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Abstract

Classical automata theory can not deal with uncertainty. To deal with system uncertainty,
finite automata have been generalized into fuzzy automata. Stamenkovic and Ciric
proposed an approach using the position automata for the construction of fuzzy automata
from fuzzy regular expressions. There exist multifarious methodologies for the
construction of finite automata from regular expressions known as Glushkov’s position
automata, follow automata, Antimirov partial derivatives and Thompson construction etc.
Antimirov’s partial derivative automata and Ilie’s follow automata are the quotient of the

Glushkov’s position automata.

For the construction of fuzzy automata from regular expressions, if position automata is
used then numbers of states are always n + 1 (where n is total count of input alphabets
that are presented in the regular expression) and whereas if follow automata is used then
numbers of states are equal to or less than n + 1 (where n is total count of input alphabets

that are presented in the regular expression).

In this thesis, an approach for the conversion of fuzzy regular expressions to fuzzy
automata using the concept of follow automata has been proposed. The number of states
of the obtained Fuzzy automata using the proposed approach is lesser than the extant
approaches in the literature without increasing the complexity. Using theorem, it has been
proved that the language accepted by the fuzzy regular expression and fuzzy automata are

same.
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Chapter 1 Introduction

Automata theory is firmly similar to formal language theory. An Automaton is an abstract
computational device. Computation devices are used to solve many problem such as
description of programming language, design digital system, neural network, artificial
intelligence, pattern recognition, string matching, searching, database, lexical analysis
and many more applications. The best known computational devices are Turing machine,
finite automata, linear bounded automata, and pushdown automata. These machines are
represented by their languages and grammars. The mechanism behind the digital

computer is automaton.
1.1 Finite Automata

Finite automata have a finite memory in term of states and perform some activities like
token finding and lexical analysis etc. Finite automata have input tape, read only head
and control unit. Input tape is divided into cells and each cell contains input alphabet.

Control unit contains a finite number of states and explains the internal structure of finite

automata.
Inonut tane
Input fape
I 1
| a b a e a a
A

R/ W head

Figure 1.1: Finite automata



Read/ Write head, read the symbol from input tape and it can move only one way. It can
not remember the previous input because finite automata do not have memory to
remember. Finite automata have been classified into two types i.e. nondeterministic finite
automata and deterministic finite automata.
1.1.1 Deterministic Finite Automata
Deterministic finite automata (DFA) [25] is a 5 —tuple M = (U, S, v, uo, B), where
i. U is afinite non — empty set of states.

ii. S is finite non — empty set of input alphabets.

iii.  y: Ux S — U is a transition function.

1v.  ug€ U, where uy is initial state.

v. B c Uis set of final states.

In deterministic finite automata € — moves are not allowed and each move is uniquely
determined. Transition function y for deterministic finite automata is explained as: ¥ (uo,
a) — uj, up is current state. On reading input alphabet a in current state, reached in next
state u;. In deterministic finite automata, choice and dead configuration are not allowed.
Deterministic finite language are closed under the complement, intersection, union and
set difference.

The extended transition function of DFA is defined as: y*: Ux S — U .

Languages accepted by the deterministic finite automata are explained as:

LM)={weSI v* (uo,w) € B} where w is a string and B is final states.

Example 1.1.1 Consider the figure 1.2, deterministic finite automata M = (U, S, y, uo, B),

where U = {uo, uy, uz, u3}, S = {a, b}, upis a initial state, and F = {u3}.

The transition function y for string w = aabb is defined in following way:
¥(qo, W) =V (uo, aabb),
=y (u1, abb),
=y (u1, bb),
=y (u3, b), us is a final state that means this string is accepted.
But strings bbaa, aaba, aaaa are not accepted by this machine because these strings are

not starting with a and not ending with b.
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Figure 1.2: Deterministic finite automata

The language of this machine is defined as: L (M) = {w € S| Starting with a and ending
with b}. In this machine every state is deterministic in nature or we can say there is no
choice in state by reading same input alphabet.
1.1.2 Nondeterministic Finite Automata
Nondeterministic finite automata (NFA) [47]isa 5 —tuple M = (U, S, y, uy, B), where
i. U is afinite non — empty set of states.

ii.  Sis finite non — empty set of input alphabets.

iii. y:Ux(SU {e}) - 2Yis a transition function where 2" is power set.

1v.  ug € U, where uy is initial state.

v. B c Uis set of final states.

In nondeterministic finite automata € - moves allowed and each move may have choices.

The mapping of transition function is defined as: y (uo, a) = {u; ...... Up}.

The extended transition function for nondeterministic finite automata isy*: U x s - 2v

or y(ug, w, a) =y(y*(qo, w), a).

Language accepted by the nondeterministic finite automata is defined in following way:

3



LM)={weS |Iy* (uo,w) N B # @} where w is a string and B is final states.

Example 1.1.2 Consider the figure 1.3, NFA M = (U, S, y, uo, B) where U = {uy, u, u,

us}, S={a, b}, upis a initial state, and B = {us}.

N
u. v
7
7\
4 1
7 H —
i.‘—“l — .’ ‘-
) N - V4 ~ L VA ~ L s L
r4 ALY | r4 A\ N n r4 X na n f /N \
4 \Y 4 1 )~ 4 \Y e f 7 1
T 1 T 1 ) T 1 ) <0 s 11
o W | I | L W O N L ] 4 AT Y |
i\ /i i\ / i\ 7 \ - g
AN V4 AN V4 AN V4 A N v 4
N7 N S Ny 4 -
~— ~—

Figure 1.3: Nondeterministic finite automata

The transition function y for string w = aabb is defined as:
Y(uo, w) =y"(qo, aabb),
= y*(uy, abb) or y*(ug, abb)
=y (u1, bb),
=y (u3, b),

In the above figure u3 is a final state that means this string is accepted. But bbaa, bbbb
and baa are not accepted by this machine. The language of this machine is defined as: L

(M) = {w € §" | third symbol from right is a}.

In the state uy, machine read input alphabet a and reach in state u, or u;. Hence in
nondeterministic finite automata choice is allowed. The power of deterministic and
nondeterministic finite automata is same. Nondeterministic finite automata are closed
under intersection, union, complementation, set deference and kleene closure operation.
We can convert nondeterministic finite automata to deterministic finite automata. Singh
and Loura [42] carried out the comparison of various approaches for the conversion of
deterministic finite automata to regular expressions. Ghuman and Kumar [16] proposed a

new algorithm for the conversion of regular expression to union-free regular expression.
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1.2 Position Automata

The concept of position automata Mp (R.E) has been introduced by Glushkov,
McNaughton and Yamada in 1960’s. Using position automata, we can construct the
nondeterministic finite automata from regular expressions. In position automata number
of state is always n + 1 (where n is the number of occurrence symbols in regular
expression). Glushkov, McNaughton and Yamada defined the position automata in the

following sets [15]:

. PyRE)={0,1,...... s IRE|},
I first(R.E)={jlsjw€LR.E)},
L. last(R.E)={jlws; € LR.E) },
IV.  follow(R.E, j)={jlwssu € L(RE)},j> 0},
V. follow(R.E, j) = (first(R.E)),
VI

last(R.E), e¢L(R.E),

lasty(R.E) = {last(R.E) u{0}, & €L(R.E).

Position automata M, (R.E) is a five tuple (U*, S, y?, 0, B!#sto (RE)) "where all the tuple

are similar to the nondeterministic finite automata.

Example 1.2 Consider the regular expression R.E = (0 + 1) 0" +10 +19" using position
automata, we will construct the nondeterministic finite automata. Where set of states U =
{uo, u1, up, u3, us us ue}, set of input alphabets S € {0, 1}, upis an initial state and last is
set of final states. Marked version of regular expression is R.E = (01 + 1) (05 + 1405

First (R.E) = {1, 2} = {u;, us},

Last (RE) = {1, 2, 3, 4’ 5’ 6} = {ul’ Up, U3, U4 Us, I/l6},

Follow (R.E, 1) ={3,4, 6},

Follow (R.E, 2) = {3, 4, 6},

Follow (R.E, 3) = {3, 4, 6},



Follow (R.E,4)={3,4,5, 6},
Follow (R.E, 5) = {3,4, 5, 6},

Follow (R.E, 6) = {3, 4. 6}.

Figure 1.4: Position automaton Mp (R.E) for R.E= (0; + 15) (05 + 1405 +1¢ )"

We can observe that number of state in position automata is always n + 1 (where n is the
number of occurrence symbols in regular expression.). In figure 1.4, number of states are
7 and position automaton is the best way to convert regular expression to

nondeterministic finite automata.

1.3 Follow Automata

The concept of follow automata M (R.E) has been proposed by Ilie and Yu in 2003 [19].
Follow automaton is used for construction of nondeterministic finite automata from
regular expressions. Follow automaton is a quotient of position automata. Initially follow
automata convert the regular expressions into smaller NFA, and then eliminate the &-
transitions. Follow automata My (R.E) is a five tuple (Uf, S, yf , Up, B/ ) where all the tuple

are similar to the nondeterministic finite automata [19].
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In starting we explained the equivalence = < po(R.E)? by [19]

p =y q ifand only if (i) Follow (R.E, p) = Follow (R.E, g) and

(i1) Both p, g or none belong to last (R.E)

Using these two equations we can construct the follow automata.
Example 1.3 Consider the regular expression R.E = (0 + 1) (0" + 10" +17) using follow
automata, we will construct the nondeterministic finite automata. Where U = {uy, u;, u,}
is set of states, input alphabet S € {0, 1}, upis an initial state. Marked version of regular
expression is R. E= (01 + 15) (03 + 1405 +1¢)"

First (R.E) = {1, 2},

Last (R.E)={1,2,3,4,5, 6},
Follow (R.E, 1) = {3, 4. 6},

Follow (R.E, 2) = {3, 4, 6},

Follow (R.E, 3) = {3, 4, 6},

Follow (R.E, 4)={3,4, 5, 6},
Follow (R.E, 5)={3,4, 5, 6},
Follow (R.E, 6) = {3, 4. 6}.

Then the equivalence classes of follow automata are =¢: {0} = {uo},

{1’ 27 37 6} = {l/ll},

{4,5} = {u2},
0,1 0,1
(0] 1
—() > S
0,1

Figure 1.5: Follow automaton My (R.E) for R.E = (0; + 15) (05" + 1405 +1¢ )"
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Figure 1.5 is the follow automata of the regular expression R.E = (0; + 1) (03* + 1405*
+1¢)" and in follow automata number of states are always less than or equal to n + 1
(where n is the number of occurrence symbols in regular expression). In figures 1.5,
number of states are 3 that is lesser than position automata. Researchers [20 - 22]
extended the concept of followpos, firstpos and lastpos for the conversion of Parallel

Regular Expressions to Non-deterministic Finite Automata.
1.4 Fuzzy Sets

In 1969 Zadeh’s [24] introduced the Fuzzy sets. In crisp set, whether any object is the
member or not, if object is the member of set then its membership value is 1 otherwise 0.
But the fuzzy sets support flexibility in the sense of membership of object in a set and
fuzzy set membership value or degree of membership lies between 0 and 1. Suppose
fuzzy set P, membership function wp(k) and universal set or reference set K then
function maps every element of reference set K in to the interval [0, 1]. The mathematical

representation of mapping is as follows:
wp(k) : K= 10, 1]
A fuzzy set is explained in following way:

If K is a reference set and k is a one object or element of K, then a fuzzy set P defined on

universal set K can be written as:
P ={(k, wp(k)) Ik € K}

According to the Zadeh’s notation we can define fuzzy set as:

P= wpkd/k
k; €K
Singleton notation is define like 1/ k where 1 is membership value of k in universal set K
and 0 membership for all the other object of K.
1.4.1 Basic Operations of Fuzzy Sets
Given K to be the reference set, P and Q to be the two fuzzy sets and the membership

function of set P and Q respectively wp(k) and wq (k). The basic operations of fuzzy set

8



are union, intersection, complementation, scalar product etc. The following fuzzy sets
operations are defined as:

1.4.1.1 Union

The union of two fuzzy sets P and Q is denoted as P U Q, and on the reference set K the

membership function of the new fuzzy set is explained in the following way:

wp y g(k) = max (wp(k), wg (k) or wp(k) V wq(k) where V supremum.
1.4.1.2 Intersection
The intersection of two fuzzy sets P and Q is denoted as P N Q, and on the reference set
or universal set K the membership function of the new fuzzy set is explained in the

following way:

Wp n (k) =min (wp(k), wqy(k)) or wp(k) A wqy(k) where A infimum.

1.4.1.3 Scalar Product
The scalar product A - P, where A € [0, 1], P is fuzzy set and membership function of new
scalar product is defined in following way:

w?x'P(k) =4 (I)p(k),

These are the basic operation of fuzzy sets and there are some properties of fuzzy sets
that are commutative, associative, distributive, idempotent, and identity. The composition
of fuzzy relation is max — min and min — max composition is defined in following way:
Given two relation A and B, and A to be relation on U, V and B to be a relation on V, W

then Ac U x Vand B < V xW. If the membership function of relation A and B is w4(u,

v) and wg(v, w) respectively then min — max composition is defined in following way:
Wy - g(u, w) =min [max (wy(u, v), wg(v, w))].

Max — min composition is defined in following way:
Wy g(u, w) =max [min (wy(u, v), wg(v, w))]

These min — max and max — min compositions are used in fuzzy automata for finding the

fuzzy language of machine.



1.5 Lattice — Ordered Monoid

Fuzzy automata fully depend on membership value and in the recent year’s researchers
mainly focus on fuzzy automata with membership value in lattice — ordered monoid,
complete lattice, complete residuated lattice and many different types of lattices. With the
help of complete residuated lattice, fuzzy automata can take membership value was first
introduced in [17] and many researchers carried their work [26, 43]. Fuzzy automata
taking membership degree in lattice — ordered monoid is introduced in [27]. Fuzzy
automata taking a membership degree over the different type of lattice is also defined by
many researchers [26, 41, 43]. Lattice — ordered monoid is an algebraic structure, which
contain infimum, supremum, binary operator, greatest element, least element and identity

elementie. LM = (L, ®, V, A, 1,0, e).

1.5.1 Monoid
Monoid is a group which contains three properties that are closure property, associative
property and identity property. (L, e, ®) is a monoid where L is a set, e is identity
element, and ® is a binary operation.
1.5.2 Lattice
A poset (L, <) is a lattice if and only if V a, b € L, both least upper bound {a, b} and
greatest lower bound {a, b} should be exist and belong to L. Given a lattice (L, V, A, 1, 0)
where L is lattice, V to be supremum, infimum is A, greatest and least element is 1 and O.
1.5.3 Lattice — Ordered Monoid
Let (L, ®, V, A, 1, 0, e) be a lattice — ordered monoid, if it is satisfied following two
properties [41],

i. VIiEL,i®0=0®1i,

ii. VLLKkELIi®(F Vvh=>0®)v(i®k),and(Vvk)®i=(G®i) v (k®i).

The binary operation ® is multiplication.
1.5.4 Quantale
Let LM = (L, ®, V, A, 1, 0, e) be complete lattice and it satisfied the property of infinite

distributive law that is define below [41]:

10



q® \/qi = \/(Q®Qi): \/qi® q= \/(Qi®Q):

iel i€l iel i€l

Then L.M is called as quantale. Lattice — ordered monoid called integral lattice — ordered
monoid if the unit or identity element of monoid (L, e, ®) and the greatest element 1 of
the lattice (L, V, A, 1, 0) are coinciding. If integral lattice — ordered monoid with the

property of commutative multiplication then it is called as complete residuated lattice.
1.6 Fuzzy Automata

Automata theory deals with certainty in any system modeling. Automata theory can not
deal with fuzziness in any system. To deal fuzziness in any system, automata theory has
been generalized into fuzzy automata theory. There are many applications where we can
use fuzzy automata such as description of natural language and a programming language,
lexical analysis, token finding, target recognition, fire detection, database, neural
network, controlling system, learning system, pattern recognition, searching, discrete
event system, fault detection, control system, image processing, artificial intelligence,

monitoring system and many other area [34, 38, 41, 49].

To handle the system fuzziness, fuzzy automata is introduced by Santos in 1960’s [40]
and in 1969 Wee introduced the mathematical representation of fuzzy automata [48]. In
1969 Lee and Zadeh [24] proposed Fuzzy automata and languages over the input
alphabet S. Some of the researchers explain that it similar to mealy machine and it has
output capability. Many of the researchers describe fuzzy automata as deterministic fuzzy

automata.

In the fuzzy automata, transition function plays an important role and categorized in the
three different types. According to the first type the fuzzy transition function is defined as
: Ux § — P (U) where U represents the set of states, S represents set of input alphabets,
and P (U) represents the set of all fuzzy subset of Q. Fuzzy transition function y : U x §
— P (U) is equivalent to y: U xS x U —[0, 1], where [0, 1] is an interval and we can
replace this interval [0, 1] with lattice — ordered monoid or any other algebraic structure
such as complete lattice, and complete residuated lattice etc. According to the second

type of fuzzy transition function, the fuzzy transition function of fuzzy automata is

11



considered similar to the transition function of deterministic finite automata and captures
the fuzziness in the fuzzy initial 4 and final state by. According to the third type [8],
improve the first type of fuzzy transition function or new component can add in the first

type of fuzzy transition relation.

In fuzzy automata and languages, composition inference method can be used.
Composition inference methods are max — product, min — max composition, max — min
composition. With the help of these compositional inference methods we can find out the
fuzzy language. In the classical automata string is either accepted and rejected but in
fuzzy automata string is accepted with certain membership value. Similar to the classical
automata theory fuzzy automata is also two types i.e. deterministic fuzzy automata and

nondeterministic fuzzy automata.

1.6.1 Deterministic Fuzzy Automata
Deterministic fuzzy automata [40] is a 5 — tuple M = (U, S, y, uo, B), where
i. U is afinite non — empty set of states.
ii. S is finite non — empty set of input alphabets.
iii. y: Ux S —P(U) is a fuzzy transition function.
iv.  ug€ U, where uy is initial state.
v. B < P(U) is fuzzy subset of final states.
Fuzzy transition function y play important role in fuzzy automata. In state ug fuzzy

transition function y take input alphabet and reached in any state with certain

membership value. For clarity, we can use the notation u i w to denote y(u, a) = w. The
fuzzy language denoted by S* is set of all finite strings including empty stringe. The

extended fuzzy transition function y~ is explained in following way:
¥ (uo, wh) = y(¥" (1o, w), b) = Uy, (L ¥ (o, w)utr) ¥ (w1, b) },
Where up u; €U,V w € S* and V b € S, and 1/ uyis a singleton in U

Another way to represent the extended fuzzy transition function y” is defined in following

way:

If ug, u; € Uand ¢ € S" is the null word, then,

12



1 ifu(): ul,

Y (uo, € y) :{0 otherwise,

Andif up, u € U,w € Yanda € then,

yeowau) = \[ 7+ (uowu) @y a,u).
a€es

The language accepted by machine L (M) with membership function is defined in

following way:
L (M)(w) = v, o { height(y” (uo,w) A F) }, wherew € 5.

The string w is accepted in fuzzy automata with certain membership value. For finding
the language of strings in fuzzy automata, some approaches such as max — product

automata, min — max automata and max — min automata can be used.

Example 1.6.1 Consider the figure 1.6, deterministic fuzzy automata M = (U, S, y, uo, B)

where set of state U = {uy, u;, up}, set of input alphabet S = {a, b}, upis a initial state, and

final state B = {% .

"~
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Figure 1.6: Deterministic fuzzy automata
The extended fuzzy transition ¥ is explained in following ways:
Y (o, &) = {=},
Y (uo, ab)={y'(y (w0.a). b)} = { ¥ (wo,a) .y (wr.b)} = (=),
v (uo, aabb) = {y'(y (uo, ), abb)} = {5},
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v (o, babab) = {y (y (uo, b), abab)} = {5},

With the help of extended fuzzy transition function, we can find out the membership
value with respect to state. In the deterministic fuzzy automata, choices and null move are
not allowed. Table 1.1 shows the fuzzy transition function for deterministic fuzzy

automata at each state with input alphabet S = {a, b}.

Table 1.1: Fuzzy transitions function for deterministic fuzzy automata.

14 a b

U =) ()
U () ()
Uz () ()

Using max — min automaton, we can find out the fuzzy language for deterministic fuzzy

automata.

L (M)(w) = v { height(y" (uo,w) A B) }.

wev
L(M)(&) = v, ¢y { height(y" (uo.€) A B) } =0,

L M)(ab) = v, ., { height(y” (uo.ab) A B) } =0.2,

L M)(aabb) = v, o, { height(y" (uo,aabb) A B) } = 0.2,

L (M)(babab) = v, ., { height(y” (uy babab) A B) } = 0.1.

The membership value of strings €, ab, aabb, and babab using max — min automata are

respectively 0, 0.2, 0.2, and 0.1.

Using min — max automaton, we can find the fuzzy language of deterministic fuzzy

automata.
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L M)(w) = A,y { height(y” (uo.w) v B) }.

L M) = A { height(y" (uo.€) v B) } =0,

ueu

L M)(@ab) = A, ¢, { height(y (uo.ab) v B) } =0.5,
L (M)(aabb) = A, o, { height(y" (uo,aabb) v B) } = 0.5,
L (M)(babab) = A o, { height(y" (uo,babab) v B) } = 0.5.

The membership value of strings €, ab, aabb, and babab using min — max automata are

respectively 0, 0.5, 0.5, and 0.5.

1.6.2 Nondeterministic Fuzzy Automata
Nondeterministic fuzzy automata [8] is a 5 — tuple M = (U, S, v, uo, B), where
i. U is afinite non — empty set of states.
ii. S is finite non — empty set of input alphabets.
iii. y: Ux (S U{e}) — 2PW is a fuzzy transition function, where 2°() is a power
set.
iv.  ug€ U, where uy is initial state.

v. B < P(U) is fuzzy subset of final states.

Fuzzy transition function y in state u, takes an input from input tape and choose any one
of the possibility distribution in y(u#, a) with certain membership value. In this
nondeterministic we cover both the case i.e. nondeterministic fuzzy automata with or
without the null move. All the four tuple of nondeterministic fuzzy automata are same as
deterministic fuzzy automata. The difference between deterministic and nondeterministic
fuzzy automaton is in fuzzy transition function. The extended fuzzy transition function is

defined in following way:
Y (o, wb) =y (¥ (tto, ), b) = Uy, , { ¥ (o, w)(u1) - ¥ (1, 5) },

Where up u; €U,V w € S* and V b € S, and 1/ uyis a singleton in U

Ve, &)= {2} Uy (u, &),
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Ve (u,e™e)={y (u, ).y (u, &)},

Another way to represent the extended fuzzy transition function y” is defined in following

way:
If up, uy € Uand € € S” is the null word, then,

1 iqu: Uq,

Y (uo, &,uq) = {o otherwise,

Andifup, u € U,w € Y anda € Y, then

yeowa,uw) = \[ 7 (uow )@y au).

a€sS

The fuzzy language is accepted by machine based on max — min automaton is defined

follows:

LMWw) = v, {height(y* (uo, w) A B)}, where w € S*. The string w is accepted in

fuzzy automata with certain membership value.

Example 1.6.2 Consider the figure 1.7, nondeterministic fuzzy automata M = (U, S, y, uo,

B) where set of state U = {uo, u1, ua, u3, us}, set of input alphabet S = {a, b}, upis a initial

. 04 0.8
state, and set of final state B = {— + —}.
Uy Uy
The extended fuzzy transition function is defined in following way:

Y (uo, €) = {i},

Y (o, @)=y (uo.€) v (wo. @)} = {3+,
Y (o, b)={y (wo.e) .y wo.b)) = (o +3°)
v (o, a)= (¥ (v (w.@).a) = (o + o)
Y (o ab)= (¥ (v (w.a).b) = (- + ).
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Figure 1.7: Nondeterministic fuzzy automata

Table 1.2 shows the fuzzy transition function for nondeterministic fuzzy automata at each

state with input alphabet S = {a, b}.

Table 1.2: Fuzzy transition function for nondeterministic fuzzy automata

y a b
0.8 0.3 0.8 0.3
u =24 = 24 ==
0 {u1+u2 {u3+u2}
0.1 0.6 0.6 0.1
u e i 4
! {u1+u4 {u2+u4}
0.4
Uy o) ¢
us PEELE R P g
Uz Uy 3 Uy
Uy ¢ ¢
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Using max — min automaton, we find the fuzzy language of nondeterministic fuzzy
automata. Fuzzy language of nondeterministic fuzzy automata over strings is explained in

following way:
L (M)(w) = v, ¢y { height(y” (uo,w) A B) }.
L (M)(e)= v, ¢y { height(y" (uo.€) A B) } =0,
L (M)@) = v, o, { height(y (uo,a) A B) } =0.3
L M)(b) = v, ¢y { height(y" (uo,b) A B) } = 0.3

L M)(aa) = v { height(y” (up.aa) A B) } =0.6

ueu

L M)ab) = v, ., { height(y" (uo,ab) A B) } =0.4.

Using min — max automaton, we find the fuzzy language of nondeterministic fuzzy
automata. Fuzzy language of nondeterministic fuzzy automata over strings is explained in

following way:
L (M)(W) = A, ¢y { height(y” (uo,w) v B) }.
L(M)(&) = A, ¢y { height(y” (uo.e) v B) } =0,
L M)@) = A,y { height(y (uo.a) v B) } =0.8,
L M)(b)= A, ¢y { height(y (uo.b) v B) } = 0.8,
L M)(aa) = A, { height(y (uoaa) v B) } =04,

L (M)@ab)= A, ., { height(y (uoab) v B) } =0.8.

ueu

In fuzzy automata, string is accepted with certain membership value. We can use
different compositional methods such as max — product, min — max and max — min.
Many researchers used the approach of max — min automaton for finding the fuzzy
language. In this thesis, min — max automaton explained and using min — max automaton,

find the fuzzy language of the fuzzy automata.
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1.7 Fuzzy Regular Expression

Fuzzy regular expression (FRE) can used in many areas such string matching, pattern
matching, database and searching. Let S be a set of finite non — empty set of input
alphabet. Fuzzy regular expression r over the input alphabet S contains only seven steps

that are explained below [27, 28]:

i. @ €FRE;

ii. &€FRE;

iii. r€ FRE,VreSs,

iv.  Scalar multiplication: (Ar) € FRE, VA € L and r € R.E;
v. Addition: (r; +r) € FRE,V r r, € FRE;

vi.  Concatenation (r; r,) € FRE, VY r| 1, € FRE;

vii.  Star operation (r*) € FRE,V r € FRE;

These seven steps come under the family of fuzzy regular expression and star operation

has a higher priority than concatenation and addition.
The language of fuzzy regular expression is defined as L(r).

i. L@Ww)=0,YweS;
ii. ForreSu{e}, L(r)=f.

Where £, is the characteristic function of fuzzy regular expression r that is explained as:

1 ifw=r,

JAw) = { 0 else;

iii. LAr)=A®L(r)V A€ Land r € FRE, where L - [0, 1].
iv. L(ri+nr) =L(r)V(rn),Yr rn€€FRE

v. L(rirp) = L(ry) L(r2),Y r1 . ry €EFRE;

vi. L(rF)=L(r) Vr.r € FRE

These are fuzzy language of fuzzy regular expression. The fuzzy language of fuzzy

automaton and fuzzy regular expression should be same.
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1.8 Organization of the Thesis

Chapter 1 explains the basic definitions such as lattice — ordered monoid, finite automata,

fuzzy automata, position automata, follow automata and fuzzy regular expression etc.

Chapter 2 summarizes the systematic review is carried out on various researches in the

field of Fuzzy Automata.
Chapter 3 explains the gap analysis and problem statement of my thesis.

Chapter 4 explains the efficient construction of fuzzy automata using follow automata

from fuzzy regular expression.

Chapter 5 analyses the comparison between the existing approaches in literature for the

construction of fuzzy automata.

Chapter 6 summarizes the conclusion and future work.
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Chapter 2 Literature Survey

In this chapter, a systematic review has been carried out on various researches in the field
of Fuzzy Automata based on various parameters such as algebraic aspects, minimization
of fuzzy automata, closure properties of fuzzy automata, application of fuzzy automata,
conversion of fuzzy regular expressions to fuzzy automata and various terminologies and

researches related to the Fuzzy Automata.

2.1 Algebraic Aspects

Membership values in the fuzzy automata are determined using different types of lattice
such as lattice — ordered monoid, complete residuated lattice, complete lattice and many
other type of lattice. Li and Pedrycz [27] suggested the closure property of
nondeterministic and deterministic fuzzy automata. They proved that the
nondeterministic fuzzy automata are not closed under the Complement operation where
as deterministic fuzzy automata are not closed under the Kleene closure operation.
Further, they proved that the nondeterministic fuzzy automata are more powerful as
compared with the deterministic fuzzy automata. They used the concept of lattice —
ordered monoid for constructing the fuzzy automata with membership value in lattice —
ordered monoid. Ignjatovic et al. [17] introduced complete residuated lattice for
determinization of fuzzy finite automata with membership degree. Tiwari and Sharan
[43] explained the concept of lattice — ordered monoid for fuzzy finite automata with
membership value. For fuzzy finite automata, they proposed some topological and
algebraic concept. Lattice — ordered monoid, complete residuated lattice, complete lattice
and other algebraic structures can be used in fuzzy automata. Li and Pedrycz [27] used
the concept of lattice — ordered monoid. Ignjatovic et al. [17] used the concept of
complete residuated lattice, whereas Tiwari and Sharan [43] studied some algebraic and
topological concept of fuzzy finite automata with membership value in lattice — ordered
monoid. In fuzzy automata, membership values play a pivotal role. Different algebraic

aspects are used for determining these membership values.
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2.2 Minimization of Fuzzy Automata

Malik et al. [33] proposed the concept of minimization of fuzzy finite automata. They
described that the procedure for the construction of equivalent minimal fuzzy finite
automata M, from M, using the homomorphism image property. Topencharov and Peeva
[45] suggested a new approach for the problem of minimization and reduction of fuzzy
finite automata. They introduced an algorithm for the reduction and minimization of
fuzzy automata. Ignjatovic et al. [17] introduced the complete residuated lattice for
determinization of the fuzzy finite automata with their membership values. Further, they
proposed an efficient approach for the construction of smaller automaton using the fuzzy
right congruence. Malik et al. [33] used a classical approach and theorem for the
minimization procedure, whereas Topencharov and Peeva [45] used the algebraic
approach for minimization of fuzzy automata. Using the fuzzy right congruence, we can
able to reduce the size of fuzzy automata. Ciric et. al. [10] described that bi-simulation
can be used in various areas of computer science. Using bi-simulation, we can reduce the
number of states in a system. They defined the uniform fuzzy relation, state reduction,
equivalence of automata, backward and forward simulation. Ciric et al. [9] explained the
alternating reduction by using two approaches i.e. left invariant fuzzy finite equivalence
and right invariant fuzzy finite equivalence. They explained efficient steps for finding the
fuzzy equivalence. They explained complete residutaed lattice, factor fuzzy automaton,
alternate reduction, fuzzy relation equation, and state reduction. Cheng and Mo [12]
proposed minimization algorithm, mealy type of fuzzy automata, minimization, and
fuzzy automata. Using equivalence relations, we can reduce the number of states. Many

such approaches are proposed in the literature for the minimization of fuzzy automata.
2.3 Closure Properties

Mizumoto et al. [31] worked on the closure properties of fuzzy automata. They explained
the fuzzy language, optimistic fuzzy automata, fuzzy transition matrix and fundamental
properties of fuzzy automata. Li and Pedrycz [27] introduced the concept of closure
properties for nondeterministic and deterministic fuzzy automata. They proved that the

nondeterministic fuzzy automata are not comes under the Complement operation and
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deterministic fuzzy automata are not comes under the Kleene closure operation. In the
term of power, they proved that nondeterministic fuzzy automata are more powerful than
the deterministic fuzzy automata. Li et al. [29] described relationship between several
types of fuzzy finite automata. In relationship they include nondeterministic lattice
ordered monoid fuzzy automata with &€- move, nondeterministic lattice ordered monoid
fuzzy automata without &£- move, deterministic fuzzy automata using lattice ordered
monoid, and lattice ordered monoid fuzzy finite state machine. They also compared the
power of all the fuzzy automata. Bedregal and Figueira [6] proposed that the power fuzzy
Turing machine is mare than the classical Turing machine and fuzzy Turing machine are
more efficient also. Bedregal and Figueira, explained universal machine, recursively
enumerable set, and fuzzy function. Research is still going on for studying various

properties of fuzzy automata.
2.4 Application of Fuzzy Automata

Fuzzy automata can be used in various areas such as a learning system, system modeling,
neural network, pattern matching, image processing etc. Wee and Fu [48] proposed the
model of learning system using the fuzzy automata. They explained that using the
concept of Zadeh’s fuzzy sets into mealy finite state machine, we can formulate the class
of fuzzy finite automata, and the behaviour of fuzzy automaton is similar to the
deterministic fuzzy automaton. They also described that fuzzy automata and stochastic
automata have many similar properties. Rigatos [38] suggested that a fuzzy automaton
can be used in the system modeling. He proposed two approaches named as the syntactic
analysis and fuzzy automata for the fault detection. They explained how fuzzy automata
are used for the pattern matching, fault detection and system modeling. Blanco et al. [4]
suggested that how we can infer fuzzy regular grammar using two layers neural —
network architecture from fuzzy examples. They explained that the fuzzy grammatical
inference, fuzzy recurrent neural network and fuzzy regular grammar. Fuzzy automata
can be used in the artificial intelligence. Astrain et al. [1] suggested how to measure the
fuzziness between the strings. They defined fuzzy edit operations and string alignments
approaches for measuring the fuzziness between strings. They explained the fuzzy

automata with € - move and their relationships with fuzzy automata. The main
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contribution of this paper is to measure the fuzziness between strings. Wu et al. [49]
explained the fuzzy automata system to achieve improved image processing and target
recognition. Using fuzzy finite automata system, firstly good image processing achieved
and then carried out for the target recognition. The fuzzy finite automata system
comprises four factors i.e. experiment, factor extraction, target machine and image
processing. They used two features i.e. local and global of target image and using fuzzy
automata system, target recognition accomplished. They defined image processing, target
recognition, fuzzy automata and proved that results of recognizing the target is more than
94.59%. Bailador and Trivino [3] introduced temporal fuzzy automata for pattern
recognition. They explained pattern recognition, fuzzy models, hidden Markov model.
Pattern recognition using temporal fuzzy automata is more efficient then pattern
recognition using hidden Markov model. Ciric et al. [11] explained four type of bi-
simulation i.e. (backward, forward, backward — forward and forward — backward bi-
simulation) and two type of simulation i.e. (backward, forward) in fuzzy finite automata.
They explained complete residuated lattice, fuzzy relation, post — fixed point, fuzzy
relation inequality, bi-simulation, simulation, and fuzzy automata. They introduced an
efficient approach for finding whether there is a bi-simulation/simulation between fuzzy
automata and if there exists bi-simulation/ simulation between fuzzy automata then find
out the greatest bi-simulation/simulation. Research is still going on for studying various

applications of fuzzy automata.
2.5 Conversion of Fuzzy Regular Expressions to Fuzzy Automata

Stamenkovic and Ciric [41] introduced the new approach for the conversion of fuzzy
regular expressions to fuzzy finite automata. They used the concept of position automata
for the conversion of fuzzy regular expressions to fuzzy finite automata and proposed that
the other methodologies for the conversion of regular expressions to non-deterministic
finite automata can be extended for the same purpose. They introduced the concept of
lattice—ordered monoids, fuzzy automata, fuzzy regular expressions and applications of
the fuzzy automata. Li and Pedrycz [27] suggested the conversion of fuzzy regular
expressions to fuzzy automata, but there is a scope of improvement in the efficiency of

the conversion. Ilie and Yu [19] suggested that a novel approach for the construction of
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non-deterministic finite automata (NFA) from regular expressions known as follow
automata. Initially they convert the regular expressions into smaller NFA, and then
eliminate the € - transitions. Using the follow automata, the number of states will be less
than or equal to n + 1 (where n = total count of input alphabets that are presented in the
regular expression), whereas in position automata number of states are always n + 1.
Stamenkovic and Ciric [41] introduced an efficient approach for the conversion of fuzzy

regular expressions to fuzzy automata using position automata.

2.6 Various Terminologies and Researches related to the Fuzzy

Automata

Cao and Ezawa [8] described that the fuzzy automata can handle the uncertainty in any
system model. The concept of fuzzy finite automata has been arising from
nondeterministic finite automata. To handle non-determinism in automata, the concept of
non-deterministic fuzzy automata has been introduced. Nondeterministic automata have
two properties such as nondeterministic fuzzy automata with the null string and
nondeterministic fuzzy automata without null string. They explained all the automata
such as nondeterministic fuzzy finite automata with or without empty string and
deterministic fuzzy automata are comparable in the impression that they observe the same
class of fuzzy language. Santos [39] suggested the concept of max-min automata. They
proposed the different classes of automata, behaviour of max-min automata,
homomorphism and equivalence of max-min automata. Ignjatovic et al. [18] introduced
myhill — Nerode theorem for the fuzzy automata and language. They explained the
relationship between fuzzy language, deterministic automata and fuzzy automata. Qiu
[37] suggested the characterizations of fuzzy finite automata. They explained essential
relationships and some fundamental concepts in fuzzy automata with bi-fuzzy property.
They explained some basic concepts, properties of fuzzy finite automata and bi-fuzzy
property such as bi-fuzzy topological characterization, source and successor operators,
sub-automata etc. Malik er al. [32] introduced two concepts for determining fuzzy
languages from fuzzy automata i.e. max — min automaton and min — max automaton.
Using max — min and min — max fuzzy language, we can able to find out the membership

value of a particular string in fuzzy automata. They proposed the fuzzy pumping lemma

25



as a necessary and sufficient condition for max — min fuzzy language. Xing [51]
described the concepts of fuzzy context — free grammars, fuzzy pushdown automata, and
fuzzy context — free language. Xing described the behaviour and movement of multi-
stack and one — stack fuzzy pushdown automata (FPDA) for recognizing the fuzzy
languages. Tiwari and Srivastava [44] suggested the decomposition of fuzzy automata in
a unique form. Tiwari and Srivastava explained the concept of source — splitting sub-
automaton and decomposable sub-automaton. Krithivasav and Sharda [23] proposed the
concept of fuzzy w — automata for the fuzzy w — languages. They explained the concept
of distributed fuzzy w — finite automata and fuzzy w — finite automata respectively for
accepting the different mode such as t — mode, * - mode etc and fuzzy w — regular
language. They proved that languages accepted by distributed fuzzy w — finite automata

and the fuzzy w — finite automata are same.

Li [30] introduced the fuzzy Turing machine using distributive lattice with membership
value that is also called lattice ordered fuzzy Turing machine. He explained deterministic
fuzzy Turing machine, nondeterministic Turing machine, recursively enumerable
language, universal machine and fuzzy system model. He also introduced the approach of
lattice — ordered nondeterministic fuzzy polynomial time computations, lattice — ordered
deterministic fuzzy polynomial time computations. Belohlavek [5] proposed the concept
of deterministic fuzzy finite automata. They compared the deterministic fuzzy automata
and deterministic finite automata. They explained that the power of nested system of
deterministic finite automata and deterministic fuzzy automata are equal, and the power
of deterministic fuzzy automata and fuzzy automata is equal. Petkovic [35] suggested the
concept of homomorphism and congruence of fuzzy automata and proved the theorem of
homomorphism. He described lattice of congruence of fuzzy automata and algorithm for

finding the maximum congruence.

Doostfatemeh and Kremer [14] described that classical automata theory deals with
discrete space, whereas fuzzy automata theory deals with continuous space. Classical
automata cannot manage the fuzziness in system modeling. In order to manage fuzziness
in any system, fuzzy logic is incorporated with the automata theory, and the resulted

fuzzy automata can deal with fuzziness in any of the system. They proposed that the
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deterministic finite automata (DFA) are widely used in many applications, but they have

some issues such as they do not deal with fuzziness etc. In particular, they emphasized on

the multi membership resolution. Benlahcen and Lamotte [7] defined fuzzy automata and

recalled some functional properties and theorem of fuzzy logic that are used in fuzzy

automata. They proposed the synthesis method of fuzzy automata and use numerical for

the illustration of the efficiency of synthesis method. Santos [40] proposed the concept of

fuzzy automata and language. They described that how fuzzy automata theory is similar

to classical automata theory. They used max — product composition in fuzzy automata for

generating the fuzzy language. Various researches carried out in the field of Fuzzy

automata are summarized in Table 2.1.

Table 2.1: Summary of various researches in the field of fuzzy automata

Parameters Researchers Descriptions of the Research
Contribution
Ignjatovic et al. [17] Introduced the new approach to
construct smaller fuzzy automaton with
the help of fuzzy right congruence.
Algebraic Aspects | Tiwari and Sharan [43] | Explained lattice — ordered monoid for

membership value in fuzzy automata
and other algebraic concepts of fuzzy

automata.

Li and Pedrycz [27]

Explained some closure property of
deterministic and nondeterministic
fuzzy automata. Introduced the concept
of fuzzy regular expressions and lattice

— ordered monoids.
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Malik et al. [33]

Introduced how to minimize fuzzy
finite automata M1 to equivalent fuzzy

finite automata M2.

Minimization of

Fuzzy Automata

Topencharov and Peeva

[45]

Explained new approach for
minimization and reduction of fuzzy

finite automata.

Ignjatovic et al. [17]

Introduced the new approach to
construct smaller fuzzy automaton with

the help of fuzzy right congruence.

Ciric et al. [10]

Explained the benefits of bi-simulation

in fuzzy automata.

Ciric et al. [9]

Explained alternating reduction using
right invariant and left invariant fuzzy

equivalence.

Cheng and Mo[12]

Explained the minimization algorithm.
Using equivalence relation, minimize

the fuzzy automata.

Closure Properties

Mizumoto et al. [31]

Suggested some closure properties of

fuzzy automata.

Li and Pedrycz [27]

Explained some closure property of
deterministic and nondeterministic
fuzzy automata. Introduced the concept
of fuzzy regular expressions and lattice

— ordered monoids.

Li et al. [29]

Explained the relationship among the

several types of fuzzy automata.
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Bedregal and Figueira
[6]

Explained some property of fuzzy

Turing machine.

Application of

Fuzzy Automata

Wee and Fu [48]

Proposed model of learning system that
is one of the application of fuzzy

automata.

Rigatos [38]

Explained fault detection with the help

of fuzzy automata.

Blanco et al. [4]

Explained the concept of fuzzy regular
grammar and fuzzy grammatical

inference.

Astrain et al.[1]

They introduced the fuzzy automata
with & - move and measure the

fuzziness between strings.

Wu et al. [49]

Introduced the fuzzy automata system
to achieve improved image processing

and target recognition.

Bailador and Trivino [3]

Proposed temporal fuzzy automata for

pattern recognition.

Ciric et al. [11]

Explained different type of bi-

simulation and simulation.

Conversion

of

Fuzzy Regular

Expressions

Fuzzy automata

to

Li and Pedrycz [27]

Explained some closure property of
deterministic and nondeterministic
fuzzy automata. Introduced the concept
of fuzzy regular expressions and lattice

— ordered monoids.
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Stamenkovic and Ciric

[41]

Constructed the fuzzy automata from
fuzzy regular expressions using position

automata.

Ilie and Yu [19]

Introduced follow automata for the
conversion of regular expression to

nondeterministic finite automata.

Various

Terminologies and
Researches related
to the Fuzzy

Automata

Cao and Ezawa [8]

Proposed nondeterministic fuzzy finite
automata with or without € — move and
by

deterministic and nondeterministic with

fuzzy  language  recognized

and without £ — moves are same.

Santos [39]

Introduced the concept of max-min
automata and behaviour of max-min

automata.

Ignjatovic et al. [18]

Introduced the myhill-nerode theorem

for fuzzy automata and language.

Qiu[37]

Explained fuzzy finite automata with

bi-fuzzy property.

Malik et al. [32]

Introduced the concept of min — max
and max — min fuzzy language for

fuzzy automata.

Xing [51]

Described the working of fuzzy

pushdown automata in a single stack

and multi-stack.
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Tiwari and Srivastava

[44]

Obtained the decomposition of fuzzy

automata.

Krithivasav and Sharda

Introduced the concept of fuzzy w -

[23] automata and define the concept of
distributed fuzzy w — automata.

Li [30] Explained deterministic fuzzy Turing
machine, nondeterministic fuzzy
automata and recursively enumerable
language.

Belohlavek [5] Proposed the new definition of

deterministic fuzzy automata.

Petkovic [35]

Introduced the concept and proof of
homomorphism and congruence of

fuzzy automata.

Doostfatemeh and

Kremer [14]

Compared fuzzy automata  with
classical automata theory and explain

various issues of fuzzy automata.

Benlahcen and Lamotte

[7]

Suggested the synthesis method of

fuzzy automata.

Santos [40]

Proposed the concept of fuzzy language

and automata.

This chapter consists of systematic review on the field of fuzzy automata based on some

parameters such as algebraic structure, minimization of fuzzy automata etc.
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Chapter 3 Problem Formulation

To manage the system uncertainty, the concept of fuzzy automata has been proposed.
Fuzzy automata can be used in many applications such as image processing, lexical
analysis, description of programming and natural language, artificial intelligence, neural
network, target recognition, database, fault detection, learning system, system modeling,
pattern matching and detection of irregular fire frames etc. Fuzzy automata theory works
well where classical automata theory fails. Fuzzy automata are similar to mealy machine
that has the capability to produce the output. This chapter consists of the brief description

of the problem in the field of fuzzy automata.
3.1 Gap Analysis

The nondeterministic finite automaton has been generalized into fuzzy automaton. Fuzzy
automata theory works well where classical automata theory fails. Unlike the classical
automata theory, fuzzy automata theory can solve many computer science problems such
description of natural language, neural network etc. Classical automata theory can not
deal with uncertainty. The benefit of fuzzy automata over the classical automata theory is

fuzzy automata deals with uncertainty.
3.2 Problem Statement

A fuzzy automaton is a generalized version of nondeterministic finite automaton. In the
field of fuzzy automata, researchers are still working on many problems. The main

objectives of this thesis are explained below:

1. To analyze various techniques used in the conversion of Fuzzy Regular
expression to Fuzzy Automata.
ii.  Comparison of various approaches which are used for the conversion of fuzzy
regular expression to fuzzy automata.
iii.  Conversion of fuzzy regular expression to fuzzy automata using follow automata.

iv.  To determine the fuzzy language using the concept of min — max automata.

32



Chapter 4 Novel Approach for the Conversion of Fuzzy

Regular Expressions to Fuzzy Automata

In this chapter, the conversion of fuzzy regular expressions to fuzzy automata has been
explained. In classical automata theory, numbers of methods are available for
construction of finite automata from regular expressions such as Thompson’s
construction [46], McNaughton and Yamada and Glushkov’s [15] Position automaton,

partial derivative automaton of Antimirov [2] and follow automaton of Ilie and Yu [19].

Using Thompson’s automata, nondeterministic finite automata with null moves from
regular expressions can be constructed. In Thompson automata numbers of states are
always more than n + 1, where n is the number of occurrence symbols in regular

expression.

Using Glushkov’s position automata, nondeterministic finite automata without null move
from regular expressions can be constructed. In the position automata numbers of states

are always n + 1, where n is the number of occurrence symbols in regular expression.

Follow automata and partial derivative automata are the quotient of position automata.
Using follow automata, nondeterministic finite automata from regular expressions can be
made but in follow automata numbers of states are less than or equal to n + 1, where n is

the number of occurrence symbols in regular expression.

4.1 Conversion of Fuzzy Regular Expressions to Fuzzy automata

Let r be a random fuzzy regular expression over an input alphabet S and let L be an
integral lattice — ordered monoid. Convert fuzzy regular expression (r) to regular
expression (R.E). Consider a regular expression R.E over § U Z, where S be an input
alphabet and Z are new letters that are assigned different scalar which are appearing in
fuzzy regular expression [41].

Firstly follow automata My (R.E) = (I, S U Z, ¥y, 0, Bf) of simple regular expression

(R.E) is considered. After follow automata, the fuzzy automaton associated with Mgy
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(R.E) is constructed. With the help of example, using follow automata the efficient fuzzy
automaton can be designed. The advantage of using follow automata over position
automata is lesser number of states without increasing the time complexity. Follow
automata is the quotient of position automata.

The flow diagram showing the steps for converting fuzzy regular expressions to fuzzy

automata is explained in following way:

{ Fuzzy regular expression }

1

Convert fuzzy regular expression (r) to ordinary

regular expression (R.E).

1

Construct follow automata (Mg (R.E).) from ordinary

regular expression (R.E)

1

Transition yMF(u,7,v) =V wen @ r v)Pr (W)

applied on follow automata for each input alphabet

and matrices are generated.

|

Using matrices fuzzy automata is constructed.

|

[ Fuzzy automaton ]

Figure 4.1: Flow graph for converting fuzzy regular expressions to fuzzy automata
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Table 4.1: Comparison among several types of automata

Attribute Number of States(IUI) Time Complexity
Thompson automata [46] [Upl>n+1 O(n)
Position automata [15] [Upl=n+1 O(mn)
Partial derivative automata [2] [Upl < lUppl <n +1 O(mn + m log m)
Follow automata [19] [Upl< n +1 O(mn)

Example 4.1 Consider the fuzzy regular expression r = (0.1 a*) (ba + 0.8b)" over the
input alphabet S = {a, b}, then convert this fuzzy regular expression to simple regular
expression (R.E) = (aa®) (ba + fb)* over the input alphabet S U Z = {a, b, a, $}, in this
regular expression a, b comes under the input alphabet S and a, § are scalar that comes
under the alphabet Z. The homomorphism mapping p,-of regular expression is explained

in following way:

_(a b a ﬁ)
Pr=\1 101 08

The marked version of regular expression R.Eis R.E = (a;a,") (bsa, + Bsbg)* and from
this regular expression we can construct the follow automata.
The first, last and follow mapping is defined in following way:

First = {1},
Last={1,2,4, 6},

Follow (RE, 1) = {2, 3, 5},
Follow (RE, 2) = {2, 3, 5},
Follow (RE, 3) = {4},

Follow (RE, 4) = {3, 5},
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Follow (RE, 5) = {6}.
Follow (RE, 6) = {3, 5}

Using first, last and follow that is defined above, the follow automata of regular
expression R.E = (a;,a,") (bsa, + Bshg)* can be constructed. Follow automata My (R.E)
is shown in figure 4.1. Double circle are final states and the arrow pointed to a circle is

starting state.

For any random a, b € S (where § is input alphabet) and u, v € Uy (where Uy is the set of

states) then,

Let us define two sets QO (i, a, v) and N (u, a, v) [41].
O (u, a,v) = {w € My(a) | Y™/ (u, a, v) = 1}, (1
N (u, a,v)={w € Q (u,a, v) | wis minimal in Q (u, a, v) with respect to <,,,, }. 2)

By using these two sets, we can find the minimal path and it is clear that if N (4, a, v) is @

then yMF(u, a, v) = 0.

o |
-
VN
7\
VAR
- i 1 (o) e
7~ N . . : n VRN
/LN ii . o /N
—_— [] 1 — o F  em— N\ i /3% 1o
-1 = ] 71 £ 2232 EN1Y -1 ¥ >
\ J \\&y I s § \Y 7\
~— T — —p—— A
\
\
\
\
1
= 1_
- I8 1
b b P

b

Figure 4.2: Follow automata My (R.E) for R.E = (a;a,*) (b3a, + Bshg)*.
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It can be observed from figure 4.2, number of states in follow automata for regular

expression (a;a,*) (bzay + Psbg)” are 5 whereas the number of occurrence symbols in

regular expression is 6. The final construction of figure 4.2 is defined below.
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Figure 4.3: Final follow automata My (R.E) for R.E = (aya,*) (b3as + Bshg)*.

Then transition [41]
3)

Y™ (u,a,v) = or (W)
WEN (u, a, v)

With the help of these equations, we can find out the minimum value in the path with
respect to input alphabet a, b.

For input alphabet, b, we will find out the minimum path, and if y™(u, b,v) = 0, that

means there is no input alphabet in that path.
yMr(0,b,2) = p; (afbB)=0.1®08®1®0.8=0.1,

yM7(0,b,3) = 0.1,
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yMr(0,b,4) =0.1,

yMr(1,b,2) =08,

Y (1,b,3) =1,

yMr(1b,4)=0.8,

yMr(2,b,2) =08,

yMr(2,b,4) =1,

yMr(4,b,2) =0.8,

yMr(4,b,3) =1,

yMr(4,b,4) =028,

yMr(u, b,v) =0, and

For (u, v) ¢ {(0, 2), (0, 3), (0, 4), (1, 2), (1, 3), (1, 4), (2, 2), (2, 4), (4, 2),

(4,3), 4,4}
If y™s(u, b,v) =0, that means there is no input alphabet b in that path.
For input alphabet a, we will find out the minimum path and if y™F(u,b,v) = 0, that
means there is no input alphabet in that path.

yMr(0,a,1) = p} (@a) =0.1®1=0.1,

yMr(0,a,2) =0.1

y"r(1,a,1) =1,

yMr(1,a,2) =0.8,

yMr(3,a,2) =0.8,

yMr(3,a,4) =1, and

For (u, v) ¢ {(0, 1), (0, 2), (1, 1), (1, 2),(3,2), (3,4}
For input alphabet b, with the help of figure 4.3, we can observe,

N(0,b,2) = {aBbp},

N(0,b,3) = {ab},

N(0,b,4) = {aBb},

N(1,b,2) = {BbB},

N(1,b,3) = {b},

N(1b,4) ={Bb},

N(2,b,2) ={bB},
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N(2,b,4) = {bBb},

N(4,b,2) = {Bbp},

N(4,b,3) = {b},

N(4,b,4) = {Bb}, and
N (u, a, v) = @ in all other case.
For input alphabet a, with the help of figure 4.3, it can be observed,

N(0,a,1) = {aa},

N(0,a,2) ={aapB}

N(1,a,1) = {a},

N(1,a,2)={af},

NGB, a,2)={ap},

N(3,a,4) = {a}, and

N (u, a, v) = @ in all other case.
The matrices of the fuzzy transition relations yéw F yéw F' for each input alphabet can be
made and the fuzzy set of the final state BMF of fuzzy automaton Mg, () are explained in
following way:

For input alphabet a, fuzzy transition function is explained below:

0 01 01 0 0
[010.800
v =lo o o o o,
0 0 08 0 1
0 0 0 00

For input alphabet b, fuzzy transition function is defined below:

0 0 01 01 0.1
[o 0 08 1 0.8]

vWr=lo o 08 0 1],
00 0 0 0
0 0 08 1 08

Fuzzy set of final state are defined in following way:
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BMr =

,_
o :
S — |

With the help of these matrices, we will construct the fuzzy automaton Mg, (r) that is

explained below:

Figure 4.4: Fuzzy automata Mg, (r) for (0.1 a*) (ba + 0.8b)".

Above graph is the efficient Fuzzy finite automaton of the fuzzy regular expression r =
(0.1 a*) (ba + 0.8b)™ over the input alphabet S.
In this chapter, the efficient fuzzy automata are constructed using the concept of follow

automata from fuzzy regular expressions.
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Chapter 5 Experimental Results

In this chapter, the comparison between construction of fuzzy automata using position
automata from fuzzy regular expressions and construction of fuzzy automata using follow

automata from fuzzy regular expressions is done.

5.1 Comparison with Existing Approach

Example 5.1 Consider the fuzzy regular expression r = 0.2((0.1(ab)*)* + b) over the input
alphabet § = {a, b}, then convert this fuzzy regular expression to simple regular
expression (R.E) = a ((ﬂ(ab)*)* + b) over the input alphabet S U Z = {a, b, a, §}, in this
regular expression a, b comes under the input alphabet S and a, § are scalar that comes
under the alphabet Z. The homomorphism mapping p,-of regular expression is explained

in following way:

_(a b a ﬁ)
Pr=\1 102 01

Fuzzy regular expression r = 0.2((0.1(ab)*)* + b) over the input alphabet {a, b},

Regular expression (R.E) = a ((f (ab)")" + b) over the input alphabet {a, b, a, B}

The marked version of regular expression R.Eis R.E = ai((8 2(a3b4)*)* + bs) and from
this regular expression we can construct the position automata.
The first, last and follow mapping is defined in following way:

First = {1},

Last = {1, 2, 4, 5},

Follow (RE, 1) = {2, 5},

Follow (RE, 2) = {2, 3},

Follow (RE, 3) = {4},

Follow (RE, 4) = {2, 3},

Follow (RE, 5) = {#}.
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5.1.1 Fuzzy Automata using Position Automata
Using first, last and follow that is defined above, we can construct the follow automata of

regular expression R.E = al((ﬁz(a3b4)*)* + bs).
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Figure 5.1: Position automata Mp (R.E) for R.E = a;((B2(aszbs) ) + bs).

Using first, last and follow that is defined above, the follow automata of regular
expression R. E = al((ﬁz(a3b4)*)* + bs) can be constructed.

Figure 5.1 shows the position automata Mp (R.E). Double circle are final states and arrow
pointed a circle called initial state.

For any random a, b € S (where § is input alphabet) and u, v € Uy (where Uy is the set of
states) then,

Let us define two sets Q (u, a, v) and N (u, a, v) [41].
0O Wu,a,v) = {WEMZ(a)IyMF(u, a,v)=1}, (D
N (u, a,v)={w € Q (u,a, v) | wis minimal in Q (u, a, v) with respect to <,,,, }. 2)

By using these two sets, the minimal path can be found and it is clear that if N (», a, v) is

@ then yMF(u, a, v) = 0.
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Then transition [41],

e = \[ o 3)

WEN (u, a, v)

With the help of these equations, the minimum value in the path can be found with

respect to input alphabet a, b and construct the fuzzy automata using position automata.

Figure 5.2: Fuzzy automata My, (r) using position automata

It can be observed that construction of fuzzy automata using position automata numbers
of states are 6 whereas the number of occurrence symbols in regular expression is 5. In

position automata numbers of states are always n + 1.

5.1.2 Fuzzy Automata using Follow Automata

Using first, last and follow that is defined above, we can construct the follow automata of
given regular expression R.E = a1((B2(asbs)")” + bs) and with the help of Ilie and yu’s
follow automata, fuzzy automata can be designed. Fuzzy automata using follow automata

is explained in following way:
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Figure 5.3: Fuzzy automata My, (r) using follow automata

It can be observed that in the construction of fuzzy automata using follow automata
numbers of states are always less than or equal to n + 1. Conversion of fuzzy regular

expression to fuzzy automata using follow automata and position automata, both have

same time complexity but the difference in number of states.

Table 5.1: Comparison between position automata and follow automata

Attribute Position automata [15] | Follow automata [19]
Number of States |UI Upl=n+1 IUgl < (Ul
Complexity O(mn) O(mn)

It can be observed that in fuzzy automata using follow automata number of states are less
than or equal to n + 1. The concept of follow automata is used for the construction of
efficient fuzzy automata from fuzzy regular expressions. If follow automata from regular

expressions is constructed then number of states always <n + 1 (where n = total count of
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input alphabets that are present in the regular expression). If regular expressions contain
only addition operators (no concatenation operators) then the number of states in follow
automata always 2, whereas, in position automata number of states still n + 1. If regular
expressions contain only concatenation operators (no addition operators) then the number
of states in both follow and position automata exactly n + 1. If regular expressions

contain both addition and concatenation operators then number of states in follow

automata always less than n + 1.

Theorem 5.1 Let r be a random fuzzy regular expression over the input alphabet S U Z,
let L be an integral lattice — ordered monoid and L(r) recognize the language, let M4 be

fuzzy automata and recognize the language L.(Mg,), then,
L (Mpa) = L(r).
Proof First for €- transition, we have that
L (Mra)(€) = BY(ug) = BY (up) = L(r)(€).
Then, for every string w € S*, where w = vivs........ vy and all vy v; ...... ,Vn €S,
L(r)(w) = LME)(W) = () ... °Yur,° BY )(uo),

= Vauguney (Vo) (o, u) ® ... ® (Vi) (Va1,v0) ® (BY) (uo)

=Yy, s ° Yo ° BY) (uo)

=L (Mga).

In this chapter, Comparison between the construction of fuzzy automata using position
automata and the construction of fuzzy automata using the approach of follow automata
has been performed. The construction Fuzzy automata using follow automata have lesser
number of states as compared to position automata. With the help of the theorem, it has
been proved that language accepted by the fuzzy regular expression and fuzzy automata

are same.
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Chapter 6 Conclusion and Future Scope

In this chapter, conclusion of this thesis and future scope of fuzzy automata is discussed.

6.1 Conclusion

Classical automata theory can not deal with uncertainty. To deal with system uncertainty,
nondeterministic finite automata have been generalized into fuzzy automata.
Stamenkovic and Ciric proposed an approach using the position automata for the
construction of fuzzy automata from fuzzy regular expressions. In this thesis, the concept
of follow automata has been extended for the metamorphosis of fuzzy regular expressions
to fuzzy automata. Follow automata is a quotient of position automata. Compared with
the existing approaches in the literature, the proposed approach will generate a lesser

number of states without increasing the time complexity.

6.2 Future Scope
Fuzzy automata can be used in various applications and there is a scope of future research
work can be carried out in the field of Fuzzy automata. Future work will concentrate on

the following areas:

i.  Design of an efficient approach for the conversion of fuzzy automata to fuzzy
regular expressions.
ii.  Pumping lemma for fuzzy language.
iii.  Max product automata can be used for finding fuzzy language.
iv.  More application of fuzzy automata can be explored such as target recognition,

image processing etc.
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