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Preface 
To study the geometry of a manifold , it is more convenient to first embed into a known 

manifold and then study its geometry. This approach gave impetus to study of 

submanifold which later developed into an independent and fascinating topic of study. 

The submanifold of an almost Hermitian manifold presents an interesting geometric study 

as its almost complex structure transform a vector into a vector perpendicular to it. Thus 

in turn , gives rise to two types of submanifolds , namely invariant and anti-invariant 

submanifolds. These are also known as holomorphic and totally real submanifold. These 

submanifolds were extensively studied by many differential geometrs. A Bejancu [1] in 

1978 introduced the notion of CR-submanifolds of a Kaehler manifold which generalize 

the holomorphic and totally real submanifolds , after that B.Y. Chen [3] studied CR-

submanifold of Kaehler manifold. 

                     Chapter I is introductory and serves. The purpose of developing the basic 

concepts keeping in view the pre-requisities of the subsequent chapters.  

                     Chapter II is introductory chapter of CR-submanifold of a Kaehler manifold. 

This chapter contains some basic results of CR-submanifold of a Kaehler manifold . All 

the results of this chapter are by B.Y.Chen from his paper “CR-submanifold of a kaehler 

manifold’’. 

                    Chapter III is the second technical chapter which deals with the generic 

submanifold of a kaehler manifold. Its contents are essentially the results obtained by 

B.Y. Chen in his paper “ Differential geometry of real submanifold of a Kaehler manifold 

’’[4]. The generic submanifold are natural generalization of holomorphic , totally real and 

CR-submanifold. In this paper B.Y. Chen studied integrability condition of holomorphic 

and totally real distribution and totally geodesicness of leaves of these distributions.       
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Chapter I 

Introduction 
The purpose of this chapter is to introduce the basic concepts , preliminary notions and 

some fundamental results ,which we require for the development of the subject in the 

present dissertation. Thus we have given a brief resume of some of the results in the 

geometry of almost hermitian manifolds and the allied structure and the geometry of 

submanifolds of the manifolds. Much though all the results are readily available in review 

articles and some in standard books e.g. Nomizu and Kobyashi [5] , B.Y. Chen [2]. In 

this chapter we have also fix up our notions and terminology.  

 

 

Topological Manifold (1.1.1).A Manifold M  of n-dimension is a Hausdorff Topological 

space which is locally Euclidean i.e. ∃∈∀   Mx   a neighbourhood U  of  Mx∈ , and a 

homeomorphism φ  of U onto an open set in nIR . The dimension nR is called the 

dimension of manifold.  

 

Chart(1.1.2): Let M  be a set . A chart on M is a pair ),( Uφ consisting of a subset U  of 

  M  and a 1-1 map φ of  U  onto an open set in nR . 

Two charts ),( 11 Uφ  and ),( 22 Uφ  are said to be rC - related, if either φ=∩ 21 UU  or 
1

21
−οφφ and 1

12
−οφφ  are rC functions. 

 

Atlas(1.1.3): The collection of all charts is called atlas. 

 

Differentiable Manifold(1.1.4): Let ),( iiU φ and ),( jjU φ be two charts on M  such that 

.φ≠∩ ji UU  Any point ji UUp ∩∈ shall have two local coordinate system, 

)..,.........()(),..,.........()( 11 n
j

n
i yypxxp == φφ   say the two coordinate system are related as 
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follows. We require that the mapping )()(:1
jijjiiij UUUU ∩→∩− φφοφφ be 

differentiable of class kC . Then we say that the atlas on M  is a differentiable of class           
kC . If FyU iii ∈),( φα  is a maximal family of charts. M  equipped with a maximal 

differentiable structure of class kC is then called differentiable manifold of class kC  of  
1−

ijοφφ is ∞C function then M  is called smooth manifold. 

}1|),{()( 2221 =+∈= yxRyxSi      is a one – dimensional differentiable manifold. 
2)( Sii      (2 dimension sphere) is  a differentiable manifold. 
 )( nSiii   is n - dimension differentiable manifold. 

nRRRiv ........,)( 2   are differentiable manifold. 

 

Tangent vector(1.1.5): A tangent vector mX  at  Mm∈  is a real valued function on 

)(mC∞   

i.e.,                                     IRmCX m →∞ )(:   such that 

(a) IRbagbXfaXbgafX mmm ∈+=+ ,       )( . 

(b) fXmggXmffgX mmm )()()( +=  

where )(, mCgf ∞∈ and IRba ∈, . 

 

Tangent space(1.1.6): A tangent space MTm  to M at a point Mm∈  is the set of all 

tangent vectors of Mm∈ . 

 

Vector field(1.1.7): Vector field X on a manifold M is a smooth mapping which to each 

Mm∈ assigns a tangent vector )(MTX mm ∈ . Locally we can express i
i

x
X

∂
∂

= ξ  where 

iξ are differentiable functions, moreover, for         )().( MCXfMCf ∞∞ ∈∈ i.e. 

MmfXmXf m ∈=             )( . 
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Alternatively, we can define a vector field X on M ; a derivation of the algebra )(mC∞  

i.e., 

)()(: MCMCX ∞∞ →  such that 

(a) bXgaXfbgafX +=+ )(  

(b) )()()( XfgXgffgX +=  

for all )(, MCgf ∞∈  and IRba ∈, . 

Set of all vector fields is denoted by )(' MD . 

 

Sub-Manifold(1.1.8): If M  and N  satisfy the following two conditions, then N  is 

called a submanifold of M . 

1. N  is a subset of M . 

2.  The identity map MNi →:  is an imbedding of N  into M . 

For example }1|),{( 221 =+= yxyxS  is the one-dimensional submanifold of 2R . 

 

Riemannian Manifold(1.1.9): If on a ∞C manifold M , there exist a metric g  on 

MT satisfying the following conditions  

)(a   g  is (0,2) tensor. i.e., g is bilinear on MT . 

.,),(),()( MTYXXYgYXgb ∈∀=                

00),()( =⇒∈∀= YMTXYXgc                               

0,0),()( ≠≥ XXXgd       

then g  is called Riememannian metric and ),( gM  is called Riemannian manifold. 

 

Structures on manifold 

 
Almost complex structure(1.1.10): An almost complex structure on a real differentiable 

manifold M is a tensor field J which is at every point ,MP∈ an endomorphism of the 
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tangent space )(MTP , such that IJ −=2  where I  denotes the identity transformation. 

A manifold with a fixed almost complex structure is called an almost  complex manifold.  
          On an almost complex manifold there always exist a Riemannian metric g  

consistent with the almost complex structure J i.e; satisfying   

)(,),(),( MTVUVUgJVJUg ∈∀=         

and here g  is called Hermitian metric and an almost complex manifold with a Hermitian 

metric is called an almost Hermitian manifold. 

By the virtue of which g is called a Hermitian Metric and an almost complex manifold 

with a hermitian metric is called an  Almost Hermitian Manifold. 

 Example : An endomorphism 44: IRIRJ →  defined by  

                                    ),,,(),,,( ZWXYWZYXJ −−=  

is an almost complex structure and 4IR  is called an almost complex manifold. 

Example: An endomorphism 66: IRIRJ → defined by 

                                         J(X,Y,Z,T,U,V)=(-Y,X,-T,Z,-V,U) 

is also an almost complex structure and 6IR is an almost complex manifold. 

 

Nijenhuis tensor (1.1.11) 

         The Nijenhuis Tensor S of J is defined as  

                              U,JV]J[U,JV]-[JJ[JU,V][U,V]S(U,V) ++=  

 and we can verify that   

                                        -JS(U,V)S(U,JV)  S(JU,V) ==  

Proof:  

                 ],[],[],[],[),( 22 JVUJJVJUJVUJJVJUVJUS −++=                             

                                  ],[],[],[],[ JVUJVJUJVUJVJU ++−=                            (1.1.2) 

 and           ],[],[],[],[),( 22 VJJUVJUJJVJUJJVUJVUS −++=  

                                  ],[],[],[],[ VJUVUJJVJUJJVU +−+=                          (1.1.3) 

and   

             ]},[],[],[],{[),( JVJUJVUJVJUJVUJVUJS −++−=−  
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                      }{ JUJVUJJVJJUJVJUVJ JVJUJVUVJUVU ∇+∇−∇−∇+∇−∇+∇−∇−=   

                     JUJJVJUJVJUVUJVJ JVJUJVUVJUVU ∇−∇+∇−∇+∇−∇+∇+∇−=  

                     ],[],[],[],[ VJUVUJJVJUJJVU +−+=                                             (1.1.4) 

From equation (1.1.2) , (1.1.3) and (1.1.4) we get : 
                                                -JS(U,V)S(U,JV) S(JU,V) ==  

 hence proof is completed. 

 

If we extend the Riemannian Connexion to be a derivation ∇  of M  then we have the 

following formula : 

                                               VJJVVJ UUU ∇−∇=∇ )(                                      (1.1.5) 

 

Kaehler Manifold (1.1.12). A Hermitian metric on an almost complex manifold is called 

a Kaehler metric if the fundamental two form is closed  i.e. , ( JU∇ )V = 0. A complex 

manifold euipped with a Kaehler metric is said to be Kaehler manifold. In other words, an 

almost complex manifold M  is Kaehler manifold if  

                                                            ( JU∇ )V = 0 

for all U,V in )(MT . In this case the connexion ∇  on M  is said to be Kaehlerian 

connexion. 

 

 

                                                  Submanifold Theory                                     (1.2) 

 Let M  be the submanifold of manifold M  , then the tangent vectors of )(MT  which are 

normal to T(M) form the Normal bundle )(MT ⊥  of  M . Hence for every point Mp∈ , 

the tangent space )()( MT pf  of M  admits the following decomposition : 

                                            )()()()( MTMTMT pppf
⊥+=  
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The Riemannian connexion ∇  of M  induces canonically the connexion ∇  and D on 

T(M) and on the normal bundle )(MT ⊥ respectively governed by the Gauss and 

Weingarten formulae: 

 

Gauss formula: 

                                                    ),( VUhVV UU +∇=∇                                          (1.2.1) 

Weingarten formula: 

                                                    ξξ ξ UU DUA +−=∇                                             (1.2.2) 

where U,V are tangential vector fields on M and )(MT ⊥∈ξ , h and ξA are second 

fundamental forms and are related by  

                                              ),()),,(( VUAgVUhg ξξ =                                        (1.2.3) 

 

Holomorphic submanifold (1.2.1)[2]. A submanifold M of an almost Hermition 

manifold M  is said to be holomorphic or invariant  if  

                                                   )())(( MTMTJ pp = , 

for all Mp∈ . 

 

 

Totally Real submanifold (1.2.2)[2]. A submanifold  M of an almost Hermitian 

manifold M  is said to be totally real or anti-invariant  if  

                                           )())(( MTMTJ pp
⊥⊆ , 

for all Mp∈ . 

 

A new class of submanifolds of an Hemitian manifolds was defined and simplified by A. 

Bejancu and the above classes namely invariant and totally real submaniflod are 

particular  cases  of  that  class  and  that  class  is  named  as CR- submanifold  i.e. 
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CR-submanifold provides a single setting to study the invariant and anti-invariant 

submanifolds of an almost Hermitian manifold. 

             Let M  be an almost Hermitian manifold with an almost complex structure J and 

Hermitian metric g , and let M  be a submanifold . At each point Mp∈ , let pD be the  

maximal holomorphic subspace of the tangent space )(MTp  i.e. , 

                                                )()( MJTMTD ppp ∩= . 

If the dimension of pD is same for all Mp∈  we get a holomorphic distribution D on M. 

 

CR – submanifold (1.2.3)[3]. A Riemannian submanifold is said to be CR-submanifold 

of an almost Hermitian manifold M  if there exist on M a holomorphic distribution D 

such that its orthogonal complementary distribution ⊥D  is totally real i.e. 

)(MTJD p
⊥⊥ ⊆ . 

For example: Let 4IR  be an almost Hermitian manifold with an almost complex 

structure  66: IRIRJ → defined by  

                                                 J( x,y,z,t,u,v ) = (-y,x,-t,z,-v,u) 

 Now ,   

                                                 J(x,y,0,0,0,0) = (-y,x,0,0,0,0) 

 and                                         J(0,0, z,0,0,0) = (0,0,0,z,0,0) 

 Now we get XY- plane as a holomorphic distribution D and Z-plane as a totally real 

distribution ⊥D , so 3IR  is CR- submanifold of an almost Hermitian manifold 6IR . 

 

Remark: We observe from the above definition that the dimension of D is always even 

and ⊥JD  being a sub bundle of )(MT ⊥ , the normal bundle splits as , 

                                                       ν⊕= ⊥⊥ JDMT )(  

where ν  is complement of ⊥JD  in )(MT ⊥  and here ν  is invariant under J. 

Verification: To prove that ν  is invariant under J. 

 Let νξ ∈  and  ⊥∈DZ  then ⊥∈ JDJZ , thus  

                                                     0),(),( == ZgJZJg ξξ . 
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Hence νξ ∈J , which proves that ν  is invariant under J. 

 

Definition (1.2.4)[3]. A CR- submanifold M is said to be proper  if neither D nor 

}0{=⊥D . Obviously if D = {0} then M is totally real submanifold and if }0{=⊥D , then 

M  is holomorphic submanifold . 

 

Definition (1.2.5)[3]. A CR- submanifold M  is called anti-holomorphic submanifold if 

)(MTJD pp
⊥⊥ =  for all Mp∈ . 

   

                                                   CR- product                                          (1.3)                      
A CR- submanifold M  is called a CR- product if it is locally a Riemannian product of a 

holomorphic submanifold  TM  and a totally real submanifold ⊥M . 

               From the above definition for a CR- product submanifold , the leaves of  D and 
⊥D  are totally geodesic in M and vice - versa. The leaves of a distribution D on a 

manifold M are totally geodesic in M if and only if DYX ∈∇  for all DYX ∈, . Thus in 

the setting of CR- submanifold of an almost Hermitian manifold , the leaves of D are 

totally geodesic in M  if and only if  

                                                           DYX ∈∇                                                       (1.3.1) 

for all DYX ∈, . Which is equivalent to the conditions 

                                                           ⊥∈∇ DWX                                                     (1.3.2) 

for all DX ∈ and ⊥∈DW . 

Let  DYX ∈∇     ∀  DYX ∈, , we have 

                                            0),( =∇ ZYg X    for  ⊥∈DZ    

                              0),)((),()),(( =∇−∇−∇ ZYgZYgZYg XXX       

                             )},(),(),)(()),(({ WZgWZgWZgWZg XXXX ∇+∇+∇=∇Q  

Now , we get                              0),( =∇− ZYg X  

                                                     0),( =∇ ZYg X  

 therefore ,                                        ⊥∈∇ DZX . 
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Hence both are equal. 

Similarly for the totally geodesicness of the leaves of ⊥D , the conditions  

                                                         ⊥∈∇ DWZ                                                           (1.3.3) 

 and  

                                                          DXZ ∈∇                                                           (1.3.4) 

for X in D and Z,W ⊥∈D are equivalent. 

Let  ⊥∈∇ DWZ  ∀  ⊥∈DWZ , , we get 

                                                 0),( =∇ XWg Z     for DX ∈  

                               0),)((),()),(( =∇−∇−∇ XWgXWgXWg XZZ  

                                                       0),( =∇− XWg Z  

                                                          0),( =∇ XWg Z  

thus ,                                                      DXZ ∈∇ . 

Hence both are equivalent. 

From the definition (1.3) , a CR- submanifold is a CR- product if and only if the leaves of 

D and ⊥D  are totally geodesic in M. Hence combining (1.3.1) and (1.3.4), we  conclude 

that a CR- submanifold of an almost Hermitian manifold is a CR- product if and only if  

                                                            DXU ∈∇                                                       (1.3.5) 

for all )(MTU ∈  and DX ∈ . 

Similarly, combining equations (1.3.2) and (1.3.3), it is concluded that a CR- 

submanifold is CR-product if and only if 

                                                            ⊥∈∇ DZU                                                     (1.3.6) 

for all )(MTU ∈  and ⊥∈DZ . Condition (1.3.5) and (1.3.6) are equivalent because      

                                          0),(0),( =∇⇔=∇ ZXgZXg UU . 

Let   0),( =∇ ZXg U  , then we get 

                                0),)((),()),(( =∇−∇−∇ WZgZXgZXg UUU  

                                                       0),( =∇− ZXg U                     

                                                         0),( =∇ ZXg U . 
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 Conversely , let  0),( =∇ ZXg U  

                                0),)((),()),(( =∇−∇−∇ ZXgZXgZXg UUU  

                                                      0),( =∇− ZXg U  

hence ,                                            0),( =∇ ZXg U  

 

For any vector field U tangent to M , we put 

                                                          JU = PU+FU                                                    (1.3.7) 

where PU  and FU are the tangential and normal components of  JU  respectively. Then 

P is an endomorphism of the tangent bundle T(M) and F is a normal bundle valued one 

form on T(M) . It is easy to observe that DPU ∈  and ⊥∈ JDFU .  

Similarly for any vector ξ  normal to M , if we put 

                                                         ξξξ ftJ +=                                                     (1.3.8) 

with ξt  and ξf  as tangential and normal components of  ξJ  respectively then f can be 

treated as endomorphism of the normal bundle )(MT ⊥  and t , a tangent bundle valued 

one form on  )(MT ⊥  . 

some observations: 

(1) For any DPUMTU ∈∈ ),(  and ⊥∈ JDFU . 

(2) For any ⊥⊥ ∈∈ DtMT ξξ ),(  and νξ ∈f . 

Verification: 

(1) For U )(MT∈  and ⊥∈DZ  

                                                ),(),( ZJUgZPUg =  

                                                      ),(),( JZUgZPUg −=  

            As )(MTJZ ⊥∈ , we get 

                                                               0),( =ZPUg  

         thus ,                                                  DPU ∈ . 

         For ,νξ ∈                               ),(),( ξξ JUgFUg =  

                                                       ),(),( ξξ JUgFUg −=  
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                                                             ),( ξFUg  = 0 . 

        Therefore ,                                       ⊥∈ JDFU  

(2) For )(MT ⊥∈ξ  and DX ∈  

                                                ),(),( XJgXtg ξξ =  

                                                ),(),( JXgXtg ξξ −=  

                                                    0),( =Xtg ξ  

so ,                                                   ⊥∈Dtξ . 

For )(MT ⊥∈ξ  and ⊥⊥ ∈∈ JDJZDZ   then  , 

                                              ),(),( ξξ JJZgfJZg =  

                                              ),(),( ξξ ZgfJZg =  

                                                  0),( =ξfJZg . 

Therefore νξ ∈f ,hence proved. 
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                                            Chapter II 

Some basic results for CR-submanifold of 

a Kaehler manifold 
In this chapter we have taken some basic results of CR-submanifold of a Kaehler 

manifold. All the results of this chaper are due to B.Y. Chen[3]. The notations and 

symbols are kept same throughout the chapter e.g. M denotes a CR- submanifold of a 

Kaehler manifold M , vectors U,V etc. are taken as vectors tangential to M ;  X,Y are 

vectors in the holomorphic distribution D on M and Z,W etc. denote the vectors in the 

totally real distribution ⊥D  on M. In the decomposition  

                                                      JU = PU+FU 

 and  

                                                    ξξξ ftJ +=      

it has been observed that  

                                                 ⊥∈∈ JDFUDPU ,      

for all U in T(M) and ⊥∈Dtξ  and νξ ∈f .  

For all νξ  , )(MT ⊥∈  is the orthogonal complement of ⊥JD  and is invariant under J, 

i.e. , 

                                          ν⊕= ⊥⊥ JDMT )(  ,  ν⊥⊥JD  

 

Some basic results (2.1). 

Consider JZU∇  for any  )(MTU ∈  and ⊥∈DZ . Using Gauss and Weingarten equations 

and the fact that  0=∇ JU  we get  

                                           JZDAZUJhZJ UJZU +−=+∇ ),(                                 (2.1.1) 

Verification:  We  have , 

                                                  ZJZJJZ UUU ∇+∇=∇ )(       

 using Weingarten and Gauss formula , we get  

                                         )),(( ZUhZJJZDUA UUJZ +∇=+−          }0{ =∇ JUQ  
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                                         JZDUAZUJhZJ UJZU +−=+∇ ),(         

 hence proved. 

 

Lemma (2.1.1)[3]. Let M be a CR- submanifold of a Kaehler manifold M  , then  

                                                                                  ),(),( XUJAgXZg JZU =∇           (2.1.2) 

                                                                                                      ZAWA JWJZ =   (2.1.3)                            

                                                                                                    JXAXAJ ξξ −=   (2.1.4)                             

                                                                                          

Lemma(2.1.2)[3]. Let M be a CR- submanifold of Kaehler manifold M .Then for any 
⊥∈DWZ , , we have 

                                                 ⊥∈− JDJWDJZD ZW                                             (2.1.5) 

 

 Lemma (2.1.3)[3]. Let M be CR- submanifold of a Kaehler manifold M . Then D is 

integrable if and only if  

                                         )),,(()),,(( JZYJXhgJZJYXhg =                            (2.1.6) 

for any vector field DYX ∈,  and ⊥∈DZ . 

 

Lemma (2.1.4)[3]. For a CR- submanifold M  in a Kaehler manifold M  , the leaf ⊥M  of 
⊥D  is totally geodesic in M if and only if  

                                                    0)),,(( =⊥⊥ JDDDhg                                       (2.1.7) 

 

Lemma (2.1.5)[3]. The leaves of the holomorphic distribution D on a CR- submanifold 

M of a Kaehler manifold M  are totally geodesic in M  if and only if  

                                                      0)),,(( =⊥JDDDhg                                         (2.1.8) 
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Lemma (2.1.6)[3]. If (2.1.7) holds and D  is integrable then for any DX ∈  and ⊥∈ JDξ , 

                                                       XJAJXA ξξ −=                                            (2.1.9) 

 

                                  CR- product in Kaehler manifold                          (2.2) 

 A CR- submanifold M of a Kaehler manifold is called a CR- product if it is locally the 

Riemannian product of a holomorphic submanifold TM  and a totally real submanifold 
⊥M  of  M. 

                      Now making use of Lemma (2.1.4) and Lemma (2.1.5) , it follows that a 

CR- submanifold with integrable distribution , is CR- product if and only if  

                                                                0=⊥ DAJD                                                               

Verification: From lemma (2.1.4) and (2.1.5) , we have  

                                                       0)),,(( =⊥⊥ JDDDhg                                 

  and                                                 0)),,(( =⊥JDDDhg . 

 From the above equations , we get  

                                                           0),( =⊥
⊥ DDAg

JD  

 and                                                     0),( =⊥ DDAg JD            {using equation (1.2.3)} 

so , we conclude that                                 0=⊥ DAJD . 

Hence proved. 

 

Theorem (2.2.1)[3]. A CR-submanifold M of a Kaehler manifold M  is a CR- product if 

and only if  0=∇P . 

 

                                       CR- submanifold with ∇F=0                                   (2.3) 

On a CR- submanifold M in a Kaehler manifold M  , there is a canonical normal bundle 

valued one form F on T(M) and a tangent bundle valued one form t on )(MT ⊥  . In this 

section we shall classify CR- submanifold with parallel F . 
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Lemma (2.3.1)[3]. For any vector field U,V tangent to M and ξ  normal to M, we have 

                                            UPAUAt fU ξξξ −=∇ )(                                            (2.3.1)  

                                       ),()( ξξ ξ tUhUFAfU −−=∇                                        (2.3.2) 

                                     ),(),()( PVUhVUfhVFU −=∇                                     (2.3.3) 

   

 

Proposition (2.3.1)[3]. Let M be a CR- manifold of a Kaehler manifold M  . Then 

0=∇F  if and only if 0=∇t . 
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                                           Chapter III 

                 Generic submanifold of a Kaehler manifold 

Given a real submanifold M of a complex manifold M  , the tangent bundle T(M) of M is 

not invariant under the complex structure J of M , it is   therefore , natural to explore the 

holomorphic distribution and its complementary distribution on M. The generic 

submanifold are the outcome of this approach of study . B.Y. Chen [4] introduced these 

submanifolds and has studied them in the setting of Kaehler manifolds. CR-submanifolds 

are a special case of these submanifolds. This class of submanifolds in the Kaehler 

manifolds is studied in this chapter . 

 Let M  be a real submanifold of a Kaehler manifold M , with an almost complex 

structure J. Define  

                                               )()( MJTMTD xxx ∩=    ,  ,Mx∈  

the maximal complex subspace of the tangent space )(MTx . If the dimension of xD is 

constant along M and it defines a differentiable distribution on M, then M is said to be a 

generic submanifold . The distribution D is then called a holomorphic distribution. A 

generic submanifold M  in a Kaehler manifold is a purely real( respectively , complex) if 

}0{=xD (repectively , )(MTD xx = ) . Obviously, if the orthogonal complementary 

distribution ⊥D  of  D in T(M) is totally real i.e. , )(MTJD x
⊥⊥ ⊂ . Then M is a CR- 

submanifold of M  i.e. CR- submanifold is a special case of generic submanifold . A 

generic submanifold is said to be proper if it is neither a complex submanifold nor a 

purely real submanifold . 

 

Some properties (3.1) 

Let xv be the vector space of the holomorphic normal vector of M  at x  i.e. , 

                                                   )()( MJTMTv xxx
⊥⊥ ∩= , 

then xv  defines a differentiable vector sub-bundle of )(MT ⊥ . We have the following 

observation : 
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(1)  ⊥⊥ xx DD  

(2)  ⊥⊥ ⊆ xx DPD    

(3)  }0{=∩ ⊥⊥
xx JDD  

(4)  ν⊕= ⊥⊥ FDMT )(  

(5)  ⊥⊥ = DMTt ))((  

(6)  0),( =⊥ νFDg  

Verification:  

(1) Clearly xD  and ⊥
xD  are orthogonal to each other , so it follows from the  definition.  

(2)   For DX ∈  and ⊥∈DZ , we know D is invariant under J  so DJX ∈ , 

       then                      ),(),(),(0 FZPZXgJZXgZJXg +−=−==    

                                       ),(),(),( PZXgFZXgPZXg −=−−=  

       so , we get                              0),( =PZXg  i.e. ,  XPZ ⊥ . 

       Therefore ,                                  ⊥∈DPZ    ∀ ⊥∈DZ  , 

       this verifies the assertion. 

(3)  Let  ⊥⊥ ∩∈ xx JDDZ   then  ⊥∈ xDZ   and ⊥∈ xJDZ . 

       Now , ⊥∈ xJDZ   then  )( ⊥∈ xJDJJZ  i.e. , ⊥∈ xDJZ  

      we have  ⊥∈ xDZ  and ⊥∈ xDJZ  which shows that Z is invariant under J.  But ⊥D  

       is totally real , therefore Z= 0 

       i.e. ,                                                }0{=∩ ⊥⊥
xx JDD          

       hence proved. 

(4)  From the definition we get that  the normal bundle )(MT ⊥  is divided into two parts              

     ⊥FD  and ν , so the result follows from definition. 

 

(5)  For  ∈ξ )(MT ⊥  and  DX ∈  

                                            0),(),(),( =−== JXgXJgXtg ξξξ   

     so , ⊥∈Dtξ  therefore  ⊥⊥ ∈DMTt ))(( , 
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     on the other hand ))(( MTtD ⊥⊥ ⊆  (obviously true), 

     then                                           ))(( MTtD ⊥⊥ =   hence proved. 

(6)  By definition , ⊥FD  is the orthogonal complementary distribution of ν  , then         

                                                        0),( =⊥ νFDg  

        the result follows from the definition. 

 

 

Some basic results (3.2) 

Throughout the chapter , we will assume M to be a generic submanifold of a Kaehler 

manifold M . As M  is Kaehler , 

                                                       VJJV UU ∇=∇  

for all U,V )(MT∈ , by using (1.3.7) equation and Gauss formula , we get  

                                         
),(

)),(()(

VUJhVJFVPV

VUhVJFVPV

UUU

UU

+∇=∇+∇

+∇=+∇
     

Now using the equations (1.3.7) , (1.3.8) and Gauss and Weingarten’s formula , we get  

      ),(),(),( VUthVUfhVFVPFVDUAPVUhPV UUUFVU ++∇+∇=+−+∇  

equating the tangential parts of the equation , we get  

                                            ),( VUthVPUAPV UFVU +∇=−∇  

                                             UAVUthVPPV FVUU +=∇−∇ ),(            

                                                  UAVUthVP FVU +=∇ ),()(                                     (3.2.1)                       

now equating the normal parts of the equation , we get 

                                    ),(),( VUfhVFFVDPVUh UU +∇=+  

                                       ),(),( PVUhVUfhVFFVD UU −=∇−                    

                                             ),(),()( PVUhVUfhVFU −=∇                                    (3.2.2) 

now for  ∈ξ )(MT ⊥ , we have 

                                                          ξξ UU JJ ∇=∇  

using equation (1.3.8) and Weingarten fomula , we get           
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                                                )()( ξξξ ξ UU DUAJft +−=+∇         

                                              ξξξ ξ UUU JDUJAft +−=∇+∇  

now using equations (1.3.7) , (1.3.8) and Gauss and Weingarten formula , we get 

                      ξξξξξ ξξξ UUUfU fDtDUFAUPAfDUAtUht ++−−=+−+∇ ),(  

equating the tangential parts , we get  

   ξξ ξξ UfU tDUPAUAt +−=−∇  

                                               UAUPAtDt fUU ξξξξ +−=−∇  

                                              UAUPAt fU ξξξ +−=∇ )(                                      (3.2.3) 

now equating the normal parts , we get  

                                         ξξξ ξ UU fDUFAfDtUh +−=+),(  

                                         ),( ξξξ ξ tUhUFAfDfD UU −−=−  

                                              ),()( ξξ ξ tUhUFAfU −−=∇                                   (3.2.4) 

 
 
Some integrability conditions (3.3) 

As M  is Kaehler , VJJV UU ∇=∇  for all )(, MTVU ∈ . In particular , for DX ∈  and 

),(MTU ∈  

                                                         

 

using the Gauss formula , we get 

                                           ),(),( XUJhXJJXUhJX UU +∇=+∇  

                                        JXXUJhXJJXUh UU ∇−+∇= ),(),(  

                              ),),(()),,(( ξξ JXXUJhXJgJXUhg UU ∇−+∇=    νξ ∈∀  

                                                         )),,((
),()),,((),(

ξ
ξξξ

XUJhg
JXgXUJhgXJg UU

=
∇−+∇=

 

so , we get                            )),,(()),,(( ξξ XUJhgJXUhg =                            (3.3.1) 

 

XJJX UU ∇=∇
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Now , for the integrability of the holomprphic distribution D , we have 

 

Proposition (3.3.1)[4]. Let M be a generic submanifold in a Kaehler manifold M  , then 

the distribution D is integrable if and only if 

                                               )),,(()),,(( FZYJXhgFZJYXhg =                          (3.3.2) 

for any vectors DYX ∈,  and ⊥∈DZ . 

Proof: Firstly assume that D is integrable . Take  

         )()(),(),( JXJXJYJYYJXhJYXh YYXX ∇−∇−∇−∇=−  {using equation (1.2.1)}   

as M is a Kaehlerian , the right hand side  of the above equation will become                                   

                           )()(),(),( JYJXXYJYJXhJYXh XYYX ∇−∇+∇−∇=−             

                                JYJXYXJYJXhJYXh XY ∇−∇+=− ],[),(),(  

D is holomorphic distribution of T(M) and D is integrable , then for any DYX ∈,  , the 

right hand side of the above equation lies in T(M) , whereas the left hand side is a vector 

field normal to M , thus   

                                                 0),(),( =− YJXhJYXh  

                                                  ),(),( YJXhJYXh =  

hence ,                          )),,(()),,(( FZYJXhgFZJYXhg =  

Conversely,   let  )),,(()),,(( FZYJXhgFZJYXhg =  for all DYX ∈,  and ⊥∈DZ .  

                                              0)),,(),(( =− FZYJXhJYXhg     

then ,                                             ν∈− ),(),( YJXhJYXh                                   (3.3.3) 

For νξ ∈ , 

                    )),,(()),,(()),,(),(( ξξξ YJXhgJYXhgYJXhJYXhg −=−    

using equation (3.3.1) , we get                                            

                                                               = )),,(()),,(( ξξ YXJhgYXJhg −    

                                                               = 0 

thus ,                                            ⊥∈− FDYJXhJYXh ),(),(                                 (3.3.4) 

from equation (3.3.3) and (3.3.4) , we get 
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                                                       0),(),( =− YJXhJYXh  

we have                    JYJXYXJYJXhJYXh XY ∇−∇+=− ],[),(),(  

                                                  0],[ =∇−∇+ JYJXYXJ XY   

                                                    JXJYYXJ YX ∇−∇=],[ , 

for any )(, MTYX ∈ , JXJY YX ∇−∇  is tangent to M, [X,Y] lies in D. Therefore D is 

integrable. 

 

Proposition (3.3.2)[4]. Let M  be a generic submanifold in a Kaehler manifold M , if D 

is integrable then 

                                                        XJAJXA FZFZ −=  

for any vector field X in D and Z in ⊥D . 

Proof : For any DX ∈  , )(MTU ∈ and ⊥∈DZ , by equation (1.2.3) , we get  

                                                     )),,((),( FZUJXhgUJXAg FZ =  

                                                                            )),,(( FZJUXhg=  

by using equation (1.2.3) the above relation becomes  

                                                  ),(),( JUXAgUJXAg FZFZ =  

                                                  ),(),( UXJAgUJXAg FZFZ −=  

                                                    0),( =− UXJAJXAg FZFZ    

hence ,                                                XJAJXA FZFZ −=                                       (3.3.5) 

For the integrability of the purely real distribution , we have  

 

Proposition (3.3.3)[4]. Let M be generic submanifold in a Kaehler manifold M  . Then 

the purely real distribution ⊥D  is integrable if and only if 

     ⊥∈−+∇−∇ DZAWAPZPW FWFZWZ  

for any vector field Z,W in ⊥D . 

Proof : As M  is a Kaehler , for any Z,W in ⊥D , we have 

  JWWJ ZZ ∇=∇  
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Now , using Gauss formula and equation (1.3.7) , we get 

                                      )()),(( FWPWWZhWJ ZZ +∇=+∇  

                                     FWPWWZJhWJ ZZZ ∇+∇=+∇ ),(  

simplifying right hand side  of equation using Gauss and Weingarten formula 

                         FWDZAPWZhPWWZJhWJ ZFWZZ +−+∇=+∇ ),(),(  

operating the almost complex structure J on both sides of the equation , 

                    FWJDZJAPWZJhPWJWZhW ZFWZZ +−+∇=−∇− ),(),(   

using equation (1.3.7) and (1.3.8) ,we get  

ZFAZPAPWZfhPWZthPWFPWPWZhW FWFWZZZ −−++∇+∇=−∇− ),(),(),(
                                                                                                    FWfDFWtD ZZ ++  

equating the tangential parts  

                              FWtDZPAPWZthPWPW ZFWZZ +−+∇=∇− ),(  

                                  FWtDPWZthPWPZPAW ZZFWZ −−∇−=∇ ),(            (3.3.6) 

interchanging the role of Z and W  in (3.3.6) , we get 

                                  FZtDPZWthPZPWPAZ WWFZW −−∇−=∇ ),(              (3.3.7) 

subtracting (3.3.6) and (3.3.7) we have 

                    ),({}{ PZWhtPWPZWAZAPZW ZWFZFWWZ +∇−∇+−=∇−∇  

                                                                    }),( FWDFZDPWZh ZW −+−  

                     ),({}{],[ PZWhtPWPZWAZAPWZ ZWFZFW +∇−∇+−=  

                                                               }),( FWDFZDPWZh ZW −+−  

since ⊥⊥ ∈DMTt ))(( , 

Now  [Z,W] ⊥∈D  if and only if  PWPZWAZA ZWFZFW ∇−∇+− ⊥∈D . 

Hence proved. 

 

Lemma (3.3.1)[4]. Let M be a generic submaifold in a Kaehler manifold M  . If D is 

integrable and its leaves are totally geodesic in M , then 

   0),( =⊥ DDAg FD  
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Proof : Under the hypothesis  ⊥∈∇ DZX  DX ∈∀ and ⊥∈DZ  in view of equation 

(1.3.2) . So for any vector field DY ∈ we have , 

                                )),,((),(0 JYZXhZgJYZg XX −∇=∇=  {using Gauss formula} 

                                                           )),,((),( JYZXhgJYZg X −∇=       

                                                          ),( JYZg X∇=   ),( YZJg X∇−=  

                                                          ),( YJZg X∇−=         {Q M  is a kaehler manifold} 

now using equation (1.3.7) , we get   

                                                      ),(),(0 YFZgYPZg XX ∇−∇−=  

                                                         = ),( YFZg X∇−  

                                                         = ),( YFZDXAg XFZ +−−  

                                                         = ),(),( YFZDgYXAg XFZ −−−  

                                                         = ),( YXAg FZ  

so ,                                                     ),( YXAg FZ = 0. 

Therefore ,                                     0),( =⊥ DDAg
FD , 

which proves the result. 

Converse of the above Lemma is not true in generic submanifold of a Kaehler manifold.  

Note:      ),( YXAg FZ = 0 

by using Weingarten formula  

     0),( =+∇− YFZDFZg XX  

       0),(),( =+∇− YFZDgYFZg XX  

                                                           0),( =∇− YFZg X ,              

using equation (1.3.7) , we get  

                                                    0)),(( =−∇ YPZJZg X           

                                             0),(),( =∇−∇ YPZgYJZg XX    

                                        0),(),( =∇+∇− YPZgYJZg XX       
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                                             0),(),( =∇+∇ YPZgYJZg XX  

as M  is a Kaehler manifold , so above relation becomes  

                                            0),(),( =∇+∇ YPZgJYZg XX  

using Gauss equation , we get  

                                   0),(,()),(,( =+∇++∇ YXhYPZgJYXhJYZg XX  

                       0)),(,(),()),(,(),( =+∇++∇ YXhPZgYPZgJYXhZgJYZg XX  

                                                    0),(),( =∇+∇ YPZgJYZg XX ,          

which does not imply that DJYX ∈∇ . Whereas in the case of CR- submanifold PZ= 0 ∀  
⊥∈DZ  and therefore the converse of the Lemma follows in that setting . i.e.  the above 

Lemma is infact necessary and sufficient for the case of CR- submanifold of a Kaehler 

manifold . Whereas for the generic submanifold Lemma gives a necessary condition . For 

generic submanifold PZ is not zero in general for ⊥∈DZ .  

 
Lemma (3.3.2)[4]. Let M be a generic submanifold in a Kaehler manifold M  . If ⊥D  is 

integrable and its leaves are totally geodesic in M , then 

      0),( =⊥
⊥ DDAg FD  

Proof: Under the hypothesis , we have  

                                               )),(0 WXg Z∇=    ∀ DX ∈  and ⊥∈DZ  

                                                  = ( ) ),,( WXZhXg Z −∇     {using the Gauss formula} 

                                                 )),,((),( WXZhgWXg Z −∇=  

                                                 ),( WXg Z∇=  

by using )1.1.1( ,we get  

                                                          0),( =∇ JWXJg Z     

as M  is Kaehler manifold , so  

   0),( =∇ JWJXg Z  

using equation )7.3.1(  the above equation will become 
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                                                        0),( =+∇ FWPWJXg Z    

                                                0),(),( =∇+∇ FWJXgPWJXg ZZ    

0),( =∇ FWJXg Z  

now using gauss formula , we will get  

                                                   0)),,(( =+∇ FWJXZhJXg Z  

                                          0)),,((),( =+∇ FWJXZhgFWJXg Z  

                                                         0)),,(( =FWJXZhg  

using the equation )3.2.1( , we get  

                                                              0),( =ZJXAg FW , 

this proves the Lemma. 

 

Proposition (3.3.4)[4]. Let M be a generic submanifold of Kaehler manifold M . 

If  0)),,(( =⊥⊥ FDDDhg   or { 0),( =⊥
⊥ DDAg FD } , then 

                                                       ZPXAPZ XFZX ∇+=∇  

for all DX ∈ and ⊥∈DZ . 

Proof : By Gauss equation , 

  ),( PZXhPZPZ XX +∇=∇  

also,                                         FZJZPZ XXX ∇−∇=∇         {using equation (1.3.7)} 

as M  is Kaehler manifold,  

                                                FZZJPZ XXX ∇−∇=∇       

using Weingarten formula and Gauss formula right hand side will be  

                                         FZDXAZXhZJ XFZX −++∇= )),((   

by using equations (1.3.7) and (1.3.8), we will get  

                    PZX∇ FZDXAZXfhZXthZFZP XFZXX −+++∇+∇= ),(),(     

applying the Gauss formula on the left hand side of above equation 

    ),( PZXhPZX +∇ FZDXAZXfhZXthZFZP XFZXX −+++∇+∇= ),(),(  
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equating the tangential parts of above equation 

     PZX∇ XAZXthZP FZX ++∇= ),(  

further , by hypothesis  

  ( )( ) 0,, =⊥⊥ FDDDhg  i.e. 0)),,(( =FZZXhg  ∀  ⊥∈∈ DZDX   ,  , ν∈),( ZXh , 

 i.e. ,                                                   0),( =ZXth   

therefore , we get                    PZX∇ XAZP FZX +∇=    

hence Lemma is proved. 

 

                Generic submanifold with parallel canonical structure            (3.4)                         

The endomorphism  TMTMP →: is said to be parallel  if 0=∇ PU  for any vector U 

tangent to M. Since the manifold M  is Kaehler   

                                                            VJJV UU ∇=∇  

using the equations (1.3.7) and Gauss formula  

                                            )),(( VUhVJFVPV UUU +∇=∇+∇  

using the Gauss equation,Weingarten equation , (1.3.7) and (1.3.8) , we have 

           VFVPFVDUAPVUhPV UUUFVU ∇+∇=+−+∇ ),(    

                                                                                 ),(),( VUfhVUth ++             (3.4.1) 

equating the tangential parts  

   ),( VUthVPUAPV UFVU +∇=−∇  

                                          ),( VUthUAVPPV FVUU +=∇−∇  

by equation (1.1.5), we have  

                                                   ),()( VUthUAVP FVU +=∇      

        0),()( =−−∇ VUthUAVP FVU  

for any vector field U,V,W tangent to M , we have  

                                 )),,((),)(( WVUthUAgWVPg FVU +=∇       

                                                            )),,((),( WVUthgWUAg FV +=    
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                                                      )),,((),( WVUJhgWUAg FV +=  

                                                      )),,((),( FWVUhgWUAg FV −=  

by equation (1.2.3) the right hand side of above equation will become  

                           )),,(()),,(( FWUVhgFVWUhg −=  

                          )),,(()),,(( FWUVhgFVUWhg −=  

again using equation (1.2.3) , the right hand side becomes 

            ),(),( UVAgUWAg FWFV −=  

hence ,                           ),)(( WVPg U∇ ),( UVAWAg FWFV −=                          (3.4.2) 

 

Lemma (3.4.1)[4]. Let M be a generic subamnifold of a Kaehler manifold M  , then P is 

parallel if and only if  

                                                             UAVA FVFU =                                               (3.4.3) 

for any U,V tangent to M . 

Proof: Firstly assume that P is parallel , then 0=∇ PU  for U is tangent to M . By 

equation (3.4.2)   

                                   ),( UVAWAg FWFV −  = ),)(( WVPg U∇  = 0    

then ,                              ),( UVAWAg FWFV −  = 0 , for all U is tangent to M.      

therefore ,                                          0=− VAWA FWFV   

  VAWA FWFV =  

which can also be written as , 

                                                             UAVA FVFU =   

for any U,V tangent to M. 

conversely,  let , UAVA FVFU =  for any U,V tangent to M and for any V,W tangent to M ,      

                                                             VAWA FWFV = ,   

by the above equation (3.4.2) , we will get 

                                                        ),)(( WVPg U∇ =0 
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thus,                                                          0=∇ PU  

Lemma is proved. 

 

Proposition (3.4.1)[4]. Let M be a generic subamnifold in a Kaehler manifold M  . If 

0=∇P  , then 

(1)  the holomorphic distribution D is integrable , 

(2)  0=XAFU  

Proof:  If  P is parallel then by Lemma (3.4.1) , we have  

   UAVA FVFU =  

for U,V tangent to M. 

In particular for DX ∈ , we will get  

                                                            UAXA FXFU =  

so ,                                                         0=XAFU   

Part (2) is proved. 

For any YX , in D and Z in ⊥D , therefore by proposition (3.3.1), D is integrable . This 

proves the proposition. 

 

                The normal bundle valued one-form F is said to be parallel if 0=∇F  .On 

equating the normal parts of equation (3.4.1) we get  

                                             ),(),( VUfhVFFVDPVUh UU +∇=+  

                                           ),(),( VUfhPVUhVFFVD UU +−=∇−  

                                                ),(),()( VUfhPVUhVFDU +−=                              (3.4.4)    

For )( field any vector take , )(, MTMTVU ⊥∈∈ ξ , 

                                      )),,(),((),)(( ξξ PVUhVUfhgVFg U −=∇  

                                                              )),,(()),,(( ξξ PVUhgVUfhg −=  

                                         )),,(()),,(( ξξ UPVhgfVUhg −−=  

                                                              ),()),,(( UPVAgfUVhg ξξ −−=  
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                                                            ),(),( UPVAgUVAg f ξξ −−=  

                                                            ),( UPVAVAg f ξξ +−=  

so,                                      =∇ ),)(( ξVFg U ),( UPVAVAg f ξξ +−                        (3.4.5) 

 

 

Lemma (3.4.2)[4]. Let M be generic submanifold in a Kaehler manifold M  . Then 

0=∇F  if and only if  

                                                           PUAUAf ξξ −=                                              (3.4.6) 

for any vector U  tangent to M and ξ  normal to M.  

Proof:  Firstly assume that F is parallel i.e. 0=∇F  , then by above equation (3.4.5) , we 

get  

                                                     ),( UPVAVAg f ξξ +−  = 0  

where U is any vector tangent to M , then 

                                                             0=+ PVAVAf ξξ  

                                                               PVAVAf ξξ −=  

for any vector V  tangent to M and ξ  normal to M.  

Conversely, take PVAVAf ξξ −=  for any vector For any vector V  tangent to M and ξ  

normal to M, then 

                                                            0=+ PVAVAf ξξ , 

using equation (3.4.5) , we get  

                                           =∇ ),)(( ξVFg U ),( UPVAVAg f ξξ +− = 0     

                                                          =∇ ),)(( ξVFg U 0 

                                                                    0=∇ FU , 

which proves the Lemma. 
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Proposition (3.4.2)[4]. Let M  be a generic submanifold in a Kaehler manifold M  , If F 

is parallel , then 

(1)  0=XAFU  and  DXU ∈∇  

(2)  D is integrable and its leaves are totally geodesic in M. 

(3)  ⊥FD  and ν  both are parallel in the normal bundle. 

(4)  0)()( =∇=∇ XPZP UX  

for any vector fields X  in D , and Z in ⊥D  and U,V in T(M). 

Proof: Using the fact  

                                      XJJXXJ UUU ∇−∇=∇ )(     ∀  DXMTU ∈∈ ),(  

as M  is Kaehler manifold , so 

                                                           0=∇−∇ XJJX UU  

using Gauss formula , we get  

                                          0),(),( =−∇−+∇ XUJhXJJXUhJX UU  

using the equations (1.3.7) and (1.3.8) , we have 

                          0),(),(),( =−−∇−∇−+∇ XUfhXUthXFXPJXUhJX UUU  

given 0=∇F  , then the above equation will become  

                                       0),( =−∇−∇−∇ XUthXFXPJX UUU          {using (3.4.4)} 

equating the normal parts  

                                                              0=∇ XF U    

                                                               DXU ∈∇  

further  0=XAFU  by lemma (3.4.2) , this proves (1). 

                 Now to  prove  that  D  is  integrable  and  its  leaves are totally geodesic in M . 

By part (1) DXU ∈∇  for all X  in D and U  in T(M) , So the leaves of  D are totally 

geodesic in M. 

by part (1) , in particular for ⊥∈DZ , we get  

                                                                  0=XAFZ  

for DY ∈ , we have  
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  0),( =YXAg FZ  

  0)),,(( =FZYXhg  

by proposition (3.3.1), D is integrable.  

For (3) Gauss equation gives  

                                             ),()),,(( ξξ JVVgJVUhg UU ∇−∇=  

for all )(, MTVU ∈  and νξ ∈ , 

                                        =)),,(( ξJVUhg ),(),( ξξ JVgJVg UU ∇−∇  

                                                                ),( ξJVg U∇=  

                                                                ),( ξVJg U∇−=     

using equation (1.1.5), we get 

                                        =)),,(( ξJVUhg ),)(( ξVJJVg UU ∇−∇−  

                                                                = ),( ξJVg U∇−          {using Kaehler condition} 

making use of equation (1.3.7) 

                                         =)),,(( ξJVUhg )),(( ξFVPVg U +∇−                 

                                                                 = )),(( ξFVPVg U +∇−      

                                                                 = ),(),( ξξ FVgPVg UU ∇−∇−  

using equation (1.2.3) , Gauss formula and Weingarten formula , we get 

                         ),()),,((),( ξξξ FVDUAgPVUhPVgUVAg UFVUJ +−−+∇−=  

                                        ),()),,((),( ξξξ FVDgPVUhgUVAg UJ −−=  

again using equation (1.2.3) , we have 

                                           ),(),(),( ξξξ FVDgUPVAgUVAg UJ −−=  

                                                ),(),( ξξξ FVDgUPVAVAg UJ −=+     

using Lemma (3.4.2) , we get  

                                                          0),( =ξFVDg U  

therefore ,                                          0),( =FVDg Uξ       ∀  )(, MTVU ∈  and νξ ∈ . 

hence ,                                               νξ ∈UD   i.e. ,ν  is parallel in )(MT ⊥ . 
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It further implies that FVDU
⊥∈FD  i.e. ⊥FD  is also parallel in )(MT ⊥ , which proves 

the (3) part . 

From the equation (3.4.2), we have  

                                             ),(),)(( XZAUAgUZPg FUFZX −=∇               

                                                                     ),(),( XZAgXUAg FUFZ −=      

                                                                     = 0 

as  0=XAFU by part (1) therefore , 

                                                         0),)(( =∇ UZPg X  

for all U in T(M) . That shows   0)( =∇ ZPX   

now again using (3.4.2), we get  

                                            ),(),)(( UXAVAgVXPg FVFXU −=∇     

as 0=FX  for DX ∈  and 0=XAFV  by part (2) , the right hand side of the above 

equation is zero , hence 

                                                             0)( =∇ XPU , 

which proves the proposition. 
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