =3,Z(G) ~ C, and d(G) = d(Z2(G)/Z(Q)) = 2, 3,4,

(i1) cl(G) =4 and either Z(G) ~ C,, d(G) = d(Z2(G)/Z(G)) = 2,3 or Z(G) =~ Cp
and Z5(G)/Z(G) ~ G/,

(iii) cl(G) = 5, Z(G) = C, and d(G) = d(Z»(G)/Z(G)) = 2.

Proof. 1f G is of nilpotency class 4 (resp. 5), then the result follows from Corollaries
3.2.3 (resp. 3.2.2). Therefore suppose that c/(G) = 3. Then, by Corollary 3.2.4,
we get possibilities (a), (b) and (c) for G. To get the final result, we rule out the
possibilities (b) and (c). First suppose that Z(G) ~ Cps and Z5(G)/Z(G) ~ G/G".
Then, as in above theorem, G/G’ is not isomorphic to Z5(G)/Z(G). Now suppose

that Z(G) ~ C,

p

» and Z»(G)/Z(G) ~ G/G" ~ C, x C,. Then |G| = p* > p* =
|Z2(G)|, which is a contradiction to cl(G) = 3. Next suppose that Z»(G)/Z(G) ~
G/G" ~ C, x C, x C,. Since G' < Z(Zy(G)), Z>2(G) is abelian and we get a
contradiction by Lemma 3.1.2. Finally suppose that Zy(G)/Z(G) ~ C} x C,. Then
Zy(G) = {(x,y,Z(@G)), where x and y have orders p and p* modulo Z(G). Since
P € Z(G) andy € ®(G) = Z2(G), Z2(G) is abelian and again we get a contradiction

by Lemma 3.1.2. This proves the theorem. O]



CHAPTER 4

Converse of a Theorem of Schur

4.1 Introduction

A well known theorem of Schur [56] states that if the index of the center of a group
is finite, then its derived group is also finite. The converse of Schur’s theorem is
not true in general. Newman [45] in 1951, Hilton [31] in 2001, and Niroomand [46]
and Sury [58] in 2010 have given proofs of converse of Schur theorem with different
assumptions.

Quite unexpectedly, we here prove a further generalization of the converse of
Schur’s theorem in a very elementary and different way using automorphisms. Some
other related results are also proved in the sequel.

An element of finite order in a group is called a torsion element and that
of infinite order is called a torsion-free element. A group is called a torsion
group if all its elements are torsion; and is called torsion-free if none of its
element, other than the identity, is torsion. A group which contains both torsion
and torsion-free elements is called a mized group. Following Bachmuth [5], we
call an automorphism « of G an IA-automorphism if it induces the identity
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automorphism on the abelianized group G/G’; or equivalently z'a(z) € G’ for all
r € G. All TA-automorphisms of G form a normal subgroup IA(G) of Aut(G).
Let TA(G)* denote the group of all those [A-automorphisms of G which fix Z(G)

element-wise. Observe that

Inn(G) < Aut.(G) < IA(G)* < IA(G).

Theorem 4.1.1 ([8, Theorem 1.5]) Let G be a finite p-group. If G/G" is an abelian
group with two invariants A, p, where X > u, then G'/v3(G) is a cyclic group of

order at most p*.

4.2 Main Results

Let G be an arbitrary group such that G’ is finite and G /Z(G) is minimally generated
by

11 Z(G),22Z(G), ..., 2q4Z(G).

If o € TIA(G)*, then « fixes Z(G) element-wise and a(x;) = z;y;, where y; € G’ for

each i,1 < i < d. It thus follows that IA(G)* is finite and

TA(G)| < |G')"

We have thus proved the following:

Theorem 4.2.1 Let G be an arbitrary group such that d(G/Z(G)) and G’ are finite.

Then [IA(G)*| < |G'|UG/2(@),

In particular, since Inn(G) < IA(G)*, we obtain the following main theorem of

Niroomand [46].
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Corollary 4.2.2 Let G be an arbitrary group such that d = d(G/Z(G)) and G’ are
finite. Then

G/2(G)| < |G'|". (4.1)

Now, rather than G’, suppose that [x;, G] is finite for all 7,1 < i < d. Let a € G,

and let a be the inner automorphism of G defined by conjugation by a. Then
a(z;) = a ‘a0 = x]x;, a).

Since

[, G]| = |=F] < |K(G)],

we have thus generalized the main theorem of Sury [58] and proved Theorem A of

Yadav [69] in the following theorem.

Theorem 4.2.3 Let G be an arbitrary group such that G/Z(G) is finitely generated
by x1Z(G), 22Z(G),...,x4Z(G) and [z;, G| is finite for all i,1 < i < d. Then

|G/Z(G)| < TL,|[z;, G]| and G is finite.

Theorem 4.2.4 Let G be an arbitrary group. Then Inn(G) is finite if and only if

IA(G)* is finite. In particular, Inn(G) is finite if and only if Aut.(G) is finite.

Proof. If Inn(G) is finite, then G’ is finite by Schur’s theorem. It then follows from

Theorem 4.2.1 that IA(G)* is finite. Converse is obvious. O

Niroomand [46] shows that the inequality (4.1) is sharp by considering the quater-
nion group (Jg. But it is clear from Theorem 4.2.3 that the bound obtained by Ni-

roomand is not the best possible, and the equality in the case of G = Qg results from
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G’ = [z,G] for all x € G — ®(G). We observe from inequality (4.1) and Theorem
4.2.3 that

G/Z(G)| < L[z, G]| < |K(G)|* < |G']".

It follows that if G is an arbitrary group such that G/Z(G) is finitely generated, G’
is finite, and equality holds in (4.1), then G’ = K(G). In particular, if G is a finite

group for which equality holds in (4.1), then G’ = K(G) and
Inn(G) = Aut.(G) = IA(G)".

It now becomes interesting to classify the groups for which equality holds in (4.1).
Of course it holds for all abelian groups. Yadav [69] also has asked the question
for what non-abelian groups equality holds in (4.1). He himself has classified, upto
isoclinism, all such nilpotent groups G of class 2 with G/Z(G) finite. We here prove

the following results.

Theorem 4.2.5 Let G be a finitely generated nilpotent group of class 2. Then

G/Z(G) = Gy if and only if G' is cyclic and G/Z(G) is homocyclic.

Proof. Observe that exponents of G’ and G/Z(G) are same. Let G/Z(G) ~ A x Z*
and G' ~ C x Z°¢, where A and C' are respective torsion parts and a and ¢ are
respective torsion-free ranks of G/Z(G) and G’. First suppose that G’ is cyclic and
G/Z(G) is homocyclic. If G’ is torsion-free, then G/Z(G) is also torsion-free. It
follows that

In case G is finite, then G/Z(G) is finite and hence G/Z(G) ~ G"™“/*“.
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1(G/Z(G))

Conversely suppose that G/Z(G) ~ G . It is sufficient to prove that G’ is
cyclic. If G’ is finite, then G/Z(G) is finite and hence G’ is cyclic. If G’ is torsion-
free, then G/Z(@G) is torsion-free. Thus G’ ~ Z¢ and G/Z(G) ~ Z*. Then Z* ~ 7.*°
implies that G’ = Z is cyclic. Finally suppose that G’ ~ C' x Z¢ is mixed. Then by

assumption

A X 70 ~ (C x Z°)HCIZO),

This is not possible because a < d(G/Z(G)) and cd(G/Z(G)) > d(G/Z(G)). O

Theorem 4.2.6 Let G be a finite non-abelian p-group of mazimal class. Then

equality holds in (4.1) if and only if |G| = p>.

Proof. Observe that |Z(G)| = p and d(G) = 2. If |G| = p", then |G| = p" 2.

2n

Suppose that equality holds in (4.1). Then p"~! = p**~* and hence n = 3. Converse

is trivial. n

Theorem 4.2.7 Let G be a finite non-abelian p-group of coclass 2 for which equality

holds in (4.1). Then |G| = p* or p°.

Proof. Suppose that |G| = p™. Then p < |Z(G)| < p? and p" 3 < |G| < p" 2
It follows by assumption that IA(G)* = Inn(G). Observe that if Z(G) < G’, then
Aut?(G) < TA(G)* = Inn(G) and thus Aut?(G) = Z(Inn(G)). Since d(G) > 2,
Z(Inn(G)) cannot be cyclic. First suppose that |Z(G)| = p. Then |Zy(G)| = p?
and |[Aut?(G)| = |Z(Inn(G))| = p*. Thus d(G) = d(G/Z(G)) = 2. If |G| = p"?,
then by assumption n = 3, which is not possible; and if |G| = p"~3, then n = 5.

Next suppose that |Z(G)| = p?. Then Z(G) is not contained in G’ because then
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Z(Inn(@)) is cyclic. If |G| = p"2, then G’ = ®(G) and thus d(G/Z(G)) = 1, a

contradiction. Therefore |G| = p"~3, d(G/Z(G)) = 2, and hence n = 4. O

We end up the section by giving a negative answer to the following question posed
by Yadav [69, Question 2]: Let G be a finite nilpotent group for which equality holds
in (4.1). Is it true that G’ is cyclic? Our group is of order 32 with elementary abelian

commutator subgroup.

Example. Consider the group

G =(ayl®y™ = [r,y,a] = [ty 9]y = 1)

which is of nilpotency class 3. Since d(G) = d(G/Z(G)) = 2, Z(G) < ®(G). If

u = [x,y], then every element of G is of the form
siyuf, 0<i,k<1,0<j<7

and |z| =4, |y| =8, |u| = 2. Since |®(G)| =8, ®(G) = (y?,u). It is easy to see that
Z(G) = (y*) and | Z(G)| = 2. If |G| = 8, then |y3(G)| = 4 by Theorem 4.1.1, which

is a contradiction to 73(G) < Z(G). Thus |G’| = 4 and hence
G/Z(G)] =2" = |G'P”.

But, since y*,u € G’ are of order 2, G’ is elementary abelian. O



CHAPTER 5

Conjugacy Classes of Finite Groups

5.1 Introduction

The influence of arithmetic structure of conjugacy classes of a finite group G, like
conjugacy class sizes, the number of conjugacy classes or the number of conjugacy
class sizes, on the structure of GG is an extensively studied problem in group theory.
Many authors have studied the influence of some other kind of behaviours of conju-
gacy classes on the structure of the group. For example Dade and Yadav [16] have
classified all finite groups in which the product of any two non-inverse conjugacy
classes is again a conjugacy class; Herzog and Schonheim [30] have shown that if G
is a finite group of odd order having exactly two non-central conjugacy classes of
each order, then |G| = 21. For more details one can see the references [9, 37, 64] and
the excellent survey article by Camina and Camina [12]. Throughout this chapter,
unless or otherwise stated, all groups are finite.

We say that a group G satisfies (i), ¢ > 1, if union of any ¢ distinct non-trivial
conjugacy classes of G together with 1 is a subgroup of G. In this chapter, we
classify all finite groups satisfying (7) for 1 <1 < 3.

45
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An element x of a group G is called a real element if there exists another
element g of G such that 29 = 2=, In other words, z is conjugate to z~'. The set of
all real elements of G is denoted by Re(G). A group G is called a rational group
if every element z of G is conjugate to 2™ for some natural number m co-prime to
|z|. An element of order 2 of a group G is called an involution. The unique largest
nilpotent normal subgroup F(G) of a group G is called the Fitting subgroup of
G. It is of course the product of all nilpotent normal subgroups of G. Let G be a
group and let p € II(G), the set of all primes dividing |G|. Let Py, P, ..., P, be all
the Sylow p-subgroups of G. The intersection O,(G) of all P, is a normal subgroup
of G and is called the p-radical of G. An automorphism « of a group G is called

a fixzed-point-free automorphism if it leaves fixed only the identity element of G.

Proposition 5.1.1 ([18, Lemma 2.4(iv)]) If N is a normal subgroup of a group G

such that |G/N| is odd, then Re(G) = Re(N).

Proposition 5.1.2 ([43, Proposition 1]) Factor group of a rational group is rational.

Proposition 5.1.3 ([43, Corollary 2|) If G is an abelian rational group, then G is

an elementary abelian 2-group.

Proposition 5.1.4 ([17, Proposition 1]) Let G' be a solvable rational group of even
order with exactly one conjugacy class of involutions. Then a Sylow 2-subgroup of

G is either elementary abelian or isomorphic to the quaternion group of order 8.

Proposition 5.1.5 ([38, Corollary 16A]) If H is a Sylow 2-subgroup of a rational

group G, then Co(H) = Z(H).
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Proposition 5.1.6 ([38, Proposition 21|) Let G be a rational group with an abelian
Sylow 2-subgroup H. Then H is elementary abelian, G splits over G' with H as

complement, and G’ is a 3-group.

Proposition 5.1.7 ([38, Proposition 35]) Let G be a rational group with Qs, the
quaternion group of order 8, as a Sylow 2-subgroup. Then G contains a normal

elementary abelian p-group E,, where p =3 or 5, such that G = QsE,.

Theorem 5.1.8 ([53, Theorem 10.24]) Let py,pa, ..., pn be the distinct primes di-

viding the order of a group G. Then F(G) = Oy, (G)O,,(G) ... O, (G).

Theorem 5.1.9 (23, Theorem 6.1.3]) If G is a solvable group, then Cq(F(G)) <

F(G).
Theorem 5.1.10 ([23, Theorem 5.3.16]) Let P be a p-group and let Q be a non-
cyclic abelian q-group of automorphisms of P, q a prime distinct from p. Then

zeQ—{1}
In particular, P is generated by its subgroups Cp(x) for x in Q — {1}.
Theorem 5.1.11 (23, Theorem 10.1.4]) If « is a fized-point-free automorphism of

order 2 of a group G, then G is abelian and a(x) = 2% for all x in G.

Theorem 5.1.12 ([59, Theorem 4.4.4]) The following three conditions on a p-group
are equivalent:

(1) Every abelian subgroup is cyclic.

(ii) There is exactly one subgroup of order p.

(i13) The group G is either cyclic or a generalized quaternion group Q.
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5.2 Classifications

It is not very hard to see that an abelian group G satisfies (1) if and only if G
is an elementary abelian 2-group. The restriction (1) is of course very harsh on
non-abelian groups G, and as such we do not get any non-abelian group with this

restriction. We prove the statement in the following theorem.

Theorem 5.2.1 There is no non-abelian group G satisfying (1).

Proof. Suppose that G is a non-abelian group satisfying (1). It is easily seen that
|G| is even. Let z € G — Z(G). Since |2%| and |z%] + 1 both divide the order of
G, G cannot be a 2-group. Let z € G be such that |z| = mn, where m,n > 2.
Then two different ordered elements = and 2™ are in the same conjugacy class 2, a
contradiction. Thus each element of GG is of prime order. This immediately implies
that no two elements of G of different order can commute with each other. Let
r € G and let |z| = p, a prime. We prove that Cg(z) is a Sylow p-subgroup of
G. Suppose that |G| = p™t, where p does not divide t. If y € Cg(x), then |y| = p
and thus |Cg(z)| = p", where 1 < n < m. If |Cq(x)| < p™, then |2¢| = p't, where
[ > 1. Thus p divides |z¢] and |#¢| + 1, a contradiction and hence Cg () is a Sylow
p-subgroup of G. If |1 U 2%| = p*, where k < m, then p* — 1 =t. Let py,ps be two
different primes which divide the order of G and let |G| = p{"'py'?s, where p; and

p2 do not divide s and s > 1. We choose elements 1,5 € G such that |z;| = py

and |zs| = po. Then as before, we get the equations

p?l _1:p727128
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and
Py’ —1=p"s,
where ny < my and ny < my. Thus

pit = L=pys = py s(pits +1) 2 pit + 1> pit — 1,

a final contradiction. O

It is easy to see that if G is isomorphic to Cj3, the cyclic group of order 3, then
G satisfies (2). Conversely suppose that G is an abelian group satisfying (2). Of
course then |G| > 3. Let x,y € G — {1} be two distinct elements. Then {1, z,y} is
a subgroup of G such that y = 22. If z € G — {1, 2}, then {1,z, 2} is a subgroup of
G such that z = 22 = y. Thus G is a cyclic group of order 3. The following theorem

settles the non-abelian case.

Theorem 5.2.2 A non-abelian group G satisfies (2) if and only if G ~ Ss.

Proof. If G ~ S3, then G satisfies (2). Conversely suppose that G is a non-abelian
group satisfying (2). Assume |G| = p™, where p is an odd prime. Then |Z(G)| > 3.
By preceding paragraph |Z(G)| = 3 and hence |G| = 3". Choose x a non-central

and x; a central element of G. Let
Hy=1Uz%Uaf.

Then |Ho| = 1+ 1+ 3%, where 1 < a < n, is not divisible by 3, a contradiction.

Thus G cannot be a p-group.
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Let y € G be of composite order. We can write |y| = pm, where p is a prime
and m > 2. Choose an element y; € G of order ¢, where ¢ is a prime different from

p. Then

y" € Hy=1Uy“ Uyl

because H; < G. But on the other hand, neither 3™ belongs to y“ nor to y¢. It

thus follows that every element of G is of prime order.
Suppose |G| is odd and let p # g € II(G). Let x5 and yo be two elements of G

1

such that |z5| = p and |y2| = ¢. Since |2§] is odd, x;' cannot be in 2§ and hence

x5! is not in the subgroup

Hy=1Uz§ Uy§.

This is a contradiction and thus |G| is even.
We claim that |G| is divisible by exactly two distinct primes. On the contrary

assume that
‘G’ — plqmrns7

where p, q,r are distinct primes, I,m,n,s > 1 and (p'¢™r",s) = 1. First suppose

that all same ordered elements in G are conjugate. Let x3,ys3, 23 € G be of order p, q
and r respectively. Since every element of G is of prime order, Cg(z3) is a p-group
and therefore |z§| = plig™r"s, where 0 < [; < [. Similarly |[y$'| = pl¢™r"s and

|23G| = plg™r™s, where 0 < m; < m and 0 < n; < n. Let

Hy=1U25UyS, Kzy=1UySU2 and L3 =1U25 Uay.

Then HsN K3 = 1UyS is a Sylow g-subgroup of G and HzN Ly = 1Ux§ is a Sylow
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p-subgroup of G. Therefore
¢" =plg™r"s+1 and p' = plg™r"s + 1.
It follows that
¢" =plg™r"s + 1= (pg™r"s + 1)g™r"s + 1 > ¢,

a contradiction. We therefore suppose that there exists a prime p € II(G) such that
all the elements of order p are not conjugate to each other. Let 4,1y, be two non-
conjugate elements of order p and let z4,ws € G be of order g and r respectively.

Then

I m,_no

fgmpn s and |w§| = plg™r™s,

o' = pRgm s, Jyg| = pgm s, |2f] = ple™

where 0 < ly,l3 <1, 0 <my <m and 0 < ny <n. Let
Hy=1Uzf Uz and K, =1UyS Uws.

Then H; and K, are disjoint normal subgroups of G and

|HyKy| = |Hy||Ky| > |G,

This is a contradiction and hence the claim.
Let |G| = 2%p°, where p is an odd prime and a,b > 1. Let 2 € G be of order p,
y € G be of order 2, and
H;=1Uz%U yG.
Then z™ is conjugate to x for 1 < n < p — 1. Thus G is a rational group and
hence G splits over G with a Sylow 2-subgroup H as complement and G’ is a Sylow

3-subgroup of G by Prop. 5.1.6. For 1 # h € H, the mapping

G —= G
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sending g to h™lgh is a fixed-point-free automorphism of order 2. Therefore G’
is abelian and 7,(g9) = ¢g~! for all ¢ € G’ by Theorem 5.1.11. Tt then follows that
|g¢| = 2 for each g € G’ and thus |G| = 2.3%. If |G’| > 3, then we can find g1, g, € G’

such that (g1) # (g2). Then

Ks =1UgY Ugy

is a subgroup of G of order 5, a contradiction. Thus |G’| = 3 and hence G ~ S3. [

Observe that if G satisfies (3), then |G| is even. It is easily seen that if

G2C4OI'GECQXC2,

then G satisfies (3). Conversely suppose that G is an abelian group satisfying (3).
Let p be an odd prime dividing the order of G and let 1y € G be of order p. Let

To € G be of order 2 and let

H =1Uzfua§ U (23)°.

Then H; is a subgroup of G containing x1, x5 but not xyx5. Thus G is a 2-group of
order bigger than 3. Suppose d(G) > 3 and let yy, y2, Y3 be three generators of G.

Let

Hy =10y uys uys.

Then H, is a subgroup of G containing ¥, y2 but not y;y,. Thus d(G) < 2. Suppose

d(G) =1 and let G = (z). Let

H=1Uz%U @)U (2*)°.
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Then H is a subgroup of G of order 4 containing G. Thus G is a cyclic group of

order 4. Now suppose d(G) = 2 and let G = (y, z). If |y| > 2, then |y| > 4. Let

K=1Uy%uU(y*)%u .

Then K is a subgroup of G containing y but not y3. Thus |y| = 2 and similarly
|z| = 2. Therefore G ~ Cy x Cy. For non-abelian groups, we have the following

theorem.

Theorem 5.2.3 A non-abelian group G satisfies (3) if and only if either G is iso-

morphic to Dy or to Ay, where Dy is the dihedral group of order 10.

Proof. 1t is easily seen that if G is isomorphic to Dj or to Ay, then G satisfies (3).
For the converse part, we proceed in a number of steps.

Step 1. G cannot be a 2-group.

Proof. Contrary assume that G is a 2-group. Suppose G has 3 or more non-central

conjugacy classes and let x¢, ¢ and 2§ be three of them. Then

H=1Uz¢uUua§uaf

is a subgroup of G of odd order, which is not possible. Thus G has at most two

non-central conjugacy classes. Suppose |Z(G)| > 2 and let

n#2neZ(G)—1, we G- Z(G).

Then

K=1Uzfuzfuw®
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is a subgroup of G of odd order, which is not possible. Therefore |Z(G)| = 2 and
G=1Uzf Uzl U2’

where z1, 29 € G—Z(G) and z; € Z(G) — 1. We show that Z(G) = G’. If not, then
either

G'=1Uzf Uzl or G =1Uz§ U2,

In either of the cases, G’ is a maximal subgroup of G. This implies that G/G" and
hence G is cyclic, which is not so. Thus Z(G) = G'. Therefore |2§| = |2§| = 2 and
|G| = 6, a contradiction. Hence G cannot be a 2-group.

Step 2. |Z(G)| = 1.

Proof. Assume |Z(G)| > 1 and let p be the largest prime dividing |Z(G)|. Suppose

p > 3. Let x € Z(G) be of order p, y € G be of order 2 and let

G

H=1Uz%U (%" uy®,

Then H is a subgroup of GG containing = and y but not containing xy, a contradiction.
Thus p = 2 and Z(G) is a 2-group. Let S be a Sylow 2-subgroup of G containing
Z(G). Let z € Z(G) be of order 2, w # z € S and u € G be of order g, where

q € II(G) is an odd prime. Then
K=1UzUwuu’

is a subgroup of G not containing zu. Thus S = Z(G) is the unique Sylow 2-subgroup
of G of order 2. Therefore |G/Z(G)| is odd and by Prop. 5.1.1, Re(G) = Re(Z(G)).
Let

L=1Uu’Uz%U (uz)°.
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Now u~! € L is of order ¢, therefore u=! € u“. Thus u is a real element of G — Z(G),
which is a contradiction to Re(G) = Re(Z(G)). Hence |Z(G)| = 1.

Step 3. |G| is divisible by exactly 2 distinct primes.

Proof. Suppose |G| is divisible by at least three distinct primes. We show that order
of every element of GG is a prime. Let z; € G be of order p;l and let x5, 23 € G be

of orders p, and p3 respectively, where py, ps, p3 are distinct primes and [ > 2. Then

H=1uzfuUasfua§

is a subgroup of G containing z; but not z}. This is a contradiction and thus every
element of G is of prime order. Let x € G be arbitrary and let |x| = p, a prime. Let
Y1,Y2 € G be of orders ¢y, g respectively, where q; # ¢» are primes different from p.

Let

K=1uUzuUyfuys.

Then 2™ is conjugate to x whenever m is relatively prime to p. Thus G is a rational
group with elementary abelian Sylow 2-subgroup and therefore G is a {2, 3} group
by Prop. 5.1.6. This is a contradiction to |II(G)| > 3 and hence |G| is divisible by
exactly 2 distinct primes.

Step 4. Order of every element of GG is prime.

Proof. By step 3, we can assume that

|G| — 9a b’

where p is an odd prime and a,b > 1. Let € G be arbitrary and let |x| = m. If

G contains an element of composite order, then we can choose two non-conjugate
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elements x,, x3 of orders different from m. Let
H =1Uz%Ua§uaf.

Then z" is conjugate to x whenever r is relatively prime to m. Thus G is a rational
group and hence G/G’ is an elementary abelian 2-group by Prop. 5.1.2 and Prop.
5.1.3. Let |G/G’'| = 2", where n < a, and let H be a Sylow 2-subgroup of G. Then
|G| = 2% b, |G'N H| =2%"" and

GlH]

GH|=——1—L —
| | |G' N H|

20pb = |G|.

It follows that G = G'H.
First suppose that H is abelian. Then G splits over G’ with H as complement
and G’ is a Sylow 3-subgroup of G by Prop. 5.1.6. Let h; and hy be two elements

of H and let hy = h§ for some g € G. Then
hy'hy e HNG =1

and thus h; = hy. Therefore distinct elements of H are not conjugate in G. Let
|H| > 2, hg € H be of order 2, and let hy(# h3) be a non-trivial element of H. Let

x4 € G be a 3-element and let
K=1Uh§ UhS Ua§.

Then K is a subgroup of G containing hs and hy but not hshy, a contradiction.
Thus |H| = 2 and hence |G| = 2.3°. Let h be the non-trivial element of H and
let 7, : G — G’ be defined by 7,(x) = h~'zh. It is easy to see that 75, is an

automorphism of G’ of order 2. Suppose y € G’ is such that 7,(y) = y. Then

y e Ce(H)=Z(H) = H,
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by Prop. 5.1.5. Thusy € G'NH = 1 and hence 7y, is a fixed-point-free automorphism
of G'. It then follows from Theorem 5.1.11 that G’ is abelian. Suppose G’ contains
an element, say w, of order bigger than 3. Since G is rational and (w) = (w*)
for more than two values of k, |w®| > 2. On the other hand since G’ is abelian,
G' < Cg(w) and thus |w®| = 2. A contradiction and thus G’ is an elementary

abelian 3-group. If |G’| > 3, then we can find y;,y2 € G’ such that (y1) # (y2). Let
K =1uUy%uy§ un.
Then y1,ys € K; but y1y2 ¢ K, because

v ={y.y '} and y§ = {y,y5 '}

Thus |G| = 3 and G ~ S3, a contradiction because S3 has only 2 non-trivial
conjugacy classes.
Now suppose that H is non-abelian. Let P be a Sylow p-subgroup of G. Let

hs, h¢ be two non-conjugate elements of Z(H) and let
Ky =1Uh§ URS U2,

where z; € Z(P). Since |Ks| is odd, K5 is a p-group containing elements of order 2,
which is not possible. Thus all the elements in Z(H) are conjugate and hence Z(H)
is an elementary abelian 2-group. We show that all involutions of H are conjugate.
Suppose there exists an involution hA in H which is not conjugate to some element

of Z(H). Let h; € H be of order bigger than 2. Let
Ks=1Uh®UhRS U C.

Then K3 is an odd ordered subgroup of G containing even ordered elements. A

contradiction and thus all involutions of H and hence of G are conjugate. Thus
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H ~ Qg by Prop. 5.1.4 and G ~ QsE, by Prop. 5.1.7, where p = 3 or 5. Let

e1,e2 € I/, — 1 be two non-conjugate elements and let hg € (Jg be of order 4. Let
Ky=1Uef Ue§ URS.

Then K, is an odd ordered subgroup of GG containing even ordered elements. A
contradiction and thus all non-trivial elements of E, are conjugate. Since |E,| = p°,
(p* — 1)|8 and thus |G| = 24, 40 or 72. Using GAP [60] it can be seen that the

groups with GAP 1Ds
[24,12],[72,15],[72,39], [72,40], [72,41], [72, 43] and [72, 44]

are the only groups with trivial center. None of these groups satisfy the hypothesis.
This is a contradiction and hence every element of G is of prime order.

Step 5. G ~ D5 or Ajy.

Proof. By steps 3 and 4,

|G| = 2%", a,b>1

and order of every element of G is either 2 or p. Let H be a Sylow 2-subgroup and
P be a Sylow p-subgroup of GG. First suppose that a = 1. For h € H, the map
An : P — P defined by A\,(z) = h~'zh is an automorphism of P of order 2. If
A, fixes some element, say x; € P, then G contains an element x1h of composite
order, which is not so. Thus ), is a fixed-point-free automorphism of P of order 2.
Therefore P is abelian by Theorem 5.1.11. By hypothesis, all the elements of P are
not conjugate. Let y1,yo € P be two non-conjugate elements. Since P is abelian,
i’ = | = 2. If

K=1uUy%uy§SunC,
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then |K| = p®+5 is more than half of |G|. Thus p®+5 = 2p® and hence p =5, b =1
and G ~ Ds.

Now suppose that a > 1. Since every element of GG is of prime order,

F(G) = 02(G) or F(G) = 0,(G).

Suppose F(G) = O,(G). Let S be an abelian non-cyclic subgroup of H. Since G
is solvable, Cq(F(G)) < F(G) by Theorem 5.1.9. Thus Cp)(xz) = 1 for every
1 # x € S, because otherwise G contains an element of composite order. It thus

follows from Theorem 5.1.10 that

F(G) = (Cre)(z)|r € S,z #1) =1,

a contradiction and hence every abelian subgroup of H is cyclic. Thus either H is
cyclic or H ~ @), by Theorem 5.1.12. Since H is elementary abelian, H ~ C5 and
hence a = 1, which is not so. Therefore F(G) = O2(G). If F(G) = O2(G) < H,

then since H is elementary abelian,

H < Co(F(G)) < F(G) < H,

a contradiction. Thus F(G) = O(G) = H and hence H is a normal subgroup of G.
Using similar arguments, as above used on H, we can see that P is cyclic of order p.
Therefore |G| = 2%p, a > 1. Suppose hy, hy € H are non-conjugate and let y; € P.
Let

K=1Uh¥UhnS Uy’

Then K is subgroup of G of odd order containing an element of order 2, a contra-

diction. Thus all the involutions in G are conjugate and hence |2%| = 2% — 1, where
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x is an involution. On the other hand since H = Cg(x), |z“| = p. By hypothesis,

GG contains at least two non-trivial non-conjugate elements v, yo of order p. Let
K =1Uafuyfuyd.
Then
2" —1+4+2°4+2°+1=2"p, n < a.

It follows that p = 3 and a = n, and since 2° — 1 = p =3, a = 2. Thus |G| = 12.
There are three non-abelian groups of order 12 viz. Ay, Dg and C5 x Cy, and it can

be easily seen that only A, satisfies the hypothesis. Thus G ~ Aj. O



List of References

[1] Adney, J. E. and Yen, T. Automorphisms of a p-group, llinois J. Math., 9

(1965), 137-143.

[2] Alperin, J. L. Groups with finitely many automorphisms, Pacific J. Math., 12

(1962), 1-5.

[3] Attar, M. S. On central automorphisms that fix the centre elementwise, Arch.

Math., 89 (2007), 296-297.

[4] Attar, M. S. Finite p-groups in which each central automorphism fizes centre

elementwise, Comm. Algebra, 40 (2012), 1096-1102.

[5] Bachmuth, S. Automorphisms of free metabelian groups, Trans. Amer. Math.

Soc., 118 (1965), 93-104.

[6] Ban, G. and Yu, S. Minimal abelian groups that are not automorphism groups,

Arch. Math., 70 (1998), 427-434.

[7] Berkovich, Y. Groups of Prime Power Order Volume 1, (Walter de Gruyter,

Berlin, 2008).

[8] Blackburn, N. On a special class of p-groups, Acta. Math., 100 (1958), 45-92.

61



62

List of References

[9]

[10]

[13]

[15]

[16]

Boner, C. M. and Ward, M. B. Finite groups with exactly two conjugacy classes

of the same order, Rocky Mountain J. Math., 31 (2001), 401-416.

Burnside, W. Theory of groups of finite order, 2nd Ed. Dover Publication, Inc.,

1955. Reprint of the 2nd edition (Cambridge, 1911).

Burnside, W. On the outer automorphsims of a group, Proc. London Math.

Soc. (2) 11 (1913), 40-42.

Camina, A. R. and Camina, R. D. The influence of conjugacy class sizes on
the structure of finite groups: A survey, Asian-European J. Math., 4 (2011),

559-588.

Curran, M.J. Semidirect product groups with abelian automorphism groups, J.

Austral. Math. Soc. Ser. A, 42 (1987), 84-91.

Curran, M. J. Finite groups with central automorphism group of minimal order,

Math. Proc. Royal Irish Acad., 104 A(2) (2004), 223-229.

Curran M. J. and McCaughan, D. J. Central automorphisms that are almost

inner, Comm. Algebra, 29 (2001), 2081-2087.

Dade, E. C. and Yadav, M. K. Finite groups with many product conjugacy

classes, Israel J. Math. 154 (2006), 29-49.

Darafsheh, M. R. and Sharifi, H. Sylow 2-subgroups of solvable (Q)-groups, Extr.

Math. 22 (2007), 83-91.

Dolfi, S., Pacifici, E. and Sanus, L. Finite groups with real conjugacy Classes of

prime size, Israel J. Math. 175 (2010), 179-189.



63

[19]

[20]

[21]

[22]

Feit, W. and Seitz, G. M. On finite rational groups and related topics, Illinois

J. Math., 33 (1988), 103-131.

Fuma, M. and Ninomiya, Y. “Hasse principle” for finite p-groups with cyclic

subgroups of index p?, Math. J. Okayama Univ. 46 (2004), 31-38.

Gaschutz, W. Nichtabelsche p-gruppen besitzen aussere p-automorphismen, J.

Algebra, 4 (1966), 1-2.

Gavioli, N. The number of automorphisms of the groups of order p’, Math.

Proc. Roy. Irish Acad. Sect. A, 93 (1993), 177-184.

Gorenstein, D. Finite Groups, Harper and Row, New York, (1968).

Gumber, D. and Kalra, H. On the converse of a theorem of Schur, Arch. Math.,

101 (2013), 17-20.

Gumber, D. and Kalra, H. Finite p-groups with central auto-
morphism  group of minimal order, Communicated. Available at

http://arxiv.org/pdf/1305.6440.pdf

Hall, P. The classification of prime power groups, Journal fur die reine und

angewandte Mathematik 182 (1940), 130-141.

Hall Jr., M. and Senior, J. K. The groups of order 2" (n < 6) (Macmillan).

Heineken, H. Nilpotente Gruppen, deren samtliche Normalteiler charakteristisch

sind, Arch. Math. (Besel) 33 (1980), No. 6, 497-503.



64

List of References

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

Hertweck, M Contributions to the integral representation theory of groups, Ha-
bilitationsschrift (University of Stuttgart) (2004). Available at http://elib.uni-

stuttgart.de/opus/volltexte/2004 /1638

Herzog, M. and Schonheim, J. On groups of odd order with exactly two non-

central conjugacy classes of each size, Arch. Math., 86 (2006), no. 1, 7-10.

Hilton, P. On a theorem of Schur, Int. J. Math. Math. Sci., 28 (2001), 455-460.

Jafari, S. H. Central automorphisms groups fizing the center element-wise, Int.

Electron. J. algebra, 9 (2011), 167-170.

James, R. The groups of order p°(p an odd prime), Math. Comp. 34 (1980),

613-637.

Jonah, D. and Konvisser, M. Some non-abelian p-groups with abelian automor-

phism groups, Arch. Math., 26 (1975), 131-133.

Kalra, H. and Gumber, D. On equality of central and class preserving automor-

phisms of finite p-groups, Indian J. Pure and Appl. Math., (Accepted).

Kalra, H. and Gumber, D. A note on conjugacy classes of finite groups, Proc.

Indian Acad. Sci. (Math. Sci.), (Accepted).

Karan, R. and Narain, S. Some remarks on conjugate closed groups, Indian J.

Pure Appl. Math., 42 (2011), 249-257.

Kletzing, D. Structure and representations of )-groups, Lecture Notes in Math.

1084, Springer-Verlag, 1984.



65

[39]

[40]

[43]

[44]

[45]

[46]

Kumar, M. and Vermani, L. R. “Hasse principle” for extraspecial p-groups,
Proc. Japan Acad. 76, Ser. A, No.8 (2000), 123-125.

Kumar, M. and Vermani, L. R. “Hasse principle” for the groups of order p*,
Proc. Japan Acad. 77, Ser. A, No. 6 (2001), 95-98.

Kumar, M. and Vermani, L. R. On automorphisms of some p-groups, Proc.
Japan Acad. 78, Ser. A, No. 4 (2002), 46-50.

Macdonald, 1. D. Some p-groups of Frobenius and extra-special type, Israel J.
Math., 40 (1981), 350-364.

Markel, F. M. Groups with many conjugate elements, J. Algebra 26 (1973),
69-74.

Morigi, M. On the minimal number of generators of finite non-abelian p-groups
having an abelian automorphism group, Comm. Algebra, 23(6) (1995), 2045-
2065.

Neumann, B. H. Groups with finite classes of conjugate elements, Proc. London
Math. Soc., 1 (3) (1951), 178-187.

Niroomand, P. The converse of Schur’s Theorem, Arch. Math., 94 (2010), 401-
403.

Ono, T. “Hasse principle” for PSLy(Z) and PSLy(F),), Proc. Japan Acad. 74
Ser. A (1998), 130-131.

Ono, T. “Shafarvich-Tate” sets for profinite groups, Proc. Japan Acad. 75 Ser.

A (1999), 96-97.



66

List of References

[49]

[50]

[51]

[52]

[53]

[54]

[58]

Omno, T. “Hasse principle” for GLy(D), Proc. Japan. 75 Ser. A (1999), 141-142.

Ono, T. and Wada, H. “Hasse principle” for free groups, Proc. Japan Acad. 75

Ser. A (1999), 1-2.

Ono, T. and Wada, H. “Hasse principle for symmetric and alternating groups,

Proc. Japan Acad. 75 Ser. A (1999), 61-62.

Robinson, D. J. S. A course in the theory of groups, New York Inc.: Springer-

Verlag, 1996.

Rose, H. E. A course on finite groups, London, Springer-Verlag, 2009.

Sag, T. W and Wamsley, J. W. Minimal presentations for groups of order 2",

n < 6, J. Aust. Math. Soc., 15 (1973), 461-469.

Sah, C. H. Automorphisms of finite groups, Journal of Algebra 10 (1968), 47-68.

Schur, 1. Uber die Darstellung der edlichen Gruppen durch gebrochene lineare
Substitutionen, Journal fur die reine und angewandte Mathematik, 127 (1904),

20-50.

Sharma, M. and Gumber, D. On central automorphisms of finite p-groups,

Comm. Algebra, 41 (2013), 1117-1122.

Sury, B. A generalization of a converse of Schur’s theorem, Arch. Math., 95

(2010), 317-318.

Suzuki, M. Group Theory II, Springer-Verlag, 1986.



67

[60]

[61]

[62]

[64]

[65]

[66]

[67]

[68]

[69]

The GAP Group, GAP - Groups, Algorithms, and Programming, Version 4.4.12,

2008 (http://www.gap-system.org).

Wada, H. “Hasse principle” for Sl, (D), Proc. Japan Acad. 75 Ser. A (1999),

67-69.

Wada, H. “Hasse principle” for Gl,(D), Proc. Japan Acad. 76 Ser. A (2000),

44-46.

Wall, G. E. Finite groups with class preserving outer automorphisms, J. London

Math. Soc. 22 (1947), 315-320.

Ward, M. B. Finite groups in which no two distinct conjugacy classes have the

same order, Arch. Math., 54 (1990), 111-116.

Yadav, M. K. On automorphisms of some finite p-groups, Proc. Indian Acad.

Sci. (Math Sci.) 118 (1) (2008), 1-11.

Yadav, M. K. On central automorphisms fizing the center element-wise, Comm.

Algebra, 37 (2009), 4325-4331.

Yadav, M. K. Class preserving automorphisms of finite p-groups-A Survey,

Groups St. Andrews, LMS Lecture Note Series 388, Vol. 2 (2011), 569-579

Yadav, M. K. On finite p-groups whose central automorphisms are
all  class-preserving, to appear in Comm. Algebra. Available at

http://arxiv.org/pdf/1208.3046.pdf

Yadav, M. K. Converse of Schur’s theorem- a statement, available at

http://arxiv.org/pdf/1212.2710.pdf





