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Chapter 1

Introduction

1.1 Introduction

Optimization can be stated as the activity of making the best or best utilization of a

circumstance or asset. In this, we maximize or minimize a particular objective function

with respect to some constraints or a set representing the available restrictions or choices

for the specific problem. Hence, using this model we can find the best required solution

for a particular problem. In real life it is used to minimize the cost, maximize the gain,

minimize the error, minimize the distance, maximize the productivity with respect to

supply etc. Optimization is used in various fields such as in studying tumor growth,

production of certain enzyme, maximizing gain or minimizing loss etc. An optimization

problem can be stated as

Min f(x)

subject to

gi(x) ≤=≥ 0 (i = 1, 2, ...,m)

where x ∈ Rn is the vector of unknown decision variables.

If all the functions f and gi, (i = 1, 2, ...,m) are linear functions of the decision vari-

able x, then it is called a linear optimization problem or a linear programming problem

(LPP). However, if either the objective function f or at leastlone of the constraints gi

(i = 1, 2, ...,m) is nonlinearlfunction of the decision variable x, then it is called a non-

1



linear optimization problem or a non-linear programming problems (NLP). Certain linear

programming problems require that some or all the variables take only integer values,

we call such problems as integer linear programming problems (ILP’s). Integer LPP’s

are very common in real life applications, e.g. in a production problem, the items being

produced may be in complete units (say items are T.V. sets of 21” and 29”) and there-

fore, fractional number of items may not have any meaning. The concept of linear and

non-linear programming problems involving optimization of a single objective function

is has been widely studied in literature. In the present study we have discussed multi

objective integer programming problems.

Multi-criteria and Single-criteria Optimization

When an optimization modeling consist of only one objective function,lthe task of finding

the optimallsolution is called single objectiveloptimization, whereas if optimization prob-

lem involves more than one objective function then it is referredlas multi-objectiveloptimization.

Since multi-objectiveloptimization consists of multiple objectivesltherefore it canlbe seen

that single-objective is a degenerate case of multi-objectiveloptimization.

The single-objective optimizationlproblems are relatively easier to tackle thanlthe multi

objective optimization problems hence they received more exposure as compared to multi-

objective optimization techniques. But in real life we deal with problems having more

than one objective functions. For example: Consider a decision making problem of

buying a new cellphone. There are a lot of features like cost, battery backup, camera

quality, RAM, internal capacity, processor version etc. A cheap cell phone may not have

a good camera or battery. Therefore it can be seen that a decision of buying a particular

cellphone is not only based on single criteria, of say cost alone, but many more criteria

are equally vital in the final decision.

Formulation of Multi-objective optimization:

Multi-objective optimizationlcan be formulated as:

optimize z =(f1(x), f2(x), ..., fk(x))

such that

Ax ≤=≥ b;

x ≥ 0
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where z islthe objectivelfunction, (f1(x), f2(x), ..., fk(x))lare k no. of distinct objective

functions. A is m× n matrix; b, x ∈ Rm.

The solutionlto a multi-objective problemlresults in a numberlof points in thelobjective

space referredlto as Pareto optimallsolutions. For a multi-objective problemlwith two

objective functionsl(the first function islefficiency maximization andlthe second func-

tion is costlminimization). The Paretoloptimal front islobtained using thelprincipal of

domination. Inlthis concept, each solutionlis compared to checklwhether it dominateslanother

solution orlnot.

Alsolution z1 is said toldominate another solutionlz2 if the following conditionslare sat-

isfied

1) Thelsolution z1 is nolworse than z2 in alllobjectives.

2) Thelsolution z1 is betterlthan z2 in atlleast one objective.

The pointslalong the Pareto optimallfront are referred tolas non dominatedlsolutions.

This frontlcan be concave,lpartially convex/concavelor discontinuous. Theltrade-off be-

tween thelobjective functions defineslthe shape of the Paretolfront.

Now, there are various methods for obtaining the nonldominated solutions for a multi

objectiveloptimization problem. The weightedlsum approach, εl- constraint method,

goallprogramming, and utility functionlmethod are the common techniqueslfor solving

multi-objectivelproblems.

In the weightedlsum approach, differentlobjectives are combinedlinto a singlelobjective

function usingldifferent weights. Thislmethod is simpleland easy tolimplement. However,

itlcan locate onelPareto point inlone optimization runlusing the gradient-lbased method.

In thelε-constraint methodl, one objective functionlis minimized andlthe remaining ob-

jectivelfunctions are transformedlinto constraints whichlare to belspecified by theluser.

The transformedlproblem is thenlsolved using thelgradient-based methodl.The method

canllocate the Paretolfronts of thelnon convex problemsl.

In goal programminglapproach, a targetlis set forleach of thelobjective functions andlthe

optimizer aimslto minimize theldeviations from theselset gaols.

Inlthe utility functionlmethod, all thelobjectives are combinedlonto a singlelfunction

which islthen solved alonglwith the constraintsl.
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Linear Fractional Programming Problems

In mathematicalloptimization, linear-fractionallprogramming (LFP) is algeneralization of

linear programming (LP). Whereaslthe objective functionlin a linear program is allinear

function, the objective functionlin a linear-fractional programlis a ratio ofltwo linear func-

tionsl.A linear programlcan be regarded as alspecial case of allinear-fractional programlin

which the denominatorlis the constant function.

The feasible region for both the linear programming and linear fractional programming

is taken as polyhedron. Linearlprogramming computesla policy deliveringlthe best out-

come,lsuch as maximumlprofit or lowestlcost. In contrast,la linear-fractionallprogramming

is usedlto achieve thelhighest ratio ofloutcome to cost,lthe ratio representinglthe highest

efficiency.

A LFP can be stated as:

”Problems in which the objective function is the ratio of two affine functions and con-

straints are affine inequalities are called Linear Fractional Programming Problems.”

(LFP) Max Z =
cTx+ α

dTx+ β

subject to

Ax = b, x ≥ 0.

The denominatorlof the objectivelfunction islstrictly positive forlall feasible solutions.

The objective functionlin a linear-fractionallproblem is bothlquasiconcave and quasicon-

vexl(hence quasilinear) withla monotone property,lpseudoconvexity, which isla stronger

propertylthan quasiconvexity. Allinear-fractional objectivelfunction is bothlpseudoconvex

and pseudoconcave,lhence pseudolinear. We have different kinds of methods for solving

LFP. The first method is Simplex Method and the other method is Charnes and Cooper,

this describe another procedure of solving LFP by reducing the problem in to a Linear

Problem by using non-linear variable transformation.

4



1.2 Literature Review

In MOLP problems, all objectives are linear and must be optimized over a convex poly-

hedron. MOLP problems are solved as sub problems for MOIP and MOMIP and all

non-dominated solutions of MOLP are supported. MOLP problems are popular and

there is a lot of literature that covers finding the efficient set, some of which are cov-

ered in this section. Benson (1998a) generates an outer approximation algorithm in the

outcome space to mitigate the size of a problem. The main advantage of this algorithm

is that there is no need for backtracking or bookkeeping which is needed when solving

in the decision space, as in Benson (1997). This method is later implemented into Ben-

son (1998b) which introduces a hybrid vector maximization approach which was first

introduced by Kuhn and Tucker (1951). Benson incorporates the special simplified parti-

tioning technique used by Ban (1983) and Tuy and Horst (1988) into the outcome space

using outer approximation. Later in Benson (1998c) it was found that this algorithm

also generated weakly efficientlpoints in the outcome space. Benson and Sun (2000)

proved that a feasible basislfor the linear program LP canlbe decomposed into a finite

unionlof subsets with alone-to-one correspondencelbetween the weightsland efficient ex-

tremelsolutions in the outcome space. Using this result, Benson and Sun (2002) develop

a weight set decomposition algorithm. Yamamoto((2002) studied optimization over the

efficient set. The existing algorithms for solving linear multi-criteria problems could be

classified into several groups such as adjacent vertex search algorithms, non-adjacent ver-

tex search algorithms, branch and bound based algorithms, lagrangian relaxation based

algorithms, dual approach and bisection algorithm. He compared algorithm from each

group from computational point of view. Ida (2005) uses an extreme ray generation

method to sequentially generate efficient points and rays. In the algorithm, objective

values for each extreme ray are obtained and tested for efficiency. Krichen, Masri and

Guitouni (2012) generate maximal efficient faces using adjacency between efficient ex-

treme points. This algorithmlexplores efficientlextreme points andluses simplex pivotslto

find adjacentlvertices of the current extreme point.

The main difference between MOLP and MOIP problems is that MOIP objectives are
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discrete, not continuous. In bi-criteria problems, it is well known that sub problems

must be solved to generate all efficient solutions. Klein and Hannan (1982) propose a se-

quential generation method for finding all non-dominatedlsolutions in the decision space.

This method solvesla sequence oflprogressively more constrainedlsingle-objectivelinteger

problems. At each step a new constraint is added which excludes previously generated

efficient points. This allows points which are dominated by the generated non-dominated

solutions to be eliminated. A variation of this method is used by Sylva and Crema (2004)

which sequentially solves weighted sum problems instead of single-objective problems and

later, Sylva and Crema (2007) propose another variant that finds a well-dispersed subset

of non-dominated points. An improvement of the algorithm by Sylva and Crema (2004)

is developed by Lokman and Koksalan (2012) which decreases the number of additional

constraints to be added at each step. Lemesre, Dhaenens and Talbi (2007) propose paral-

lel partitioning method (PPM) to solve bi-objective programming problems. This method

uses three stages to determine the entire Pareto front. Firstly, the problem is solved for

extreme solutions to limit the search space. Next, the search space is divided up by

searching the efficient solutions. Lastly, the solutions found from the previous stage are

used to find any other efficient solutions. An extension of this method for any number of

objectives is done by Dhaenens, Lemesre and Talbi (2010).

MOMIPlproblems are the hybrid of MOLP andlMOIP problems. There are several types

of problems within MOMIP itself due to the combination of continuous and integer vari-

ables. So far, there is no existing algorithm that can solve for mixed 0-1 integer programs

p¿3 with objectives and no general algorithm to find all non-dominated solutions. Mavro-

tas and Diaokoulaki (1998) modify the single-objective branch and bound algorithm to

find efficient solutions in mixed 0-1 MOLP problems in the decision space. Later, Mavro-

tas and Diaokoulaki (2005) further extend to find the efficient solutions of this problem

using a vector maximization approach of the branch and bound method. Jozefowiez,

Laporte and Semet (2012) propose a general multi-objective branch and bound method

which does not iteratively solve single-objective problems. The lower and upper bounds

are defined as sets of points in the objective spaces instead of being single values. Stid-

sen, Andersen and Dammann (2014) use branch and bound to find all non-dominated

solutions for bi-objective mixed integer problem where all integers must be binary and
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only one of the objectives may be a continuous. This algorithm first solves the problem

with all binary values as free variables. Przybylski, Gandibleux and Ehrgott (2010b)

develop some additional properties for the weight space for MOMIP and develop their

algorithm based on this. The algorithm utilizes the bi-objective algorithms of Cohon

(1978) and Aneja and Nair (1979) and recursively reduces multi-objective problems into

bi-objective problems which can then solved by the bi-objective algorithms. Zerdani

and Moulai(2011) discussed about optimizationlover an efficientlset of a multiple objec-

tivellinear fractional problem. He proposed an algorithm which optimizes an arbitrary

linearlfunction over an integerlefficient set oflproblem(MOLFP) without explicitlylhaving

tolenumerate all the efficientlpoints. The presented algorithm islbased on simplelselection

technique thatlimproves the linearlobjective value atleach iteration.

1.3 Outlines of Present Work

In this thesis, we reviewed two papers on multi-objectivelinteger problems.

In chapter 2,lwe have discussed bi-criteria integer programs. In this chapter we find all the

efficient points of multi-objective problem. Here, we consider two different objectives and

find all the corresponding efficient points. Basically, in this chapter we proposed an algo-

rithm which generates all the efficient points by minimizing the first objective function

and by taking the second objectivelfunction as a restriction over the first. Mathematically

the problem can be statedlas follows:

Let c, d, x ∈ Nn with c = (c1, c2, ..., cn),ld = (d1, d2, ...dn),lx = (x1, x2, ..., xn)

and b ∈ Nmlwith b = (b1, b2, ..., bm) andlA ∈ Nn×m

Then welminimize two linearlobjective functions z1(x1, x2, ..., xn) andlz2(x1, x2, ..., xn)

with m linear constraints.

minimize z1 =
n∑

i=1

cixi

z2 =
n∑

i=1

dixi

Ax ≤=≥ b

Let Xlbe the set of feasiblelsolutions then X ⊆ Nn and if there exist x which satisfies all

the linear restrictions then x ∈ X.
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Also, z1 and z2 is the optimal value corresponding to x. Thus, corresponding to value of

x we have a pair (z1, z2) called feasible objective function vector.

It may be noted here,that only positive objective function of pair (z1, z2) is considered

because all x′is ≥ 0 and therefore z′is ≥ 0 and also each element of pair represents an

element of N2. In our problem N2 is objective or criteria space.

The algorithm discussed in this chapter is the first algorithm proposed for generating

all the efficient points for this particular kind of problem given by P.Neumayer and

D.Schweigert[20].

In chapter 3, we have discussed the method to find the optimal solutions of integer lin-

earlfractional problem over the efficientlset of multi-objectivelinteger linear problem. This

method uses Branch and Bound techniqueland the continuous linear fractional program-

ming program. The Branch and Bound method is strengthened by adding efficient cuts

and efficiency tests to avoid large number of non-efficient solutions of multi-objective op-

timization. In general, the efficient solution set have large cardinality, made difficult for

the decisionlmaker to choose the best compromise. Though, the decision maker have its

own predictions using one function other than those of the multi-objective integer linear

problem.

We considered a MOILP defined as:

MOILP max fi(x) =
∑

aixi; i ∈ {1, 2, ..., s}

s.t.

x ∈ E = X ∩ Zn

where the set of integers is denoted by Z and s ≥ 2; A ∈ Rm×n; b ∈ Rn and X = {x ∈

Rn | Ax ≤ b, x ≥ 0} and X 6= φ and X is convex- polyhedron set also E 6= φ.

Now, a LFP is maximized by an efficient solution of MOLIP is defined as

(ILPE) max
cx+ d

px+ q
s.t.

x ∈ XE ⊂ E

where c, d are realln vectors, α, β ∈ R be anylreal constants and XE is efficient set

oflmulti-objective integer linear problem. The denominator of the objective function of

integer linear fractional problem is always strictly positive for alllx ∈ X.

Now we obtain an optimal solution after solving ILPE over efficient solution set of MOLIP.
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Two cases arise i.e.

1) If the solution is integer, then we check its efficiency by using Ecker snd Kouada(19750)

efficiency test.

2) If the solution is non-integer, then we first apply Branch and Bound technique and

obtain a integer solution, then we apply efficiency test to obtain integer efficient solu-

tion. Hence, in this chapter we presented an algorithm to find an optimal solution by

maximizing a linear fractional problem over the non-convexlset of efficientlsolutions of

thelmulti-objective integer linear problem.
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Chapter 2

Bi-criteria integer linear programs

The integer linear programming is consider only a single criteria for optimizing the to-

tal amount. But in real life we require two or more objectives. For example: Consider

the case where we have to maximize the total cost and minimize the total consumption

then in those situations we deal with more than one objective functions termed as multi-

objective problems. But in some situations we require only integers solutions for example

as in distribution of products, scheduling of production or quenching of machines and we

generally require the optimized value of a function which is the combination of all these

functions. Hence, multi-objective optimization combined with integer optimization is of

great use.

Now, in this chapter the work of P.Nevmayer, D.Schweigert[20], has been reviewed, in-

stead of using bi-criteria transportation optimization problem we have considered bicrete-

ria integer optimization problem.

2.1 Formulation of bi-criteria integer linear program

Let a, b, y ∈ Nn with a = (a1, a2, ..., an),lb = (b1, b2, ...bn),ly = (y1, y2, ..., yn)

and c ∈ Nm with c = (c1, c2, ..., cm) andlA ∈ Nn×m.

Now, we have to minimize both the linear objective functions f1(y1, y2, ..., yn) and f2(y1, y2, ..., yn)

with m linear constraints.
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minimize f1 =
n∑

i=1

aiyi

f2 =
n∑

i=1

bixi

Ay ≤=≥ c

Let Y denotes be the set of feasible solutions then Y ⊆ Nn and if there exist y which

satisfies all the linear restrictions then y ∈ Y .

Also, f1 and f2 is the optimal value corresponding to y. Thus, corresponding to value of

y we have a pair (f1, f2) called feasible objective function vector.

It may be noted here,that only positive objective function of pair (f1, f2) is considered

because all y′is ≥ 0 and therefore f ′is ≥ 0 and also each element of pair represents an

element oflN2. In our problemlN2 is objectivelor criteria space.

2.2 Definition and Assumptions

Consider a set F of all the feasiblelpoints in objectivelspace N2 such that F ⊆ N2. For

every feasiblelpoint f ∈ F there is a feasiblelpoint f = (f1(x), f2(x)) in thelobjective

space.

Dominated points:: Let F ⊆ N2 be a set of all the feasible points in an objective

space. Let f = (f1, f2) ∈ F, f ′ = (f ′1, f
′
2) ∈ F the f dominated f ′ that is f < f ′ if

f1 ≤ f ′1, f2 ≤ f ′2 and f 6= f ′. For example: Consider a set F = {(1, 5), (5, 1), (6, 2)} here

(6, 2) is dominated point as (5, 1) < (6, 2).

Efficient or non-dominated points: Let F ⊆ N2 be the set of all feasiblelpoints in

an objectivelspace. Then f ′ ∈ F is called efficient or non-dominated if there is no f ∈ F

with f < f ′ and f 6= f ′. The set of all these efficient points is called E. For example:

Consider a set F = {(1, 5), (5, 1), (6, 2)} here (1, 5), (5, 1) are the efficient points and

E = {(1, 5), (5, 1)}.

Extreme efficient points: Let F ⊆ N2 be a set of all the feasible points in an

objective space. Then an efficient point f ′ ∈ F is called extreme efficient if f ′1 =

min{f1 | f1 =
∑
i=1

aiyi and y ∈ Y } or f ′2 = min{f2 | f2 =
∑
i=1

biyi and y ∈ Y }. For

example: Consider a set F = {(1, 5), (5, 1), (3, 3)} here (1, 5), (5, 1)(3, 3) are the efficient
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points and E = {(1, 5), (5, 1), (3, 3)} and the points (1, 5), (5, 1) are extreme efficient.

Ideal points: Let F ⊆ N2 be a set of all the feasible points in an objective space. Then

f ′ ∈ F is called an ideal point if f ′1 = min{f1 | f1 =
∑
i=1

aiyi and y ∈ Y } and f ′2 =

min{f2 | f2 =
∑
i=1

biyi and y ∈ Y }.

Lexicographic Order: Let f = (f1, f2) ∈ F, f ′ = (f ′1, f
′
2) ∈ F we say f is lexicograph-

ically smaller than f ′, if either f1 < f ′1 or f1 = f ′1 and f2 < f ′2.

Adjacent elements: Let f ′, f ′′ ⊂ E with f ′1 < f ′′1 . Then if a set S = {f | f ∈

E and f ′1 < f1 < f ′′1 } is empty then elements f ′, f ′′ are called adjacent elements.

In the above definitions we considered non-dominance concept over two objective func-

tions but in general it can be extended to n objective functions.

Now, a bi-criteria optimization problem can be described by a set of efficient solutions

corresponding to the feasible solution set i.e. to solve the described problem we have to

evaluate the set E of all the efficient points.

When the variables are continuous i.e. yi ∈ R, then there are well known methods to

solve. In those cases feasible set F in an objective space is a convex polytope and each

efficient point belongs to a convex hull of the feasible points in an objective space. There-

fore, for finding all the efficient points a multi-criteria simplex algorithm (Zeleny) can be

used.

Now consider the case when variables are discrete i.e yi ∈ N then in this case efficient

points can lie inside the convex hull and these efficient points which lie inside the convex

hull can not be found by multi criteria simplex algorithm.

2.3 Example

Consider a bicriteria linear integer problem

Min F = (f1, f2) where f1 = y1 − 2y2 and f2 = −3y1 + 2y2

s.t. −y1 + y2 ≤ 2

y1 + y2 ≤ 4

y1, y2 ≥ 0

This problem has four basic feasible solutions (4, 0), (1, 3), (0, 2), (0, 0).
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At point (4, 0), y1 = 4, y2 = −12

At point (1, 3), y1 = −5, y2 = 3

At point (0, 2), y1 = −4, y2 = 4

At point (0, 0), y1 = 0, y2 = 0

For each of the feasible solution we have a pair (y1, y2) of values of an objective function

called the feasible objective function or point or point vector f = f(y1, y2, ..., yn) i.e.

At point (4, 0), f = (4,−12)

At point (1, 3), f = (−5, 3)

At point (0, 2), f = (−4, 4)

At point (0, 0), f = (0, 0)

The points (4,−12), (−5, 3), (−4, 4), (0, 0) are in objective space and (4,−12), (−5, 3) are

only extreme efficient points.

Now, we require to find all the efficient points and this can be done by using the following

algorithm.

2.4 Reduction Algorithm

Consider f1 and f2 two linear objective function. According to this algorithm f1 is of

lexicographic order on F , and we take f2 as additional restriction which is flexible in na-

ture. We can eliminate all those efficient points which are already found, hence reducing

the feasible space. Every time we found an efficient point this additional restriction is

modified and this step is repeated until we get all the efficient points.

Firstly, we calculate b′ = max{f2 | f ∈ F} and a′ = min{f2 | f ∈ F}. A new objective

function ψ(f1, f2) = f2 + (b′ − a′ + 1)f1 can be defined. The function ψ(f1, f2) is of

lexicographic order on F and it is used in the algorithm. The basic idea of algorithm is

shown in following diagram.
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For efficient points we start our research from the left to the right and from bottom to

top. The restriction is added and it is allowed to move from the top to the down and

algorithm will stop when the restriction is reached on the lowest level of f2 we can not

find efficient point further.

Now we will show some results. The first result proved that f is of lexicographic order

on F . The second result proved that the lexicographic ordering is a completion of the

ordering given by concept of efficiency.

2.4.1 Some Propositions

1) Consider f, f ′ ∈ fand ψ(f) = f2+(b′−a′+1)f1 with b′ = max{f2 | f2 =
∑
i=1

biyi and y ∈

Y }. Then f is lexicographically smaller than f ′ iff ψ(f) < ψ(f ′).

Proof:Let f, f ′ ∈ F and ψ(f) = f2+(b′−a′+1)f1 with b′ = max{f2 | f2 =
∑
i=1

biyi and y ∈

Y } and a′ = min{f2 | f2 =
∑
i=1

biyi y ∈ Y }.
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First we consider that f is lexicographically smaller than f ′. Thus we can either have f1

= f ′1 and (f ′2 − f2) > 0 or f1 < f ′1 and |f2 − f ′2| < (b′ − a′ + 1).

Case1: when f1 = f ′1 and (f ′2 − f2) > 0

ψ(f ′)− ψ(f) = f ′2 + (b′ − a′ + 1)f ′1 − f2 − (b′ − a′ + 1)f1

= f ′2 − f2 + (b′ − a′ + 1)(f ′1 − f1)

= f ′2 − f2 > 0 and therefore ψ(f ′) > ψ(f) is true.

Case2: when f1 < f ′1 and |f2 − f ′2| < (b′ − a′ + 1)

ψ(f ′)− ψ(f) = f ′2 + (b′ − a′ + 1)f ′1 − f2 − (b′ − a′ + 1)f1

= (f ′2 − f2) + (b′ − a′ + 1)(f ′1 − f1)

> −(b′ − a′ + 1) + (b′ − a′ + 1) = 0

and hencelagain ψ(f ′) > ψ(f)lholds. Nowlwe consider that ψ(f) < ψ(f ′) holds. Then

welhave ψ(f ′)− ψ(f) = f ′′2 − f2 + (b′ − a′ + 1)(f ′1 − f1) > 0.The estimations of a’,b’ are

with the end goal that (b′ − a′ + 1)|f ′2 − f1| > |f ′2 − f2| is true for f ∈ F . In this manner

we have f ′1− f1 ≥ 0. There are currently two cases. In the event that f ′1− f1 > 0 then f

is lexicographically smaller. But if f ′1 − f1 = 0 then f ′1 = f1 and f ′2 − f2 > 0. In this way

again f isllexicographically smallerlthan f ′.

Corollary: Letlp, q ∈ F be extremelefficient with p1 < q1 and ψ(f) = f2 +(b′−a′+1)f1.

At that point ψ(p) = min{ψ(f)|f ∈ F} holds.

2) Let f, f ′ ∈ F . If f dominates f ′, then ψ(f) < ψ(f ′) holds and f is Lexicographically

smaller than f ′.

Proof: Due to f < f ′ andl(b′ − a′ + 1) > 0 we have (f2 − f ′2) + (b′ − a′ + l)(fl − f ′1) < 0.

It takes after f2 + (b′ − a′ + 1)f1 < f ′2 + (b′ − a′ + 1)f ′1 and in this manner ψ(f) < ψ(f ′).

By (1) we at long last understand that f isllexicographically smallerlthan f ′.

Remark: Iflwe take two efficientlobjectivelfunction vectors withlthe segments p2, q2

rather than a′, b′ all together to find f(z) the results (1) and (2) are as it were local

explanations. Local implies that results (1) and (2)lare valid for all f betweenlthe used

efficientlobjective function vectors p and q i.e. for all f ∈ S with S = {f ∈ F | p1 ≤ f1 ≤

q1 and q2 ≤ f2 ≤ p2}. If S = {f ∈ F | p1 ≤ f1 ≤ q1 & q2 ≤ f2 ≤ p2} we can say S is

formed by p and q.

3) Let S ⊆ F be generatedlby p, q ∈ F , a′ ∈ (q2, p2) and S ′ = {f |f ∈ S and s2 < a′}.

If ψ(f ′) = min{ψ(f)|f ∈ S ′} then s′ is efficient in S’ and if S is generated by the two
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efficient points p, q ∈ E then even f ′ ∈ E holds.

Proof: Assume f ′ is not an efficient point, at that point there is a f ∈ S with the con-

dition that f ′ is dominated over f . By (2) we have ψ(f) < ψ(f ′) in logical inconsistency

to ψ(f ′) = min{ψ(f) | f ∈ S}. Presently assume S is produced by p, q ∈ E and there is

a f ∈ F\S dominated over f ′. At that point this f too dominates p or q, which denies

the presumption that p and q are efficient.

We have constructed linear objective function, by which we can determine the efficient

point in S. We have to find another efficient point for this we first eliminate the previously

found efficient point i.e. p = (p1, p2). To find next efficient point we add a restriction

f2 < p2. With addition of this restriction we get a subset S ′ by minimizing ψ over S ′,

let p′ be new efficient point. For using this idea to find all the efficient points we have to

show that p′ is the only efficient point found after adding the restriction.

4) Let p, q ∈ E with p 6= q, S ′ = {f ∈ F | p1 ≤ f1 ≤ q1, q2 ≤ f2 < p2} and

ψ(p′) = min{ψ(z) | f ∈ S ′}. Then p′ is the only efficient point eliminated by the

restriction f2 < p′2.

Proof: Adding f2 < p2 to the limitations of the set S ′ the subsets S2 and S3 are cut off.

In the accompanying we consider the subsets S2 and S3. The set S2 is easy to handle.

All components of S2 are dominated by p′ and in this manner cutting off the set S2 no

efficient point will be lost. Presently we show that S3 has no efficient points. Assume

there is a f ∈ S3. At that point, ψ(f) − ψ(p) = (f2 − p2) + (b′ − a′ + 1)(f1 − p1) <

(f2−p2) + (b′−a′+ 1)(−1) < 0 and ψ(f) < ψ(p) in contradiction to p is negligible. Thus

S3 is empty and contains no efficient points.

Now we can give the following algorithm to determine all efficient points.

2.4.2 Algorithm

Step 1: /* Calculate extreme efficient points k1 = (k11, k
1
2) and k2 = (k21, k

2
2) */

k21 = min{f1(x) | y ∈ Y }

k22 = min{f2(x) | y ∈ Y and f1(x) = k21}

k12 = min{f2(x) | y ∈ Y }

k11 = min{f1(x) | y ∈ Y and f2(y) = k12}
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k1 = (k11, k
1
2), k2 = (k21, k

2
2)

if k1 = k2 then i = 2, E = {k2} STOP

else i = 2, E = {k1, k2}

Step 2:/* Look for efficient points using ψ(f) = f2 + (k22 − k12 + 1)f1 and reducing the

feasible set successively*/

for ψ(ki) < ψ(k1) do

S = {f ∈ F | k21 ≤ f1 ≤ k11 and k12 ≤ f2 < ki2}

f ′ =optimize (ψ(f), S)

if ψ(f ′) < ψ(k1) then i = i+ 1, k1 = f ′, E = E ∪ {ki}

else i = 1

/* Output all efficient points */

for (j = 1...., i) do {print kj}

2.4.3 Example

Now we will apply reduction algorithm on our bi-criteria integer linear problem.

Min F = (f1, f2) where f1 = y1 − 2y2 and f2 = −3y1 + 2y2

s.t. −y1 + y2 ≤ 2

y1 + y2 ≤ 4

y1, y2 ≥ 0

Now will use above algorithm to find extreme efficient and all other efficient points.

Step 1: Extreme efficient Points:

Let we have two extreme efficient points k1 = (k11, k
1
2) and k2 = (k21, k

2
2).

k1 = Minimize f1 and take f2 as restriction or other constraint.

k12 = min{f2(x) | y ∈ Y } = {−12}

k11= min{f1(x) | y ∈ Y and f2(x) = k12} = min {f1 and − 3y1 + 2y2 = −12}

Min y1 − 2y2

s.t. −y1 + y2 ≤ 2

y1 + y2 ≤ 4

−3y1 + 2y2 = −12

y1, y2 ≥ 0
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solving this we get k11 = 4

i.e. k1 = (4,−12) at (4, 0) ∈ Y

k2 = Minimize f2 and take f1 as restriction or other constraint.

k21 = min {f1(x) | y ∈ Y } = −5

k22 = min {f2(x) | y ∈ Y and f1(x) = k21} = min{f2(x) | y ∈ Y and y1 − 2y2 = −5}

Min − 3y1 + 2y2

s.t. −y1 + y2 ≤ 2

y1 + y2 ≤ 4

−3y1 + 2y2 = −12

y1, y2 ≥ 0

solving this we get k22 = 3

i.e. k2 = (−5, 3) at (1, 3) ∈ Y

Hence, we get k1 = (4,−12) and k2 = (−5, 3) as extreme efficient points. Update i = 2

E = {(4,−12), (−5, 3)}.

Step 2: Now we will find all the other efficient points.

ψ(f) = f2 + (k22 − k22 + 1)f1

= (3y1 + 2y2) + (3− (−12) + 1)(y1 − 2y2)

= (3y1 + 2y2) + 16y1 − 32y2

= 13y1 − 30y2

Now, we have to check if ψ(k2) < ψ(k1) is true or not.

ψ(1, 3) = −77, ψ(4, 0) = 12

Therefore, ψ(k2) < ψ(k1) is true. Now we construct a set S and optimize {ψ(f), S} i.e.

f ′ = min 13y1 − 30y2

− y1 + y2 ≤ 2

y1 + y2 ≤ 4

− 5 ≤ y1 − 2y2 ≤ 4

− 12 ≤ −3y1 + 2y2 ≤ 2

y1, y2 ≥ 0

solving this we get f ′ = −47, at (1,2) ∈ Y

therefore, ψ(f ′) = −47, ψ(k1) = 12, ψ(f ′) < ψ(k1). As ψ(f ′) < ψ(k1) is true we can

proceed our algorithm further. Update i = i+ 1 = 3
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We can find k3 as below:

f ′ = −47 at (1, 2) therefore we will evaluate f1 and f2 at (1,2). The values of f1 and f2

at (1,2) will correspondingly give k3. Hence, f1 = −3, f2 = 1 at (1,2). As k3 = f ′ at

(1,2), therefore k3 = (−3, 1) is new efficient point. Update E = E ∪ {k3}.

This gives E = {(4,−12), (−5, 3), (−3, 1)}. Applying the above procedure again and

again we get E = {(4,−12), (−5, 3), (−3, 1), (0,−4), (1,−7), (−2,−2)(3,−9)}.

In our bi-criteria linear problem the two extreme points are {4,−12} and {−5, 3}. There-

fore we have, a′ = −5, b′ = 3 and the new objective function ψ(f1, f2) = f2 + 9f1. With

this function we get the following order ψ(−2,−2) < ψ(0,−4) < ψ(1,−7) < ψ(3,−9) <

ψ(4, 12) < ψ(−3, 1) < ψ(−5, 3).

Result: Above mentioned algorithm gives all efficient points.

Proof: Let e1 and e2 are two efficient points and if e1 = e2 then it is an ideal point and

also the only efficient point of this optimization problem. Now consider the case when

e1 6= e2. The procedure optimizes in the following loop only and determines efficient

points, by the result of proposition 3) and hence all efficient points are found in E.

Now, in next step we will show that the algorithm finds all the efficient points. Consider

that an efficient point e is not found in E by this algorithm. For simplicity we suppose

S(i) = {f ∈ F | e21 ≤ f1 ≤ e11 and e12 ≤ f2 ≤ e12}. With the subsets S(i) having the

property S(n) ⊂ ...S(i+1) ⊂ S(i) ⊂ ... ⊂ S(2). Now we can obtain a subset S(i) such

that e ∈ S(i) and e 6∈ S(i+1). If the algorithm can find the efficient point e(i) then the

subset S(i) is obtained and the algorithm can find the next efficient point e(i+1). Since

e ∈ S(i) and e 6∈ S(i+1) we can have e12 ≤ e2 ≤ e
(i+1)
2 and because of efficiency it follows

e11 ≤ e1 ≤ e
(i+1)
1 . Therefore, we have ψ(e) ≤ ψ(e(i+1)) which is contradiction to the min-

imality condition of ψ(e(i+1)). Due to this contradiction there cannot exist an efficient

point e and all efficient points are obtained by above algorithm. Finally, the number

of efficient points are obtained and the algorithm terminates after a finite number of

iterations.
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Chapter 3

Optimizing a Linear Fractional function

over the integer efficient set

In this chapter we are reviewing, the idea of Wassila Drici; Fatma Zohra Ouail; Mustapha

Moulai[27] of optimizing a linear fractional function over the integer efficient set. Basi-

cally in this we have a multi-objective integer linear problem defined on a feasible region

and a linear fractional problem whose efficient solutions exist in feasible region of multi-

objective problem. This is done by using Branch and Cut technique and the continuous

linear fractional programming. In this we add efficient cuts and efficiency test is also

applied by which large number of non-efficient points are left out.

Multi-objective optimization problems, are those in which we optimize, several objec-

tives functions which can be linear or non-linear. We cannot find one optimal solution

for multi-objective problems, so welsearch for alset of solutions called efficient solutions.

Previously, these type of problemslbecame an important area of multi-objective optimiza-

tion.lOptimizing a non linear function over the efficient set of alMulti-objective Integer

Linear Programming problem (MOILP) is alnot easy to solve. Because of discrete as-

pect of decision variables, and also because the shape of feasiblelregion having efficient

set is unknown. In general, the set of efficientlsolutions may have very large cardinality,

this made difficult for the decision makerl(DM) to find the best solution. In spite of

that the decision maker canlcreate his predictions using one function apart from multi-

objectivelinteger linear problem functions. This chapter includes an algorithm to obtain
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an optimal solution of a maximization linear fractional problem over a non-convexlset of

efficient solutions of multi-objective integer linear problem.

In this we solve integer linear fractional problem, using the Branch and Bound method

which is strengthened by the addition of efficient cuts and tests. In the next section we

will give some definitions and notations regarding the multi-objective integer linear prob-

lem and integer linear fractional problem. In section (3.2), the algorithm is discussed.

The section (3.3) consists of theoretical results for the algorithm and the section (3.4)

contains example.

3.1 Definitions andlNotations:

Consider a multi-objectivelinteger linear problem:

MOILP max fi(x) =
∑

aixi; i ∈ (1, 2, ..., s)

subject to x ∈ E = X ∩ Zn

where the set of integers is denotedlby Z and s ≥ 2; A ∈ Rm×n; b ∈ Rn and X = {x ∈

Rn | Ax ≤ b, x ≥ 0} and X 6= φ and X is convex- polyhedron set also E 6= φ.

Efficient Solution: Consider x∗ ∈ D be a feasible solution of multi-objective integer

linear problem the x∗ is called an efficient solution iff there exist no other feasible solu-

tion such that fi(x) ≥ fi(x
∗) where x ∈ E and i ∈ (1, 2, ..., s) and ft(x) ≥ ft(x

∗) for at

least one t ∈ (1, 2, ..., s). If these two conditions are not satisfied then we can say x∗ is

not an efficient point and then fi(x
∗) is dominatedlby fi(x).

Now, consider a linear fractional problem which is not necessarily a combination of multi-

objective integer linear problem’slobjective functions and integer linear fractional problem

is maximized by an efficient solution of multi-objective integer linear problem. This can

be determined by solving the following problem:

(ILFP) max
cx+ d

px+ q
subject to

x ∈ XE ⊂ E

where c, d are real n vectors, α, β ∈ R be any real constants and XE is efficient set of

multi-objective integer linear problem. The denominator of the objective function of in-
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teger linear fractional problem is always strictly positive for all x ∈ X. Let xopt is the

best efficient solution of integer linear fractional problem (ILFP) obtained upto step k

and fopt is its respective value.

Now, we apply Branch and Bound method, by this we will obtain an optimal solution

for integer linear fractional problem (ILFP) by solving various continuous and more con-

strained linear fractional problems (LFP )k, k ≥ 0. These (LFP )k’s can be defined as:

(LFP )k max
cx+ d

px+ q
subject to

x ∈ Xk

where X0 = X and Xk+1 can be determined by adding efficient cuts as discussed below.

Let x∗k be an optimal solution of (LFP )k at node k of the structured tree.

Case 1: If x∗k is integer we will test the efficiency of x∗k by solving mixed integer linear

problem stated by Ecker and Kouada (1975) as:

EK(x(∗k)) max Z =
s∑
1

ψi

subject to

Cx = Iψ + Cx(∗k)

x ∈ D; ψi ≥ 0; for all i ∈ (1, 2, ..., s)

where C = (ai)i∈(1,2,...,s) is (s×n) matrix, I is (r×r) identity matrix and ψ = (ψi)i∈(1,2,...,s).

The efficiency condition for a point to be efficient is that Z = 0. If this condition is not

satisfied than x∗k is not an efficient point and then we will use EK(x∗k) to obtain efficient

points.

Case 2: The x∗k is not integer, then branching process will be used and then two new

linear fractional problems will be created and solved as problem (LFP )k.

Let x∗k be the first integer solution obtained after solving problem (LFP )k by using the

branching process. Let Bk denotes the set of all basic variables and Nk denotes the set

of all non-basic variables of x∗k.

Let δj be the jth component of the growth vector δ of function defined, at every step as:

δj = f2(c− z(1)j )− f1(p− z(2)j )

where z
(1)
j = cBB

−1bj; z
(2)
j = pBB

−1bj; bj is the jth component of matrix A; f1 =

cx∗(k) + d; f2 = px∗(k) + q; and f(x∗(k)) =
f1
f2

.
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Necessary and Sufficient condition for optimality: The necessary and sufficient

condition for optimality for (LFP )k can be stated as:

A basic feasible solution x∗ is an optimal solution of the problem (LFP )k iff the com-

ponent δj ≤ 0 for all j ∈ Nk.

Proof: The growth rate of each function fi, i ∈ (1, 2, ..., s) of multi-objective integer

linear problem can be obtained using their reduced gradient vectors a−1 = ai − f i, i ∈

{1, 2, ..., s}. Now using this information we make an efficient cut and remove those integer

solutions which are not efficient. Therefore, we define the set of increasing directions of

the criteria as follows:

Sk = {j ∈ Nk / ∃{1, 2, ..., s}; a−ij > 0} ∪ {j ∈ Nk/a
−i
j = 0,∀i ∈ {1, 2, ..., s}}.

Now there are two types of efficient cuts are present.

Cut 1:

∑
j∈Sk

xj ≥ 1

Cut 2: This cut is added in accordance with the following condition:

f(x) ≥ fopt

This method is based on the criteria of Branch and Cut method. Therefore, in each step

we add efficient cuts to avoid those solutions which are not efficient for multi-objective

integer linear problem.

If we obtain an integer solution at node k we generate the following set

X1
k+1 = {x ∈ Xk/

∑
j∈Sk

xj ≥ 1},

and the following set

X2
k+1 = {x ∈ Xk/f(x) ≥ fopt}. which can be written as:

Xk+1 = X1
k+1 ∪X2

k+1.

3.2 Description of the method:

We suppose that (LFP )k is considered as a node of the structured tree. A node k of the

structured tree is fathomed if the following conditions are satisfied:
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1) If the solution x∗k of the corresponding problem integer linear fractional problem is an

efficient solution (x∗(k) ∈ XE).

2) If x∗(k) is a non efficient integer solution and Sk = φ, which means that no improvement

of the objective linear functions can be done along remaining domain.

3) If fopt obtained is greater than or equal to value f at the node.

4) If the corresponding program (LFP )k is unfeasible.

Now, consider the case when x∗(k) is not integer optimal solution of integer linear fractional

problem.

Let x
∗(k)
j be one of the component of x∗(k) and let x

∗(k)
j is fractional number then we can

write xj ≥ bx∗(k)j c and xj ≥ dx∗(k)j e where and are floor and celling functions respectively.

Using Branch and Bound method we found the integer solution and now we will check

efficiency of this integer solution using EK(x∗(k)) problem. If it is efficient then we will

update the current value.

If the obtained solution is not efficient we will add efficient cuts and we will now solve a

new problem. This algorithm ends when all the nodes are fathomed. Hence, xopt will be

the optimal solution of the integer linear fractional problem with respect to fopt.

3.3 Algorithm:

Step 1: Initialization Set the optimal value of f as fopt = −∞, xopt as unknown

solution, k = 0 and X0 = X.

Step 2: General Step Until there’s presence of non-fathomed node in tree, that node

is chosen which is not yet fathomed which is having greatest number k and corresponding

(LFP )k is solved with the help of dual simplex method or any other method.

Now, after solving (LFP )k two cases arise:

Case 1: if the given problem is unfeasible, then we have fathomed node k.

Case 2: if the given problem is feasible, then we suppose its optimal solution to be x∗k.

Now again two cases arise:

Case 2a: If fopt ≥ fx∗(k) , then the node k is fathomed. We will stop here and repeat

step2.
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Case 2b: If fopt 6≥ fx∗(k) , we will check whether x∗(k) is integer or not. Again two cases

arise:

If x∗(k) is integer:

We will now test for efficiency of x∗(k).

Efficiency test: For efficiency of x∗(k) solve EK(x∗(k)).

EK(x(∗k)) max Z =
s∑
1

ψi

subject to

Cx = Iψ + Cx(∗k)

x ∈ D; ψi ≥ 0; ∀ i ∈ (1, 2, ..., s)

where C = (ai)i∈{1,2,...,s} is (s×n) matrix, I is (r×r) identity matrix and ψ = (ψi)i∈{1,2,...,s}.

After solving EK(x(∗k)) two cases arise:

1: If Z = 0, we say solution x∗(k) is efficient then corresponding node k is fathomed. We

will update fopt; iff fopt ≥ f(x) and we will stop here and repeat from step 2.

2: If Z 6= 0, then we will find he optimal solution by solving EK(x(∗k)) let it be x̂k update

fopt, iff fopt ≥ f(x) and now we will add efficient cuts to (LFP )k.

Efficient cuts: Determine the set Nk and construct Sk;

Now, again two cases arise if:

1) S = φ, then k node is fathomed, repeat step 2.

2) S 6= φ, add cut
∑
j∈Sk

xj ≥ 1 to (LFP )k

and if f(x) ≥ fopt then add ∑
j∈Sk

xj ≥ 1

and f(x) ≥ fopt, repeat step 2.

If x∗(k) is not an integer:

We will apply Branch and Bound method. Choose any non-integer value from the com-

ponents of x∗(k). Now add two constraints xj ≥ bx∗(k)j c to get (LFP )k1 and xj ≥ dx∗(k)j e

to get (LFP )k2 such that (k1 > k+1; k2 > k+1) and k1 6= k2, hence dividing the feasible

set Xk into two parts Xk1 and Xk2 , doing so we can add cut

∑
j∈Sk

xj ≥ 1
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and f(x) ≥ fopt and repeat step 2.

3.4 Theoretical Results

The algorithm provided above generates an optimal efficient solutions of integer linear

fractional problem in finite number of steps.

1) Let Sk 6= φ at current integer solution x∗(k). If x 6= x∗(k) is an integer efficient solution

in domain Xk\{x∗(l)}, then x ∈ Xk+1.

Proof: Let x be an integer solution of the set Xk\{x∗(l)} such that x 6∈ Xk+1, then

x 6∈ X1
k+1 or x 6∈ X2

k+1.

We will prove this by contradiction, if x 6∈ X1
k+1, then x 6∈ {x ∈ Xk/

∑
j∈Sk

xj ≥ 1} implies

x ∈ {x ∈ Xk/
∑

j∈Nk\Sk

xj ≥ 1}.

Hence, the following holds:

∑
j∈Sk

xj < 1

and ∑
j∈Nk\Sk

xj ≥ 1

It follows that xj = 0 for all index j ∈ Sk, and xj ≥ 1 for at least one index j ∈ Nk\Sk.

By using the simplex table in x∗(k), the following equality holds ∀ i ∈ {1, 2, ..., s}:

fi(x) = aix = aix∗(k) +
∑
j∈Sk

a−ij xj

= aix∗(k) +
∑
j∈Sk

a−ij xj +
∑

j∈Nk\Sk

a−ij xj

= aix∗(k) +
∑

j∈Nk\Sk

a−ij xj

This implies fi(x) ≤ fi(x
∗(k)) ∀i ∈ {1, 2, ..., s}, with fi(x) ≤ fi(x

∗(k)) for at least one

criterion since a−ij ≤ 0,∀j ∈ Nk\Sk.

Hence, fi(x) is dominated by fi(x
∗(k)) and x is not efficient. This is contradiction. Hence,

x ∈ X1
k+1.

Similarly, if x 6∈ X2
k+1, f(x) < fopt. Thus, x is not optimal, a contradiction.
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Result: The constraint ∑
j∈Sk

xj ≥ 1

defines an efficient cut.

Proof: By the last theorem, we can say that

∑
j∈Sk

xj ≥ 1

is an efficient valid constraint and all the integer efficient solutions in the current domain

Xk satisfy this constraint. Also, the current integer solution x∗(k) does not satisfy this

constraint since xj = 0 ∀j ∈ Sk. Hence, we can say that the constraint

∑
j∈Sk

xj ≥ 1

is an efficient cut.

2) The algorithm converges to an optimal solution of integer linear fractional problem,

this solution if exist have finite number of iterations.

Proof: As, E, the set of the integer feasible solutions of multi-objective integer linear

problem, is a finite bounded set contained in X, the number of elements in XE is also

finite. Every time we get an optimal integer solution x∗(k), an efficient cut x∗(k) ∈ XE

is added or there is no further improvement of fopt. Therefore, in accordance to above

theorem and corollary, at least the solution x∗(k) is eliminated when any sub-problem like

linear fractional problem (LFP )l is studied where l > k, but no integer efficient solution

is omitted.

3.5 Example

Now, we will apply above algorithm to solve the following problem:

Consider the multi-objective integer linear problem:

(P ) max f1 = y1 + y2 − y3 − 2y4

max f2 = y1 − 3y2 − y3 + y4
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max f3 = 0y1 + 2y2 + 2y3 + 2y4

max f4 = 0y1 − y2 + 2y3 + 2y4

s.t.

3y1 − 2y2 + y3 + x4 ≤ 3

y2 + 3y3 + 4y4 ≤ 4

y1 + y2 + y3 + y4 ≤ 5

2y2 + y3 ≤ 6

y1, y2, y3, y4 ∈ N

y1, y2, y3, y4 ≥ 0

Now, the linear fractional problem is given below as:

(ILFP )E

max z(x) =
−y1 − y2 + 2y3 + 3y4 − 15

y2 + y3 + y4 + 1
s.t.

x ∈ XE

Initialization: Let fopt = −∞, k = 0. The (LFP )0 is now solved i.e.

Step 1:

(LFP )0

max z(x) =
−y1 − y2 + 2y3 + 3y4 − 15

y2 + y3 + y4 + 1
s.t.

3y1 − 2y2 + y3 + x4 ≤ 3

y2 + 3y3 + 4y4 ≤ 4

y1 + y2 + y3 + y4 ≤ 5

2y2 + y3 ≤ 6

y1, y2, y3, y4 ∈ N

y1, y2, y3, y4 ≥ 0

we get the following table 1
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dj 0 1 1 1 0 0 0 0

cj -1 -1 2 3 0 0 0 0

dB cB xB y1 y2 y3 y4 y5 y6 y7 y8 xB

0 0 y7 1 0 0 1/5 0 -1/5 1 -2/5 9/5

2 1 y3 0 0 1 8/5 0 2/5 0 -1/5 2/5

1 -1 y2 0 1 0 -4/5 0 -1/5 0 3/5 14/5

0 0 y5 3 0 0 -11/5 1 -4/5 0 7/5 41/5

z1 = −17 z1j − cj 1 0 0 1 0 1 0 -1

z2 = 21/5 z2j − dj 0 0 0 -1/5 0 1/5 0 2/5

4j -21/5 0 0 -4/5 0 -38/5 0 -13/5

ā1 1 0 0 2/5 0 3/5 0 -4/5

ā2 1 0 0 1/5 0 -1/5 0 8/5

ā3 0 0 0 2/5 0 -2/5 0 -4/5

ā4 0 0 0 -2 0 -1 0 1

Table 1

we get y∗0 = (0, 14
5
, 2
5
, 0) as first optimal solution and f(x∗0) = −85

21
.

The first optimal solution obtained above is not integer, therefore we apply branching

process. After applying branching process we get two different nodes constraints such as:

C1 : y2 ≤ b
14

5
c (1)

C2 : y2 ≥ d
14

5
e (2)

Adding constraint (1) to table 1 we get the following table 2:
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dj 0 1 1 1 0 0 0 0 0

cj -1 -1 2 3 0 0 0 0 0

dB cB xB y1 y2 y3 y4 y5 y6 y7 y8 y9 xB

0 0 y7 1 0 0 -1/3 0 -1/3 1 0 -2/3 7/3

2 1 y3 0 0 1 4/3 0 1/3 0 0 -1/3 2/3

1 -1 y2 0 1 0 0 0 0 0 0 1 2

0 0 y5 3 0 0 -1/3 1 -1/3 0 0 7/3 19/3

0 0 y8 0 0 0 -4/3 0 -1/3 0 1 -5/3 4/3

z1 = −47/3 z1j − cj 1 0 0 -1/3 0 2/3 0 0 -5/3

z2 = 11/3 z2j − dj 0 0 0 1/3 0 1/3 0 0 5/3

4j -11/3 0 0 -4 0 -23/3 0 0 -13/3

ā1 1 0 0 -2/3 0 1/3 0 0 -4/3

ā2 1 0 0 7/3 0 1/3 0 0 8/3

ā3 0 0 0 -2/3 0 -2/3 0 0 -4/3

ā4 0 0 0 -2/3 0 -2/3 0 0 5/3

Table 2

This table gives y∗1 = (0, 2, 2
3
, 0) as an optimal solution and f(y∗1) = −47

11
.

Adding constraint (2) to table 1 we get the following table 3:
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dj 0 1 1 1 0 0 0 0 0

cj -1 -1 2 3 0 0 0 0 0

dB cB xB y1 y2 y3 y4 y5 y6 y7 y8 y9 xB

0 0 y7 1 0 0 0 0 -1/4 1 -1/4 1/4 7/4

2 1 y3 0 0 1 0 0 0 0 1 2 0

1 -1 y2 0 1 0 0 0 0 0 0 -1 3

0 0 y5 3 0 0 0 1 -1/4 0 -1/4 -11/4 35/4

1 3 y4 0 0 0 1 0 1/4 0 -3/4 -5/4 1/4

z1 = −69/4 z1j − cj 1 0 0 0 0 3/4 0 -1/4 5/4

z2 = 17/4 z2j − dj 0 0 0 0 0 1/4 0 1/4 -1/4

4j -17/4 0 0 0 0 -15/2 0 -13/4 -1

ā1 1 0 0 0 0 1/2 0 -1/2 1/2

ā2 1 0 0 0 0 -1/4 0 7/4 1/4

ā3 0 0 0 0 0 -1/2 0 -1/2 1/2

ā4 0 0 0 0 0 -1/2 0 -1/2 -5/2

Table 3

This table gives y∗2 = (0, 3, 0, 1
4
) as an optimal solution and f(y∗2) = −69

17
.

From above tables we get f(y∗2) > f(y∗1), therefore, we will explore C2 node first but

the solution obtained by adding C2 is not an integer therefore again we apply branching

procedure and we get the following constraints:

C3 : y4 ≤ b
1

4
c (3)

C4 : y4 ≥ d
1

4
e (4)

Now we will add C3 and C4 to table 3. Adding C3 to table 3 we get table 4 as below:
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dj 0 1 1 1 0 0 0 0 0 0

cj -1 -1 2 3 0 0 0 0 0 0

dB cB xB y1 y2 y3 y4 y5 y6 y7 y8 y9 y10 xB

0 0 y7 1 0 0 0 0 0 1 -1 -1 -1 2

2 1 y3 0 0 1 0 0 0 0 1 2 0 0

1 -1 y2 0 1 0 0 0 0 0 0 -1 0 3

0 0 y5 3 0 0 0 1 0 0 -1 -4 -1 9

1 3 y4 0 0 0 1 0 0 0 0 0 1 0

0 0 y6 0 0 0 0 0 1 0 -3 -5 -4 1

z1 = −18 z1j − cj 1 0 0 0 0 0 0 2 5 3

z2 = 4 z2j − dj 0 0 0 0 0 0 0 1 1 1

4j -4 0 0 0 0 0 0 -26 -38 -1

ā1 1 0 0 0 0 0 0 1 3 2

ā2 1 0 0 0 0 0 0 1 -1 -1

ā3 0 0 0 0 0 0 0 -2 -2 -2

ā4 0 0 0 0 0 0 0 -2 -5 -2

Table 4

This table gives y∗3 = (0, 3, 0, 0) as an optimal solution and f(y∗3) = −18

2
.

Adding constraint C4 to table 3 we get unfeasible solution, therefore, the node is fath-

omed. As we obtained optimal integer solution after adding constraint C3 to table 3 i.e.

y∗3 = (0, 3, 0, 0) we will now test the efficiency of this solution by applying Ecker and

Kouada problem.

Efficiency test for y∗3 = (0, 3, 0, 0):To check the efficiency of y∗3 = (0, 3, 0, 0) we have

to solve the following problem:

EK(y∗(l)) max θ = w1 + w2 + w3 + w4

s.t.

3y1 − 2y2 + y3 + x4 ≤ 3

y2 + 3y3 + 4y4 ≤ 4

y1 + y2 + y3 + y4 ≤ 5

2y2 + y3 ≤ 6
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y1 + y2 − y3 − 2y4 − w1 = 3

y1 − 3y2 − y3 + y4 − w2 = −9

0y1 + 2y2 + 2y3 + 2y4 − w3 = 6

0y1 − y2 + 2y3 + 2y4 − w4 = −3

y1, y2, y3, y4 ∈ N

y1, y2, y3, y4, w1, w2, w3, w4 ≥ 0

After solving this problem using TORA we get the following result:

subproblem objective value, θ y1 y2 y3 y4 w1 w2 w3 w4

5 2 1 3 0 0 1 1 0 0

7 4 2 3 0 0 2 2 0 0

The above table shows objective function value is not equal to zero. Hence, the opti-

mal solution y∗3 = (0, 3, 0, 0) is not efficient. After applying efficiency test we get an

efficient integer solution i.e. ŷ3= (2,3,0,0) with f(ŷ3) = −5. Update yopt= (2,3,0,0) and

fopt = −5. To obtain the optimal solution we will add cuts to table 4. From table 4 we

obtain S1 = {1, 8, 9, 10}. Apply the efficient cut y1 + y8 + y9 + y10 ≥ 1 and f(y) ≥ −5.

After adding both the cuts in table 4 and applying dual simplex method we obtain table 5:
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dj 0 1 1 1 0 0 0 0 0 0 0 0

cj -1 -1 2 3 0 0 0 0 0 0 0 0

dB cB xB y1 y2 y3 y4 y5 y6 y7 y8 y9 y10 y11 y12 xB

0 0 y7 1 0 0 0 0 0 1 -2 -2 -2 1 0 1

2 1 y3 0 0 1 0 0 0 0 1 2 0 0 0 0

1 -1 y2 0 1 0 0 0 0 0 0 -1 0 0 0 3

0 0 y5 0 0 0 0 1 0 0 -4 -7 -4 3 0 6

1 3 y4 0 0 0 1 0 0 0 0 0 1 0 0 0

0 0 y6 0 0 0 0 0 1 0 -3 -5 -4 0 0 1

0 -1 y1 1 0 0 0 0 0 0 1 1 1 -1 0 1

0 0 y12 0 0 0 0 0 0 0 6 9 7 1 1 1

z1 = −19 z1j − cj 0 0 0 0 0 0 0 1 4 2 1 0

z2 = 4 z2j − dj 0 0 0 0 0 0 0 1 1 1 0 0

4j 0 0 0 0 0 0 0 -23 -35 -27 -4 0

ā1 0 0 0 0 0 0 0 0 2 1 1 0

ā2 0 0 0 0 0 0 0 0 -2 -2 1 0

ā3 0 0 0 0 0 0 0 -2 -2 -2 0 0

ā4 0 0 0 0 0 0 0 -2 -5 -2 0 0

Table 5

This table gives y∗4 = (1, 3, 0, 0) as an optimal solution and f(y∗4) = −19

4
. Now, we will

test the efficiency of y∗4 = (1, 3, 0, 0).

Efficiency test for y∗3 = (0, 3, 0, 0):To check the efficiency of y∗3 = (0, 3, 0, 0) we have

to solve the following problem:

EK(y∗(l)) max θ = w1 + w2 + w3 + w4

s.t.

3y1 − 2y2 + y3 + x4 ≤ 3

y2 + 3y3 + 4y4 ≤ 4

y1 + y2 + y3 + y4 ≤ 5

2y2 + y3 ≤ 6

y1 + y2 − y3 − 2y4 − w1 = 3
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y1 − 3y2 − y3 + y4 − w2 = −9

0y1 + 2y2 + 2y3 + 2y4 − w3 = 6

0y1 − y2 + 2y3 + 2y4 − w4 = −3

y1, y2, y3, y4 ∈ N

y1, y2, y3, y4, w1, w2, w3, w4 ≥ 0

After solving this problem using TORA we get the following result:

subproblem objective value, θ y1 y2 y3 y4 w1 w2 w3 w4

4 0 1 3 0 0 0 0 0 0

5 2 2 3 0 0 1 0 0

The above table shows objective function value is not equal to zero. Hence, the opti-

mal solution y∗4 = (1, 3, 0, 0) is not efficient. After applying efficiency test we get an

efficient integer solution i.e. ŷ4= (2,3,0,0) with f(ŷ4) = −5. Update yopt= (2,3,0,0) and

fopt = −5. To obtain the optimal solution we will add cuts to table 5. From table 5 we

obtain S2 = {9, 10, 11}. Apply the efficient cut y9 + y10 + y11 ≥ 1. After adding the cut

in table 5 and applying dual simplex method we obtain table 6:
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dj 0 1 1 1 0 0 0 0 0 0 0 0 0 0

cj -1 -1 2 3 0 0 0 0 0 0 0 0 0 0

dB cB xB y1 y2 y3 y4 y5 y6 y7 y8 y9 y10 y11 y12 y13 y14 xB

0 0 y7 1 0 0 0 0 0 1 -2 -3 -3 0 0 1 0 0

2 1 y3 0 0 1 0 0 0 0 1 2 0 0 0 0 0 0

1 -1 y2 0 1 0 0 0 0 0 0 -1 0 0 0 0 0 3

0 0 y5 0 0 0 0 1 0 0 -4 -10 -7 0 0 3 0 3

1 3 y4 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0

0 0 y6 0 0 0 0 0 1 0 -3 -5 -4 0 0 0 0 1

0 -1 y1 1 0 0 0 0 0 0 1 2 2 0 0 -1 0 2

0 0 y12 0 0 0 0 0 0 0 6 8 6 0 1 1 0 0

0 0 y11 0 0 0 0 0 0 0 0 1 1 1 0 -1 0 1

0 0 y14 0 0 0 0 0 0 0 6 8 6 0 0 1 1 0

z1 = −20 z1j − cj 0 0 0 0 0 0 0 1 -3 -1 0 0 1 0

z2 = 4 z2j − dj 0 0 0 0 0 0 0 1 -1 -1 0 0 0 0

4j 0 0 0 0 0 0 0 -24 -32 -24 0 0 -4 0

ā1 0 0 0 0 0 0 0 0 1 0 0 0 1 0

ā2 0 0 0 0 0 0 0 0 -3 -3 0 0 1 0

ā3 0 0 0 0 0 0 0 -2 -2 -2 0 0 0 0

ā4 0 0 0 0 0 0 0 -2 -5 -2 0 0 0 0

Table 6

This table gives y∗4 = (2, 3, 0, 0) as an integer efficient solution and f(y∗4) = −20

4
. Hence,

the current node is fathomed.

Now, we will consider the constraint C1. The solution y∗1 = (0, 2, 2
3
, 0) is not integer,

after applying branch and bound method we get two new constraints such as:

C5 : y3 ≤ b
2

3
c (5)

C6 : y3 ≥ d
2

3
e (6)

Adding constraint (5) to table 2 we get the following table 7:
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dj 0 1 1 1 0 0 0 0 0 0 0

cj -1 -1 2 3 0 0 0 0 0 0 0

dB cB xB y1 y2 y3 y4 y5 y6 y7 y8 y9 y10 y11 xB

0 0 y7 1 0 0 0 0 -1/4 1 0 -3/4 -1/4 0 5/2

2 1 y3 0 0 1 0 0 0 0 0 0 1 0 0

1 -1 y2 0 1 0 0 0 0 0 0 1 0 0 2

0 0 y5 3 0 0 0 1 -1/4 0 0 9/4 -1/4 0 13/2

1 3 y8 0 0 0 0 0 0 0 1 -2 -1 0 2

1 3 y4 0 0 0 1 0 1/4 0 0 -1/4 -3/4 0 1/2

0 0 y11 1 0 0 0 0 2 0 0 2 1 1 2

z1 = −31/2 z1j − cj 1 0 0 0 0 3/4 0 0 -7/4 -1/4 0

z2 = 7/2 z2j − dj 0 0 0 0 0 1/4 0 0 3/4 1/4 0

4j -7/2 0 0 0 0 -13/2 0 0 -11/2 -3 0

ā1 1 0 0 0 0 1/2 0 0 -3/2 -1/2 0

ā2 1 0 0 0 0 -1/4 0 0 13/4 7/4 0

ā3 0 0 0 0 0 -1/2 0 0 -3/2 -1/2 0

ā4 0 0 0 0 0 -1/2 0 0 -3/2 -1/2 0

Table 7

This table gives y∗6 = (0, 2, 0, 1
2
) as an optimal solution and f(y∗6) = −31

7
. Adding

constraint (6) to table 2 we get the following table 8:
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dj 0 1 1 1 0 0 0 0 0 0 0

cj -1 -1 2 3 0 0 0 0 0 0 0

dB cB xB y1 y2 y3 y4 y5 y6 y7 y8 y9 y10 y11 xB

0 0 y7 1 0 0 -1 0 -3 1 0 0 -2 0 3

2 1 y3 0 0 1 0 0 0 0 0 0 -1 0 1

1 -1 y2 0 1 0 1 0 4 0 0 0 3 0 1

0 0 y5 3 0 0 2 1 9 0 0 0 7 0 4

1 3 y8 0 0 0 -2 0 -8 0 1 0 -5 0 3

1 3 y9 0 0 0 -1 0 -4 0 0 1 -3 0 1

0 0 y11 1 0 0 4 0 8 0 0 0 3 1 1

z1 = −14 z1j − cj -1 0 0 -1 0 7 0 0 0 -5 0

z2 = 3 z2j − dj 0 0 0 1 0 3 0 0 0 2 0

4j -3 0 0 -11 0 -21 0 0 0 -13 0

ā1 1 0 0 -1 0 -6 0 0 0 -4 0

ā2 1 0 0 3 0 13 0 0 0 8 0

ā3 0 0 0 -2 0 -6 0 0 0 -4 0

ā4 0 0 0 1 0 6 0 0 0 5 0

Table 8

This table gives y∗7 = (0, 1, 1, 0) as an optimal solution and f(y∗7) = −14

3
. From above

tables we get f(y∗6) > f(y∗7), therefore, we will explore C5 node first but the solution

obtained by adding C5 is not an integer therefore again we apply branching procedure

and we get the following constraints:

C7 : y4 ≤ b
1

2
c (7)

C8 : y4 ≥ d
1

2
e (8)

When these constraints are added to table 7 the problem becomes unfeasible, hence in

both the cases the node is fathomed.

Now, we will explore C6, adding C6 to table 2 we get y∗7 = (0, 1, 1, 0) as an optimal

solution which is integer. We will test its efficiency now.

Efficiency test for y∗7 = (0, 1, 1, 0):To check the efficiency of y∗7 = (0, 1, 1, 0) we have
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to solve the following problem:

EK(y∗(l)) max θ = w1 + w2 + w3 + w4

s.t.

3y1 − 2y2 + y3 + x4 ≤ 3

y2 + 3y3 + 4y4 ≤ 4

y1 + y2 + y3 + y4 ≤ 5

2y2 + y3 ≤ 6

y1 + y2 − y3 − 2y4 − w1 = 0

y1 − 3y2 − y3 + y4 − w2 = −4

0y1 + 2y2 + 2y3 + 2y4 − w3 = 4

0y1 − y2 + 2y3 + 2y4 − w4 = 1

y1, y2, y3, y4 ∈ N

y1, y2, y3, y4, w1, w2, w3, w4 ≥ 0

After solving this problem using TORA we get the following result:

subproblem objective value, θ y1 y2 y3 y4 w1 w2 w3 w4

2 2 1 1 1 0 1 1 0 0

The above table shows objective function value is not equal to zero. Hence, the opti-

mal solution y∗7 = (0, 1, 1, 0) is not efficient. After applying efficiency test we get an

efficient integer solution i.e. ŷ7= (1,1,1,0) with f(ŷ7) = −5. Update yopt= (1,1,1,0) and

fopt = −5. To obtain the optimal solution we will add cuts to table 8. From table 8 we

obtain S3 = {1, 4, 6, 10}. Apply the efficient cut y1 + y4 + y6 + y10 ≥ 1. After adding the

cut in table 8 and applying dual simplex method we obtain table 9:
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dj 0 1 1 1 0 0 0 0 0 0 0 0 0

cj -1 -1 2 3 0 0 0 0 0 0 0 0 0

dB cB xB y1 y2 y3 y4 y5 y6 y7 y8 y9 y10 y11 y12 y13 xB

0 0 y7 0 0 0 -4 0 -2 1 0 0 -3 0 1 0 2

2 1 y3 0 0 1 0 0 0 0 0 0 -1 0 0 0 1

1 -1 y2 0 1 0 4 0 1 0 0 0 3 0 0 0 1

0 0 y5 0 0 0 6 1 -1 0 0 0 4 0 3 0 1

1 3 y8 0 0 0 -8 0 -8 0 1 0 -5 0 0 0 3

1 3 y9 0 0 0 -4 0 -4 0 0 1 -3 0 0 0 1

0 0 y11 0 0 0 7 0 8 0 0 0 4 1 1 0 0

0 -1 y1 1 0 0 1 0 8 0 0 0 1 0 -1 0 1

0 0 y13 0 0 0 7 0 8 0 0 0 4 0 1 1 0

z1 = −15 z1j − cj 0 0 0 -8 0 -2 0 0 0 -6 0 1 0

z2 = 3 z2j − dj 0 0 0 3 0 1 0 0 0 2 0 0 0

4j 0 0 0 -21 0 -9 0 0 0 -12 0 -3 0

ā1 0 0 0 -7 0 -2 0 0 0 -5 0 1 0

ā2 0 0 0 12 0 2 0 0 0 7 0 1 0

ā3 0 0 0 -6 0 -2 0 0 0 -4 0 0 0

ā4 0 0 0 6 0 1 0 0 0 5 0 0 0

Table 9

This table gives y∗8 = (1, 1, 1, 0) as an optimal solution and f(y∗8) = −5. The solution

obtained by this table is integer efficient. Hence, the node is fathomed.

Now, the algorithm will stop since all the formed nodes are fathomed and we obtained

two integer efficient solution for (ILFP )E are xopt1 = (2, 3, 0, 0) and xopt2 = (1, 1, 0, 0)

with optimal value fopt = −5. The application of Branch and Bound method is shown

by following diagram:
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3.6 Conclusion

In this chapter, we obtained integer efficient solutions of (ILFP )E over the efficient

set of (MOLIP) using an algorithm. The algorithm generates efficient points without

enumerating the set of all the efficient points. In fact, we use branch and bound method

which is further strengthened by adding efficient cuts and efficiency tests, by this we

fathomed number of nodes. Hence, many non-efficient integer feasible solutions can be

avoided.
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