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ABSTRACT

In the mechanical systems there are numerous applications of heat transfer and
temperature plays a very important role. If values of temperatures at node are not
accurate it is not possible to get accurate results for heat transfer analysis.

Now, Finite Element Method which has increasingly becoming an integral tool for
CAD due to the ongoing revolution in computer field is used for the analysis of heat
transfer by number of researchers.

Finite Element Mesh refinement has an effect on the accuracy of the solution. The

present work describes the effect of mesh refinement with regard to heat transfer.
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Shape function for element e
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Temperature gradients, C/mm

Radius, mm
Inner radius of the cylinder, mm
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INTRODUCTION CHAPTER-1

In the present work, the effect of mesh refined on the accuracy of the results is
analysed using FEM, DQM and HDQM. This technique of mesh refinement has emerged

as a powerful analysis tool with the rapid development in the computer field.

1.1 INTRODUCTION

Despite the fact that the finite element mesh generation has been developing over
several decades now, a variety of real-life engineering problems imposes additional
requirements on existing mesh generation technologies. For example, local mesh
refinement zones around common stress concentrators (mechanical constraints and point
loads) must be readily generated when the user requires that in the model's input data.

Adaptive finite element computations rely on adjustments of the spatial resolution
of the domain discretization to deliver higher accuracy where it is needed. When the
domain is discretized into a finite element mesh, a possible option, somewhat expensive
and in some cases complex, is to create a new mesh with the desired resolution, i.e.,
remeshing. Another alternative is to adjust the density of the mesh by performing local
refinement of the existing mesh so that in some regions finite elements are split to
decrease their “size”, in other regions they are merged to reduce the resolution. Both
choices, remeshing and refinement have their advantages and disadvantages. We are not
going to argue for one or the other option. Rather, we assume that refinement had been
adopted as the method of choice. What are the desirable properties of a mesh refinement
algorithm?

e It should certainly be efficient, in that, it should not become a bottleneck
of the adaptive computations.

e It should generate good quality geometric meshes, i.e., elements must
remain well-shaped on refinement and unrefinement.

e Finally, it must be robust, which is usually expressed as the requirement to
terminate with a valid result in finite time.

e An additional plus is if it generates nested meshes in the refinement

hierarchy, which simplifies the incorporation of multigrid solvers.
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Generation of meshes of a single element type is easy because elements of the
same degree are compatible with each other Fig 1.1. Mesh refinements involve several
options. The mesh can be refined by subdividing existing elements into two or more
elements of the same type Fig 1.2a. This is called h-version mesh refinement.
Alternatively, existing elements can be replaced by elements of higher order Fig 1.2b.
This is called p-version mesh refinement. There is also h, p-version mesh refinement, in
which elements are subdivided into two or more elements in some places and replaced

connecting elements of same order.

(a) (b)
Fig. 1.1 Elements of same degree
The C° elements of the same order ensure the C° continuity along the element interface:

(a) linear elements; (b) quadratic elements.
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(a)

(b) Fig. 1.2 Mesh refinement
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Fig. 1.3 Local mesh refinement
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Fig 1.4a Transition element
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Fig 1.4b Use of transition element
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Fig. 1.5 Element connections
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with higher-order elements in other places. Generally, local mesh refinements should be
such that elements of very small size are not placed adjacent to those of very large size
Fig 1.3.

Combining elements of different kinds naturally arises in solid and structural
mechanics problems. For example, plate bending elements (2-D) can be connected to a
beam element (1-D). If the plate element is based on classical plate theory, the beam
element should be based on the Euler-Bernoulli beam theory so that they have the same
degrees of freedom at the connecting node. When a plane elasticity element is connected
to a beam element, which is not compatible with the former in terms of the degrees of
freedom at the nodes, one must construct a special element that makes the transition from
the 2-D plane elasticity element to the 1-D beam element. Such an element is called a
transition element.

Combining elements of different order, say a linear to a quadratic element, may
be necessary to accomplish local mesh refinements. There are two ways to do this. One
way is to use a transition element that has a different impose a condition that constrains
the midside node to have the same values as that experienced at the node by the lower-
order element Fig 1.4b. However, such combinations do not enforce interelement
continuity of the solution. Fig 1.5 shows element connections that do not satisfy C°
continuity along the connecting sides. Use of transition elements and constraint
conditions in local mesh refinements is a common practice. Fig.1.5 shows a few
examples of such refinements.

Virtually every phenomenon in nature, whether biological, geological or
mechanical can be described with the help of laws of physics, in term of algebraic,
differential, or integral equations relating various quantities of interest. A plate subjected
to various mechanical loads, thermal loading, aecrodynamic loads are few examples of
practical problems. There are various methods for the analysis of the objects. For
studying the physical phenomenon the two major steps are as follows:

» Mathematical formulation of physical process.
» Numerical analysis of the mathematical model.
Various methods are used for implementing the above steps. These methods are

given in the following sections.
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1.2 FINITE ELEMENT METHOD

Basic idea of FEM originated from advances in aircraft structural analysis.
Hrenikoff presented a solution of elasticity problem using the “frame work method”.
Courant’s paper which use the piecewise polynomial interpolation over triangular sub
regions to model torsion problem appeared in 1943. Turner, et al. derived stiffness
matrices for truss, beam and other elements and presented their findings in 1956. The
term FEM was firstly used in 1960. There are various approaches to solve the Residual
equation in the FEM. These are as follows:

» Collocation method.
Sub domain method
Least square method

Galerikan approach

YV V V VY

Ritz variational approach

From these methods the Galerikan approach has wide scope & can be applied to
any differential equation. The Ritz method is applicable, where the integral equations are

used.

1.3 FINITE DIFFERENCE METHOD

The finite difference method is basically a finite difference approximation of a
differential equation. Firstly, the governing equation in the form of differential is derived
and after that the derivatives are replaced by the difference quotient (or the function is
expanded by the Taylor series) that involves the value of the solution at discrete mesh
point of the domain. The resulting algebraic equations are solved, after imposing the
boundary condition, for the solution at the mesh point.

Among the major techniques for numerically analyzing continuous problems,
Finite Difference Method (FDM) was the earliest. The FDM uses divided difference
expressions established from a local Taylor series to replace the differential or partial
differential operators. It is difficult to deal with problems showing non-rectangular or
complex curvilinear geometries by using the traditional FDM numerical techniques. In

deriving the finite difference equations, the derivatives of the variable functions in the
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functional are replaced by the traditional finite difference operators. This method can be
used to carry out the finite difference discretization for a problem having a complicated
domain configuration by adopting an irregular grid model.

The most commonly used numerical methods for the different analysis studies are
finite difference and boundary element methods and most engineering problems can be
solved by these methods to satisfactory accuracy if a proper and sufficient number of grid
points are used. However, in a large number of practical applications where only
reasonably accurate solutions at few specified physical coordinates are of interest, the
finite element or finite difference method becomes inappropriate since they still require a
large number of grid points and so large a computer capacity, especially in the cases of
nonlinear problems where iteration becomes inevitable. Consequently, both CPU time
and storage requirements are often considerable for the standard methods.

This section presents a quick overview about the Finite Difference Method. This
method can be used to solve any Partial Differential Equation (PDE). It can handle very
well free boundary problems and optimal stopping problems.

Assuming that u is function of the independent variables x and y, the x-y plan can

be divided in mesh points equal to d x =h e, o y =k, as showed below:

y=jk
[ Sier T
P | |
e
1-1,1 1, ] r1t+ 1, |
k I
0 h Xi,j-l | |

x=1h

Fig. 1.6 Mesh points
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u can be evaluated at point P by :

u, =u(ih, jk) =u,

The value of the second derivative at P could also be evaluated by:

ﬂ _ 627/! ~ Uiy _2ui,j +ui—1,j
ox’ ox* ) h®
P ij

@ _ azu ~ qu,j _27”[,,‘ +u[71,_/
ayz ) ayZ k2

i

The value of the first derivative at P can be evaluated by three approximations:

1) Central difference:

(%j _(a_uj :qu,j_ui—l,j
o), \av),” 2

8_u _ 6_” ~ U i — U
oy ) oy i a 2k

2) Forward difference:

(&), 5
ox ), ox ); - h
[a_”J _[5_“} ~ Mign " Uiy
oy ) oy i k

3) Backward difference:

(5] (%) =5
Oox » Oox i - h
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1.4  DIFFERENTIAL QUADRATURE METHOD

Differential Quadrature Method is the in seeking a more efficient numerical
method which requires smaller number of grid points yet achieves acceptable accuracy.
The method of Differential Quadrature (DQ), which is based on the assumptions that the
partial derivatives of a function in one direction can be expressed as a linear combination
of the function values at all mesh points along that direction was introduced by Bellman
et al. The method of Differential Quadrature circumvents the above difficulties by
computing a moderately accurate solution from only a few points. Since then,
applications of differential quadrature method to various engineering problems have been
investigated and their successes have demonstrated the potential of the method as an

attractive numerical analysis technique.

In current scenario the following methods are the area of research and can be used
for the analysis of the rectangular plate.
» Moving least square differential quadrature method
» Differential Quadrature Element Method

» Harmonic differential quadrature method

1.4.1 MOVING LEAST SQUARE DIFFERENTIAL QUADRATURE METHOD

One of the major drawbacks of DQ method is that a regular discrete node
arrangement and a simple domain are usually necessary in order to express the weighting
coefficients explicitly. Although the domain transformation, such as isoparametric
mapping, is possible for irregular shapes, it causes a significant loss of efficiency and
simplicity, especially for problems involving irregular geometries and higher-order
partial derivatives.

The approximate function u"(x) of u(x) is obtained by the MLS method and the

weighting coefficients c;; are directly computed from the partial derivatives of shape
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functions. The MLS approximate function uh(x) of u(x) at any point x in the domain Q

1S written as

u'(x)= Zp,- (¥)a;(x) = p" (x)a(x)

V(’i;ere pi(x) is a finite set of basis functions and a;(x) are unknown coefficients. m
denotes the total number of basis functions. For convenience, the monomial basis
functions are usually used and this assures that the basis is complete. For example, a
complete quadratic basis in 2D case with m = 6 is of the form,

p =[xy x* xy 2|7

Noting that the coefficients aj(x) is functions of the spatial coordinates x, the

expression for aj(x) can be obtained at any point x by minimizing the following weighted

quadratic form:
[T@ =Y wx—x)w’ (), ) = Y, ()p" (x)ax) —u,)?

The weight function of Gaussian type with a circular support is adopted for the
MLS approximation because its partial derivatives with respect to either the x or y

coordinate exist to any desired order. It takes the form of

w,(x,y) = exp(=(d; /)" ) —exp(=(r/e)*)
AGS) l_exp(_(r/c)Z) 5 ;ST
and"0"if 4>

Where d, =\/ (x—x,)* +(y—y,)* is the distance from a discrete node x; to a

sampling point x in the domain of support with radius r, and c is the dilation parameter. c

= r/4 is used in the computation.
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1.4.2 DIFFERENTIAL QUADRATURE ELEMENT METHOD

Han and Liew firstly introduce the DQEM for moderately thick plate and solved
the different problem for thick and thin plates without any discontinuity. In these cases, the
weighting coefficients of the DQEM are the same as that of the ordinary DQ method
since only second-order differential equations are involved. Placing curvature quantities
as the additional degree of freedom at boundary points was proposed to solve the problem
of applying multi-boundary conditions for isotropic rectangular plates in bending. Since
then a variety of structure problems, including deflection, free vibration and buckling
problems, and initial value problems have been successfully solved with the help of
DQEM.

The fourth order function can be solved using this method and the solution

function w(x) is assumed as:

w(x) = Z b (X)W, + by (W] + By, ()W

where N, hj(x) and w; are the total number of grid points in the entire domain
including the two end points, the interpolation function and the solution values at grid

points j, w; and w) first derivatives at grid points 1 and N.%;(x) are (N +1)th order

polynomials. Again, the kth order derivative of the solution function at grid point i can be

computed by:

N+2
w(x) =D 0w, + bl (W] + by, (W), = D S,
j=1
Where E;j 1. 1,2, ...,N,j.1,2,...,N.2)are also called the weighting
coefficients of the kth -order derivative. The DQ element equation can be written
symbolically as:
[kls]=[F]
Where o and F are generalized displacement and force vector. Using this method

the DQM method can be used more practically.
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1.4.3 HARMONIC DIFFERENTIAL QUADRATURE METHOD

In a recent approach the original differential quadrature approximation called the
Harmonic Differential Quadrature (HDQ) has been proposed by Striz et al.. Unlike the
differential quadrature that uses the polynomial functions, such as Lagrange interpolated,
and Legendre polynomials as the test functions, harmonic differential quadrature uses
harmonic or trigonometric functions as the test functions. As the name of the test function
suggested, this method is called the HDQ method. In this method the harmonic test

function is used and can be defined as:

sin (x_le)ﬂ ..... sin (x = );k—l )z sin (x - );kﬂ o (x —;CN )T
g (x)= — = — -
sin e T gin B =X o (5 =X )T N

using this method the the weighting coefficient are calculated as follows:

/2)P(x.
AY = (7 )P(x;) =123, N
' P(x;)sin((x, —x,;)/2)x
N (XX
where, P(x;)= H sm( 5 ! ﬂj forj=1,2, e, N
j=1,j#i

the weighting coefficient of the second order derivatives Aij(z) for i# jcan be

obtained using following formula:

B. =AM 24 Y Li=1,2 N
g = Ay j — g ) |, L)=10L 2,0 R

The weighting of the first order and second-order derivative A;.” ) for i = j are

given as:

N
AP =— ZA.(A”),pZI or2;and foril,2,3,.......... ,N

g
L%

The weighting coefficient of the third and fourth order derivative can be

calculated easily from 4;; and B;;
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LITERATURE REVIEW CHAPTER-2

With the advance in computer technology, the numerical technique has made
significant progress in the past 50 years. Numerical approach has from then on become a
major branch in the field of engineering or scientific research. Among the major
techniques for numerically analyzing continuous problems, finite difference method
(FDM) was the earliest. The FDM uses divided difference expressions established from a
local Taylor series to replace the differential or partial differential operators. It is difficult
to deal with problems showing non-rectangular or complex curvilinear geometries by
using the traditional FDM numerical techniques. In deriving the finite difference
equations, the derivatives of the variable functions in the functional are replaced by the
traditional finite difference operators. This method can be used to carry out the finite
difference discretization for a problem having a complicate domain configuration by
adopting an irregular grid model.

The DQ approximates a derivative or partial derivative of a variable function with
respect to a co-ordinate at a discrete point as a weighted linear sum of the function values
at all discrete points along that co-ordinate direction. By using the DQ weighting
coefficients and adopting the operations of tensor products, certain finite difference
operators can be obtained. So basically the DQM is the numerical solution technique
which is used to solve the linear and non linear partial differential equations. As the
solution of the algebraic equation is easy and by this method the linear algebraic equation
to the differential equation can be obtained.

Following are the review of the application of the differential quadrature method

subjected to various analysis of the structural component.

2.1 LITERATURE REVIEW

W. E. Carroll et. al. [1] presented a development which serves to characterize the nature
of an optimum finite-element idealization. It is shown, utilizing the displacement
formulation, that a true minimum of the system potential energy must consider the
idealization geometry as a primary parameter. As a consequence, two optimization

equations result, one the usual equilibrium equation and the other a residual equation

22



involving gradients of the stiffness matrix and load vector resulting from changes in the
idealization. A technique for determining the optimum solution was described and then
applied to an elementary two-dimensional example. Practical recommendations are given

based on an examination of the residuals associated with the optimization process.

william Prager [2] presented Rayleigh-Ritz procedure, which use “local” coordinate
functions that differ from zero only over a few neighboring “elements” and determine the
coefficients of that linear combination of these functions which minimizes the
appropriate functional, for instance the potential energy in a problem concerning
displacements of an elastic structure. Since the class of admitted functions has been
artificially restricted in this procedure, the minimum value of the functional found in this
manner is an upper bound for the true minimum. With reference to the structural problem
mentioned above, this fact is usually expressed by the statement that the finite element
solution overestimates the stiffness of the structure. The suggestion has recently been
made that the geometry of the element grid should be included in the minimization
procedure. In other words, of all finite element solutions with a given number of elements
and a chosen type of local coordinate functions the one should be used that minimizes the

appropriate functional.

Peter R. Eiseman [3] presented a review of adaptive grid generation with an emphasis
on the basic concepts and the interrelationship between the various methods. The
concepts are developed in a multifaceted progressive sense with enough detail so as to
instill an operative spirit for the methods. The operational capabilities come from an
explicit display of the necessary formulas for algorithmic construction. While virtually all
adaptive procedures are aimed at problems with rapid solution variations, our main
concern is the construction of methods that are not fundamentally restricted by the choice
of problem or solution algorithm. Moreover, to maintain a simple treatment for the
computational data and to have access to many of the best solution algorithms, we
consider coordinate transformations. As a consequence, particular attention is given to
grid point motion that occurs in response to the influence from the solution data,

regardless of how that data was obtained. After some introductory discussion on the
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utilization of solution data, the topic of grid point motion is addressed first in one
dimension and then in higher dimensions. The basic equidistribution process is first seen
from a dozen different viewpoints in one dimension. This is further amplified with the
practical notions of precise coefficient specification, the attraction to a given grid, and the
action of evolutionary forces. With the definition of the metric, the direct extension into
higher dimensions is developed with curve-by-curve methods. This is followed by finite
volume methods and variational methods. With the various movement strategies
established in a multidimensional context, the next consideration is the temporal coupling
of the movement with the solution algorithm. This is undertaken in the discussion of

temporal aspects.

K. M. Liew et. al. [4] Obtained axisymmetric free vibrations of moderately thick circular
plates described by the linear shear-deformation Mindlin theory are analyzed by the
differential quadrature (DQ) method. The first fifteen natural frequencies of vibration are
calculated for uniform circular plates with free\ simply-supported and clamped edges.
Through these computations the capability and simplicity of the differential quadrature
method for moderately thick plate eigenvalue analysis is demonstrated\ and convergence
and accuracy are thoughtfully examined. The case of a rigid point support at the plate
centre is also considered in the present paper, for which special attention is paid to the
capability and convergence of the current method.

In this method the grid points are designated by:

Rl_:l l—cos((l_l)”j Jd=12,...,N.
2 N -1

A non-dimensional frequency parameter A is adopted for the results presentation\ and is

defined as:

A =wa’+\ph/D and a)zQ\/E/paz(l—vz).
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Xinwei Wang et. al [5] extended the Differential Quadrature Element Method to solve
the problem to analyze the two dimensional plate problem. The DQM can be regarded as
a special class of mixed collocation method. The DQM solution function for the one

dimension problem can be considered as: -

Nn
w(x) =2 1, (0w,
j=1
Where N, li(x) and w; are the total number of grid points in the entire domain
including the end points, the Lagrange interpolation function, and the solution values at
grid points j, respectively. Then the kth-order derivative of the solution function at grid
point i can be computed by
N N
w = ZIJI‘ (x)w, = ZEU.wj where i=1 to N
j=1 j=l
where Ej; are called the weighting coefficient of the kth order derivative. Thus the
differential equation of the governing equation can be solved. The kth-order derivative of

the solution function at grid point i can be computed by

N+2

w(x,) =2 b )W, + ki (W] + Ay, (Owy = DB, S,
j=1
where E;j 1.1,2,...,N,j.1,2,...,N.2)are also called the weighting
coefficients of the kth -order derivative. The DQ element equation can be written
symbolically as:
[kIs]=[F]
where 6 and F are generalized displacement and force vector. And in this method

to expedite the convergence rate the following non-uniform grid spacing was used.

xk(yk):—cos(/;v_l)lﬁ wherek=1,2, .................. , N.

DQ element method has provided a new approach to applying the boundary
conditions for the ordinary differential quadrature method and makes the DQM more
practical. It should be noted, however, that the weighting coefficient matrix is
asymmetric and DQEM solutions for multi element problems are sensitive to grid

spacing.
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K. M. Liew et. al [6] compared the accuracy of the Differential Quadrature method with
the Harmonic Differential Quadrature method for the three dimensional analysis of the
rectangular plate. A novel approach to the DQ approximation named the Harmonic
Differential Quadrature (HDQ) method was proposed recently. Unlike the DQ method
that uses the Lagrange interpolated polynomials as the test functions, the HDQ method
used the trigonometric/harmonic functions as the test functions. It was reported that by
using the harmonic functions, as the test functions, the HDQ method yields higher
accuracy for solutions of higher mode vibration problems of beams and thin plates as
well as problems with periodic behavior. Despite the promising results reported, the
calculation of the weighting coefficients was cumbersome. Like the original DQ method,
the HDQ method needed to solve a system of linear algebraic equations in order to
determine the weighting coefficients.

In this, two methods of determining the weighting coefficients were outlined. In
the first method, the Lagrange interpolated polynomials were used as the test function.
The test function f;(x) is defined as

M (x)
(x=x )M (x,)

Ji(x) =
where M(l)(x) is the first derivative of M(x) at point xi and it can be expressed as:-
M(x)= ]ﬂ[(x—xj) and MV (x,)= i(xk —x;) fork=1,2, ................ ,N
j=l J=Lj#i
The second method of computing the weighting coefficients used the harmonic

functions as the test function. As the name of the test function suggested, this method was

called the HDQ method. The harmonic test function gk (x) used in the HDQ method was

defined as
L
Ex (x)= — = — -
sin e T gin B =X o (5 =X )T N

for k=1,2, .....,N.
According to the HDQ, the weighting coefficients of the first-order derivatives

Aij(l) for i # j can be obtained using the following formula
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(z/2)P(x,)

AP = _ JLj=1,2,3 N
P(x;)sin((x; —x;)/2)7
where
N (XX
Px)=[] sm[ 5 : nJ fOrj=1,2,ccciiirnnnn N
Jj=1,j#i

The weighting coefficient of the second order derivatives Aij(z) for i # jcan be

obtained using following formula:

X. —X.
AP = A;.”{zA;. —ﬁctg[ ’ 5 ! }:},I, J=1,2, ,N

The weighting of the first order and second-order derivative AZ;.” ) for i = j are

given as

N
AP =— ZAA(A”),pZI or2;andfor i1, 2,3,.......... N

)
JL g

from this method the comparison between the DQ and HDQ is done and the result
shows the usage of both the methods for the different modes.

T.Y. Wu et. al. |7] gave differential quadrature method to solve boundary-value and
initial-value differential equations for the linear or nonlinear nature.
According to this method derivative of a function W (x) at point is given by:
M:iwgpk i=1,2,3,...,N)
dy’ k=1
These are called the weighting coefficients of the ry, order derivative of the

function at point x; and {Ux}={ U; U, ....... ,Un }

N
Where N= Z n; ,nj=no of equations corresponding to the point x;
Jj=1

As in the traditional error only the function value is the independent variable and
this is the only difference between the traditional and this DQM. So in the traditional

DQM only one differential quadrature analog can be implemented. But in this proposed
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differential quadrature one has the function values and their derivatives wherever

necessary as the independent variables.

T. C. Fung [8] gave the different approach to modify the weighting coefficient matrices.

For that let there be m boundary conditions for the differential equation. Equation can be

given in the following non-homogenous mixed form as:

dm—ly

dxm—l +7i2

X=Xy

dm—ly

dxm—l RARRE + }/m]/(f[) = ﬁifor i:1,2,....,m

X=X;

when n is replaced by n+m then the matrix is given as

or

Y,
o -lia!

7]
{Yz( )} = [A3 A4 {Yl

2

[ Vi ir i i o i T o
<1 '411 AJ.'.I | Al.u—] '41..11—.'.-: A
i (rl i (¥ o (rl
.]".ijr' '4.'11 A | A.IJ..IJ—J Ay nem Vu
4 ;= 4 H
A ) ) i (r) )
_},.,_j A.u— 1.1 Ta+ln | A.u—l..u—] T '4.11—]..11—.'.'.! Yusl
(rl (rh () (ri
L .]JL"_'I.# ) _A.u—.'.-,'. | -’T.u—.'.-,'..u | A.'.l—.'.'.!..'.l—] e -’T.u—]..u—.'.-:_ Ly

Y, |

and finally the interpolated solutions would satisfy the boundary conditions

exactly. [Z : ] and

[E ’] are the modified weighting coefficient matrix and the coefficient

matrix for the non-homogenous terms, respectively.

(

> w A1) ()= (1) - (£ 1B 1) 19}

s0, Y| can be solved by the above equation.
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C. Shui et. al. [9] used the Lagrange interpolating functions and derived the following

recurrence formulae.

c;. = H(xi) Where i,j=1,
(x[ - xj)'H (x_/)

ij ii i
X; xj

k-1
a..
e — k|:c(k_1) e pp— } where 2<k <N -1

N
m __ (m) _
c; = —E c; where m=1,........ ,N-1
i=1
j#l

Where

H(xi) :H(xi _xj)

Jj#l
The above relations are not restricted to the choice of sampling points. Also
calculation of weighting coefficients by these formulae contains a substantial reduction in
numerical computations.
For choosing the sampling point there are two approaches, in first when equally
spaced points are considered then we use

i—1
X, =
N -1

(b —a) For a domain specified by [a, b] and discretized by N points.

And for the unequally spaced sampling point we use

X; =l(1—cos 2i-1 ﬁj(b—a)
2 2N

G. Karami et. al. [10] gave the new methodology for the free vibration analysis of the
plate. As one troublesome point in the original application of DQM to structural problems
has been its difficulty in imposing the boundary conditions for partial differential
equations with multiple boundary conditions. This was due to the reason that the linear
algebraic equations resulting from the application of DQM became redundant after
imposition of the boundary conditions. In order to overcome this difficulty, three
different methodologies were introduced by researchers. One of them was the o

technology. But the results by this technique are not equally successful for the entire
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structural problem if the d is not assumed very small. But if the 6 is assumed very small
then the result for the problem may oscillate. To overcome this problem some researchers
implemented the boundary conditions in a different manner from the 6 method by
building them into the weighting coefficients for those cases that have not mixed
derivatives. This method is limited to certain types of boundary conditions and for
general cases such as the free edge or curved edge boundary conditions would fail.
Thereafter a new methodology is introduced followed by analogous DQ formulation of
plate problems generally and for different classes of boundary conditions. In that, the
irregular domain is converted to the rectangular domain. This process is identical to the
finite element shape function formulation. The coordinate transformation law would be

employed is:

X=X (&)

Y= Y (&)

1

Where X and Y are co-ordinate domain in the actual domain, y,(&,77)is the shape

function and N, are number of grid point on each boundary of the domain.

Fivl
i

1 - X (X
| I R | e N X

Fig 2.1 Grid points and the rectangular plate coordinate system
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Hongzhi Zhong et. al. [11] applied Differential Quadrature method to analyze free
vibration of simply supported Timoshenko beams with immovable ends. The Differential
Quadrature method is employed to solve the non-linear differential equations.

The differential equations for the problem are given by:

In the w direction:

— pAw,, + kGA(w,, —0,) + EAGQ[(ux +1/2w* )w, ]+ Ezai[ezx (—w, +2w's)]
X X

—1/3kGA£[W3X +3(w » =W’ ]=0
Ox
In the @ -direction as:
—pl6,, +EIfO_ + Efaﬁ[(—wzx + W’ )0 1-1/3kGAW’  + kGA(w » —0) =0
X
In the u-direction as:
EAE[(uX +1/2w%) =0
ox

The boundary conditions, in the w-direction:

—kGA(w, —0)— EA(u, +1/2w*)w, — EI0% . (—w_+2w.) +1/3kGAIW*« +3(w » —O)w’]=0
Orw=0atx=0, L.

In the @-direction — EI9, — EI[(-w’+ +w*.)0.]1=0 or =0 atx=0,L

In the u-direction: — EA(u, +1/2w*,)=0 oru=0 at x=0, L

The results obtained for the above non-linear partial differential equations shows

excellent convergence characteristics of DQM.

Y.L. Kuo et. al [12] gave three common refinement methods of achieving more accurate
finite element solutions are to increase the number of elements, to employ higher-degree
interpolation functions and to implement adaptive mesh by moving the nodes but
maintaining the same number of elements as well as the degree of interpolation functions.
In this paper, these refinement methods are applied to a planar high-speed four-bar
mechanism. Since the selection of refinement methods depends on the demands and
requirement of application problems, and the refinement mesh are highly dependent on
error indicators, some guidelines are presented, which are based on several error

indicators, such as natural frequencies, total energy, strains and global variables.
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Furthermore, their efficiencies are demonstrated through implementing cubic and quintic

shape functions on the mechanism.

M. Ulker et. al. [13] obtained numerical solution to static analysis of one and two-
dimensional structures such as beams, circular and rectangular plates having various
support and load conditions by the method of Harmonic Differential Quadrature (HDQ).
The conventional small deflection theory was used in the study with the governing
differential equations transformed into a set of linear algebraic equations by the HDQ
formulation. The method of harmonic differential quadrature that proposed a very simple
algebraic formula to determine the connections weighting coefficients required by
differential quadrature approximation without restricting the choice of mesh grids. The
known boundary conditions are easily incorporated in the harmonic differential
quadrature as well as the other type differential quadrature. The method presented gave

accurate results and was computationally efficient.

The study was done for various structures using the HDQ method for solving the
partial differential equation. The governing equation for the thin rectangular plate was
given as:

4 4 4 4
0 li+2k2 82U2+k48 lj:qa
oX oX oY oY D

where U is the dimensionless deflection, X = x/a,Y = y/a are the dimensionless

coordinates, a and b are the dimensions of the plate as parallel to x-axis and y-axis,
k =a/b is ratio of the plate edge length or aspect ratio, u is the transverse displacement

of the midsurface of the plate, D denotes the flexural rigidity of plates and its
given D = Eh’ /12(1-v?), v the Poisson’ ratio, £ the modulus of elasticity of the plate

material, and / is the thickness of plate. The above equation can be given by applying the

HDQ as

N, N, N, N,
;Dikka +2k73 .2 BB, Uy, +;Dijik Z%

k=1 m=1

fori=1,2,........... ,Nxandj=1,2,.............. , Ny,
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where Nx and Ny are the number of grid points along the x- and y- directions

respectively, as shown in the Fig.1, andD,,D,,B;,B,, are represent the weighting

coefficients of the fourth and second order derivatives along x-and y-directions for the

differential quadrature approximation.

S. Moradi et. al. [14] gave the application of the DQM for solving the buckling problem
of the composite plate. The DQM uses the basis of the Gauss method in deriving the
derivative of a function. It follows that the partial derivative of a function with respect to
a space variable can be approximated by a weighted linear combination of function
values at some intermediate points in that variable. In order to show the mathematical

representation of DQM, consider a function

N
df(x) =Y ci f(x,) =1, Nandn=1,.....N-1 eR)
k=1

(n)

where c¢;” are the weighting coefficients of the nth derivative in the domain that is

divided by N discrete points. Choose a test function (in the form of polynomials of order
n-1), such that the condition of Eq. (2.1) holds for all polynomials up to ny1 order. Using

a test function of the form.

p,(x)=x"" fork=1,....... N

And then substituting it in Eq. (2.1), for all discrete points yields.

so from equation 3 it is clear that.

e J=le' |-l
The procedure outlined above bears a major problem; the system of Eq. (2.2) becomes ill-
conditioned, and consequently, the weighting coefficients obtained by this method
become inaccurate as the number of sampling points is increased. The weighting
coefficients may be determined explicitly for all discrete points, irrespective of the

number of sampling points. Bellman et al. chose the roots of the shifted Legendre
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polynomials of degree N, as the sampling points, and derived the following relation for

the first order derivative weighting coefficients.

C.l. — Pl\;(xi)
Y (x, = x,;).Py(x),)
L (-2x)

v 2x,(x,-1)

Wen Chen A et al. [15] studied that harmonic Differential Quadrature is a new
development of the Differential Quadrature (DQ) which has been used successfully to
solve a variety of problems. Harmonic Differential Quadrature chooses harmonic
functions as its test functions instead of polynomials as in the Differential Quadrature and
has been found especially efficient for problems with periodic behaviors]. Chen and Yu
pointed out earlier that the weighting coefficient matrices of DQ method possess
centrosymmetric and skew centrosymmetric structure if the grid spacing is symmetric.
And a new type matrix, called the skew centrosymmetric matrix, was introduced in that
paper. In the present study, it is found that the weighting coefficient matrices of HDQ
have similar structure to the DQ method if the grid spacing is symmetric. It is known that
the properties of centrosymmetric matrices can be used to factorize its determinant and
characteristic equations into two smaller size sub-matrices. Therefore, the computational
effort of the HDQ method can be further reduced up to 75 per cent by using the
properties of the centrosymmetric and skew centrosymmetric matrices. The free vibration
of rectangular plate is investigated to show the efficiency of the HDQ method by using
the centrosymmetric behavior. For completeness, they discussed briefly the behaviors of
both the centrosymmetric and skew centrosymmetric matrices and found that they
possess similar properties. Finally, some conclusions were drawn based on the results

reported herein.
Madan G. Kittur et. al. [16] presented an extension of a structural finite element mesh

improvement technique to heat conduction analysis. The mesh improvement concept was

original]y presented by Prager in studying tapered, axially loaded bars. It was further
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developed by Kittur, et al., who showed that an improved mesh can be obtained by

minimizing the trace of the stiffness matrix.

2.2 SUMMARY OF LITERATURE REVIEW

From the extensive literature review discussed above, it is seen that finite element
method (FEM) is used as a tool for the analysis of node parameters. Mesh generation play
a very important role in the accuracy of the results obtained from finite element method.

The present work is step towards the improvement of accuracy to be done by

analyzing the refined mesh.
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ANALYSIS CHAPTER 3

3.1 INTRODUCTION

The finite element analyst is continually confronted with the decision of selecting
a "good" mesh for a given problem. Unfortunately there seems to be no simple mesh
optimization method which is generally applicable. Kittur, et. al. [16] proposed a method
which provided an improved mesh over a uniform mesh for a broad class of structural
problems. The method is based upon the simple procedure of node relocation to minimize
the trace of the stiffness matrix. An advantage of the method is that the analyst may select
the nodal positions prior to solving the equilibrium equations.

In the present work the method is used for analyzing the t problem.

3.2 FEM ANANLYSIS FOR HEAT TRANSFER PROBLEM
Considering that an infinitely long hollow cylinder with inner radius 7, and outer

radius 7, having the temperatures 7 and7, respectively.

The governing equation for the temperature along the radial line is given by:

i{rkﬂ} =0 3.1
dr dr

And the boundary conditions are given by:
T'=1, at r=r,

T'=T, atr=r, 3.2

The solution of equation (3.1) subject to equation (3.2) is:
ln(r”j

r
ln(r”]

o

T=T +(T,-T,) 3.3
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3.2.1 FINITE ELEMENT FORMULATION AND MESH OPTIMIZATION

The figure below shows the finite element model. It consists of a series of annular

elements. For element (e) let the inner and outer radii be »,andr, . The entries of the
element stiffness matrix are:
Ry e e
& dNE dN

k;l=2nk, | R
L& eJ‘ dR dR

RE

where the element shape functions N and N5 are:

Fig. 3.1 The finite element model

._ (R —R)
' (R, -R)
, (R -R)
* (R, -R)

So, the element stiffness matrix becomes:

l-s) ) )
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Where S, is defined as:

ik, (R,.,, +R,)
(R

S e+l
— Re )

e+l

Hence the trace 7 of the global stiffness matrix is:

T= 2i S,
e=1

Where n is the number of elements.
The trace may be minimized with respect to the nodal coordinates by setting the

partial derivative of r with respect to r. equal to zero and solving for the ratior,,, /7,.

==0 3.5

e

Since the derivative of a sum is the sum of the derivatives, and assuming that the

conductivity k is uniform thorough the body (i.e.k, , = k, = k,,,) equation (10) becomes:

....... + + +eeeen [=0 3.6
re _re—l re+l _re

0 { 41, 1, +r,

This simplifies to
-2r

e—1

2
e _ 3.7

>t 2
(re _re—l) (re+1 _re)

Inverting (3.7) and factoring

2 2
re re—l
3.8

Rearranging (3.8)

2 2
r_e(@_lJ :@(r_e_lJ 30
re—l re re re—l
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r(!

Let A="¢' qnd B =
r r

e e-1
B(A-1)>=A(B-1)’
Or
AB(A-B)-(A-B)=0
Solving the equation (3.10) gives:
(A-B)(AB-1) =0

Equation (3.11) implies that:

Either (4B —-1) =0 or (4—B) =0if (AB—1) =0 then AB =1which means:

r r L .
¢l x—¢ =1 which is not possible.
re re—l

Now (4—-B)=0 thenh = le . This is a simplified result which leads to

re re—l
r r :
—L=—¢ =y Where y is a constant.
re re—l
Then:

o Foct N\ a2 Foy o

Using the equation (3.12) we concluded that

Where n is the number of elements.

Thus: 7, =r,y"and y =(r, /r,)""". Changing n to e, we have: r, =7,y or

(r+1)

Which leads to S, =7k, ~~——= . which can be used for the further solution.

(-1

then equation (3.9) becomes:

3.10

3.11

3.13
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RESULT AND DISCUSSIONS CHAPTER-4

In the following section the results presented as per the work of Kittur ez. al [16]
using the methodology given in the previous chapter. The results presented are for
temperatures at various nodes when an annular cylinder is subjected to heat transfer using

three methods namely FEM, DQM, and HDQM for uniform and refined mesh.

4.1 ILLUSTRATION

Consider an annular cylinder with the following temperatures specified on the

boundaries and made from a material with constant thermal conductivityk=k,=1.
T =T,=100°Cat r, =20 mm
T'=T,=0°Cat r,=50 mm
The problem is solved by taking both the type of meshing (uniform meshing and
refined mesh..

The objective is to determine the internal temperature distribution and compare

the results with the analytical solutions.

4.2 RESULTS

The above illustration is solved using the methodology given in the previous
chapter. Thereafter the problem is solved using FEM, DQM, and HDQM. A source code
is also developed which has capability to solve different problem using FEM, DQM, and
HDQM. The flowchart of the source code is shown in fig. 4.1 and the full source code is

given in appendix.
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Input the no. of grids, boundary condition for
radius and temperature

grid_optimisation
—1

R[i]=R[i-1]+R_D

R[i-1]*y 1

A

Method== FEM Method

DQM Method

HDQM Method

Error=real value — calculated value [

v
Percentage error

\ 4

‘ STOP ’

Fig 4.1 Flowchart of the source code
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After applying the FEA, DQM and HDQM procedure the values of temperatures

on the respective nodes were calculated. The various values of temperatures for the

uniform and refined mesh using these three methods have been given in table 4.1

onwards.
Table 4.1 Finite element method using uniform grid.
node Radius Analytical | Temperature Error %age error
(mm) value of using FEM
temp. ©)
©)
1. 20 100 100 0 0
2. 27.5 65.2453 65.355 -0.109628 0.168025
3. 35 38.926 39.0247 -0.098786 0.253779
4. 42.5 17.7366 17.7907 -0.0540803 0.304908
5. 50 0 0 0 0
Table 4.2 Finite element method using optimized grid.
node Radius Analytical | Temperature Error %age error
(mm) value of using FEM
temp. ©)
©)

1. 20 100 100 0 0
2. 25.1487 74.9999 75 -0.00013629 | 0.00018172
3. 31.6229 49.9997 50 -0.00027257 | 0.000545162
4. 39.7637 24.9996 25 -0.00040886 | 0.0016355
5. 50 0 0 0 0
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Table 4.3 Differential Quadrature Method using uniform mesh

node Radius Analytical | Temperature Error %age error
(mm) value of using DQM
temp.(C) ©)

1. 20 100 100 0 0
2. 27.5 65.2453 65.2335 0.0118232 0.0181212
3. 35 38.926 38.9261 -0.00011609 | 0.000298235
4. 42.5 17.7366 17.751 -0.0143873 | 0.0811162
5. 50 0 0 0 0

Table 4.4 Differential Quadrature Method at optimized grid

node Radius Analytical | Temperature Error %age error
(mm) value of using DQM
temp.(C) ©)

1. 20 100 100 0 0
2. 25.1487 74.9999 75.0192 -0.019294 0.0257254
3. 31.6229 49.9997 50.0414 -0.0417117 | 0.0834239
4. 39.7637 24.9996 25.0745 -0.0748974 0.299594
5. 50 0 0 0 0

Table 4.5 Harmonic differential Quadrature Method using uniform mesh

node Radius Analytical | Temperature Error %age error
(mm) value of using
temp.(C) HDQM (C)

1. 20 100 100 0 0
2. 27.5 65.2453 65.3831 -0.137775 0.211164
3. 35 38.926 38.9687 -0.0427414 0.109802
4. 42.5 17.7366 17.7294 0.00716474 | 0.0403952
5. 50 0 0 0 0
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Table 4.6 Harmonic differential Quadrature Method at optimized grid

node Radius Analytical | Temperature Error %age error
(mm) value of using
temp.(C) HDQM (C)

1. 20 100 100 0 0
2. 25.1487 74.9999 75.0063 -0.006483 0.0086447
3. 31.6229 49.9997 49.9576 0.04209 0.0841804
4. 39.7637 24.9996 24.9309 0.0686899 0.274764
5. 50 0 0 0 0

After analyzing the above data it is concluded that the result in optimized grid is

better for all three methods. Out of these three method the FEM method with optimized

grid gives the best result.

TEMP(C)
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100

80
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40

20

To have the better view, the result are shown graphically in fig. 4.2 onwards.

VARIATION IN TEMP. FOR UNIFORM GRID USING FEM
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Fig 4.2 Comparison using FEM for uniform grid
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VARIATION OF TEMP. FOR REFINED GRID USING FEM
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Fig 4.3 Comparison using FEM for refined grid

VARIATION IN TEMP. FOR UNIFORM GRID USING DQM
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Fig 4.4 Comparison using DQM for refined grid
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VARIATION OF TEMP. FOR REFINED GRID USING DQM
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Fig 4.5 Comparison using DQM for refined grid

VARIATION IN TEMP. FOR UNIFORM GRID USING HDQM
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Fig 4.6 Comparison using HDQM for uniform grid
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TEMP.(C)

TEMP(C)

VARIATION IN TEMP. FOR REFINED GRID USING HDQM
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Fig 4.7 Comparison using HDQM for refined grid

COMPARISON OF TEMP. OF OPTIMIZED VALUES

—— OPTIMIZED USING FEM
- ® =OPTIMIZED USING DQM
OPTIMIZED USING HDQM

Fig 4.8 Comparison of FEM, DQM, HDQM values for refined grid
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CONCLUSIONS CHAPTER-5

As the various methods are used to solve the problem for finding the temperature
distribution in an infinitely long cylinder, and in the solutions using these methods it is
seen that the error goes on decreasing as the number of nodes goes on increasing along

the radial line of cylinder. So by all this it can be concluded that:-

1) Nodal positioning obtained by minimizing the trace of the stiffness matrix leads to

an improved mesh over that obtained by uniform positioning of the nodes.

2) Since trace minimization is an a priori method, the mesh may be refined without
solving the finite element problem. This makes the minimization procedure
computationally inexpensive to perform. The mesh resulting from trace
minimization may be used as a starting mesh for other mesh refinement procedures.

3) In the uniform meshing the DQ method is better than the other methods.

4) In case of improved mesh FE method is better than other methods.
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APPENDIX

#include "stdafx.h"

double *R;

int method,grid optimization,N;

double *T,**A W **B W **C W **D W *P;
char heading[40];

double Pi=3.1415926535897932384626433832795;
ifstream fin("input.txt");

ofstream fout("output.txt");

double cotan(double angle)

{
double A,B,C;
A = sin(angle);
B = cos(angle);
C=B/A;
return C;
H
//MULTIPLIER DQM
void multiplier DQM()
{ . ..
int i,j;
for(i=1;i<=N;i++)
{
Pi]=1;
for(j=1;j<=Nij++)
{
if(j!=1)
Pli]*=(R[i]-R[j]);
H
}
fout<<"\nmultiplier in R direction\n";
for(i=1;i<=N;i++)
fout<<P[i]<<end];
§
//MULTIPLIER HDQM

void multiplier HDQM()
{
int i,j;
double angle,value;



for(i=1;i<=N;it++)

{
Pli]=1;
for(=1;j<=N;j++)
{
if(j!=1)
{
angle = ((R[i]-R[j])/2)*P1;
value = sin(angle);
P[i]*=value;
h
§
}

fout<<"\nmultiplier in R direction\n";
for(i=1;i<=N;i++)
fout<<P[i]<<"\n";

}
//WEIGHTING CO-EFFICIENT HDQM

void HDQM()
{

int 1,j,k;
double value,angle;
fout<<endI<<"WEIGHTING CO-EFFICIENT IN R DIRECTION"<<endl;

for(i=1;i<=N;i++)

{
for(j=1;j<=N;j++)
{
if(j!=1)
{
angle = ((R[i]-R[j])/2)*P1,
value = sin(angle);
A_WH[GI=((P2)*(P[i]))/(value*P[j]));
§
h
}
for(i=1;1<=N;i++)
{
for(j=1;j<=N;j++)
{
if(j!=1)
{

A_WI][+=A_W[i][jl;
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j
}
A_WIi][i]=-A_WT[i][il;
}

fout<<endl<<"1st order co-efficients along R Direction"<<endl;
for(i=1;i<=N;it++)

{
for(j=1;j<=N:j++)
{
fout<<A WIi][j]<<" "
j
fout<<"\n";
j
for(i=1;1<=N;i++)
{
for(=1;j<=N;j++)
{
if(j!=i)
{

angle = ((R[1]-R[3])/2)*P1;

value = cotan(angle);

B_WI][jI=2*(A_W]H]*A_WI[i][])-
(Pi*(A_WTi][jD)*value);

§
§
§
for(i=1;1<=N;i++)
{
for(j=1;j<=Nyj++)
{
if(j!=1)
{
B_WIi][i]+=B_WTi][j];
§
§
B_WI[i][i]=-B_WI[i][i];
§

fout<<endl<<"2nd order co-efficients in R Direction"<<endl;
for(i=1;i<=N;i++)
{

for(j=1;j<=N:j++)

{
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fout<<B_WI[i][j]<<" ";

J
fout<<"\n";
§
for(i=1;i<=N;i++)
{
for(j=15j<=Nij++)
{
for(k=1;k<=N;k++)
{
if(j!=1)
{
C_WIi][jl+=A_WI[i][k]*B_WI[k][j];
h
H
h
§
for(i=1;1<=N;i++)
{
for(j=15j<=Nij++)
{
if(j!=1)
{
C_WIi][i+=C_WI[][j];
h
§
C_WI[i][i]=-C_WI[i][1];
J
for(i=1;i<=N;i++)
{
for(j=1;j<=N;j++)
{
for(k=1;k<=N;k++)
{
if(j!=i)
{
\ D_WI[i][jl+=B_WI[i][k]*B_WI[k][j];
§
§
j
for(i=1;i<=N;i++)
{

for(G=1;j<=N;j++)
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}

if(j1=i)
{

b
;

D_WIi][i]=-D_WT[i][il;

D_WIi][i]+=D_WT[i][jl;

}

fout<<endl<<"3rd order co-efficients in R Direction"<<endl;
for(i=1;1<=N;i++)

{
for(j=1j<=Nj++)
{
fout<<C_ WI[i][j]<<" ",
j
fout<<"\n";
§

fout<<endl<<"4th order co-efficients in R Direction"<<endl;
for(i=1;1<=N;i++)

{
for(j=1j<=Nj++)
{
fout<<D W[i][jI<<" ";
§
fout<<"\n";
§

double power(double y,int N)

{

int 1;

doubley 2,y 1;

y_1=1.000;
y_2=1;
while(1)
{
for(i=1;i<N;i++)
{
y_2=y_2*y_l;
¥
y_ 1=y 1+0.000001;
if(y_2>=y)
returny 1;
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y 2=1.000;

//GUASS ELIMINATION APPLIED

void guass_elimination(double **combined,double *RHS,int n)

{

int k,i,j,heat;

heat = 2;
for(k=heat;k<N;k++)
{
for(i=k+1;i<=N;i++)
{
double c=combined[i][k]/combined[k][k];
for(j=k;j<=N:j++)
{
combined[i][j]=combined[i][j]-c*combined[k][j];
j
RHSJi]=RHSJi]-c*RHS[K];
§
j
RHS[1]=TI[1];

RHS[N]= T[N;
for(k=N-1;k>=heat;k--)

{
for(j=k+1;j<=N;j++)
{
RHS[k]=RHS[k]-combined[k][j]*RHS[j];
h
RHS[k]=RHS[k]/combined[k][k];
§
h
//WEIGHTING CO-EFFICIENT DQM
void DQM()
{
inti,j;

fout<<endI<<"WEIGHTING CO-EFFICIENT IN R
DIRECTION"<<endl;
for(i=1;i<=N;it++)

{
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R[5

for(j=1;j<=N:j++)

{
if(j!=1)
{
\ A_WII=(PHD/(R[-RD*PLD);
j
}
for(i=1;1<=N;i++)
{
for(j=1;j<=Nj++)
{
if(j!=1)
{
A_WI][+=A_WLI[T;
j
}
A_WIi][i]=-A_WT[i][il;
}

fout<<endI<<"1st order co-efficients along R Direction"<<endl;
for(i=1;i1<=N;i++)

{
for(j=1j<=Nj++)
{
fout<<A_ WIi][jI<<" "
§
fout<<"\n";
§
for(i=1;i<=N;i++)
{
for(j=1;j<=N;j++)
{
if(j!=i)
{
B_WIi[1=2*(A_W][*A_WIi[D-2*((A_W[iD/R[1]-
§
§
§
for(i=1;i<=N;i++)
{

for(j=1j<=N:j++)
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if(j1=i)
{
¥
}
B_WIi][i]=-B_WT[i][i];

B_WIi][i]+=B_WTi][jl;

}

fout<<endl<<"2nd order co-efficients in R Direction"<<endl;

for(i=1;i<=N;i++)

{
for(j=1;j<=Nj++)
{
fout<<B_ W[i][j]<<" ";
}
fout<<"\n";
}
for(i=1;i<=N;i++)
{
for(j=1;j<=N:j++)
{
if(j!=1)
{

C_WI]GI=3*B_WI][H*A_WI][])-

3*(B_WIIGD/ARLI-R[D);

b
b
b
for(i=1;1<=N;i++)
{
for(j=1;j<=N;j++)
{
if(j!=1)
{
C_WIiJ[il+=C_WI[][j];
b
j
C_WIi][i]=-C_WI[i][i];
j
for(i=1;1<=N;i++)
{

for(G=1;j<=N;j++)
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if(j1=i)
{
D WIi][jI=4*(C_WI[]*A_WTIi][j])-
4*(C_WHIOD/R[]-RED);

b

}

for(i=1;i<=N;i++)

{ for(=1;j<=N;j++)
{ if(j!=i)
{ D_WIi]i+=D_WI[i][];
\ }
\ D_WI[i][i]=-D_WIi][i];

fout<<endl<<"3rd order co-efficients in R Direction"<<endl;

for(i=13i<=N;i++)

{
for(j=1j<=Nj++)
{
fout<<C_ WI[i][j]<<" ",
§
fout<<"\n";
§

fout<<endl<<"4th order co-efficients in R Direction"<<endl;
for(i=1;i<=N;i++)

{
for(j=1;j<=N3j++)
{
fout<<D_WT[i][jI<<" "
j
fout<<"\n";
h
§
void percentage error(double *error,double *real T)
{

double *percent_error;
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percent_error = new double [N];
for(int i=1;i<=N;i++)

{
percent_error[1]=0;
§
for(i=1;i<=N;i++)
{
if(real T[1]==0)
{
real T[i]=1;
h
percent_error[i]=(error[i]/real T[i])*100;
if(percent_error[i1]<0)
percent_error[i]=-percent_error[i];
fout<<"percentage error at "<<i<<" "<<percent error[i]<<endl;
}

double sum =0;
for(i=1;i<=N;it++)

sum = sum + percent_error([i];
sum=sum/N;

fout<<"% average error = "<<sum<<endl;
§
void main()
{
inti,j;
cout<<"enter the no of grid points"<<endl;
cin>>N;

double R D,C=1;

R=new double[N];
for(i=1;i<=N;i++)
R[i]=0;

fin>>heading;

fin>>R[1];

fin>>heading;

fin>>R[N];

fout<<"inside radius = "<<R[1]<<endl;
fout<<"outside radius = "<<R[N]<<endl,
fout<<"\n";

cout<<"press 1 for using uniform grid"<<endl;
cout<<"press 2 for using optimized grid"<<endl;
cin>>grid_optimization;

double y = R[N]/R[1];

double y 1 = power(y,N);
if(grid_optimization ==2)
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for(i=2;i<N;i++)

{
R[i]=R[i-1]*y_1;
/! fout<<R[i]<<end];
h
§
else
{
R D = (R[N]-R[1])/(N-1);
for(i=2;i<N;i++)
{
R[i]=R[i-1]+R_D;
/l printf("\n%If\n",R[1]);
§
h

//fout<<"radius at different nodes"<<endl,
for(i=1;i<=N;i++)
fout<<"Radius at "<<i<<" node ="<<R[i]<<end],;
fout<<"\n";
T =new double[N];
for(i=1;i<=N;i++)
T[i]=0;
//boundary conditions

fin>>heading;
fin>>T[1];
fin>>heading;
fin>>T[N];
fout<<"inside temperature = "<<T[1]<<endl;
fout<<"outside temperature = "<<T[N]<<endl;
cout<<"press 1 for FEM"<<endl;
cout<<"press 2 for DQM"<<endlI,
cout<<"press 3 for HDQM"<<endl;
cin>>method;

//combined matrix
double **combined,*S,*RHS;
combined = new double*[N];
for(i=1;i<=N;i++)
combined[i]= new double[N];
for(i=1;i<=N;i++)

for(j=1;j<=N;j++)
combined[i][j]=0;

RHS=new double[N];
for(i=1;i<N;i++)

{



RHSJi]=0;
}
S=new double [N-1];
y=y_lI;
//FEM applied
if(method==1)

{ for(i=1;i<N;i++)
{ if(grid_optimization==2)
i S[i]= Pi*C*((y+1)/(y-1));
else
{ S[i]=Pi*C*((R[i+1]+R[i])/(R_D));
iombined[i][i]=combined[i][i]+S[i];
combined[i+1][i]=combined[i][i+1]=-S[i];
combined[i+1][i+1]=S[i];
%or(i=1 J<=Ns+)
{ for(int 1=1;1<=N;1++)
printf(" %If ",combined[j][1]);
printf("\n");
}
}

/Iweighting coeffient defined
A W =new double*[N];

B W =new double*[N];
C_W =new double*[N];

D W =new double*[N];
for(i=1;1<=N;i++)

{
A W[i] = new double[N];
B_WT[i] = new double[N];
C_WIi] = new double[N];
D WTJi] = new double[N];
j

for(i=1;i<=N;i++)
for(j=1:j<=Nj++)
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A_WIi][j] = 0;
B_WIi][] =0;
C_WIi][j]=0;
D_WI[i][j] = 0;
}
//multiplier defined

P= new double

[N];

for(i=1;i<=N;i++)

P[i]=0;
//DQM applied
if(method==2)
{

int 1;

for(j=13j<=Nij++)

{

R[jI=R[jI/R[N];

fout<<R[j]<<endl

}

multiplier DQM();

DQM()

2

for(j=1;j<=N;j++)
fout<<R[j]<<endl;
for(j=1;j<=N;j++)

combined[j][1]=R[1]*B_WI[j][1]-A_W[j1[1];

b

{
for(I=1;1<=N;I++)
}
}
fout<<"\n";
//HDQM Applied

if(method==3)
{

int 1;

for(j=1;j<=N;j++)

{

b

RI=R[I/RNT;

out<<R[j]<<endl

multiplier HDQM();
HDQM();
for(j=1;j<=N;j++)

{

R[jI=R[jI/R[N];

2
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//fout<<R[j]<<endl;

}
for(j=1;j<=N:j++)
{
for(I=1;1<=N;l++)
combined[j][1]=R[1]*B_W[jI[1]-A_W[j1[1];
§

}

for(i=2;1<=N;i++)
RHS[i]=-combined[i][1]*T[1];

//guass_elimination applied

guass_elimination(combined, RHS,N);

for(i=1;i<=N;i++)

{
b

T[i] = RHSJi];

//analytical results
double *real T,a,b,c;
real T =new double [N];
real T[1]=T[1];

real T[N]=T[N];
for(i=2;i<N;i++)

{
a=real T[1]-real T[N];
b =log(R[N]/R[i]);
¢ = log(RNI/R[1]);
real T[i] =real T[N]+a*(b/c);

j

for(i=1;1<=N;i++)

{
cout<<"analytical value of temperature["<<i<<"] ="<<real T[i]<<end];
cout<<"\n";
fout<<"analytical value of temperature["<<i<<"] = "<<real T[i]<<endl;
fout<<"\n";

j

fout<<"\n";

cout<<"\n";

for(i=1;i<=N;i++)

{
cout<<"calculated value of temperature["<<i<<"] = "<<T[i]<<endl;
cout<<"\n";
fout<<"calculated value of temperature["<<i<<"] = "<<T[i]<<endl;
fout<<"\n";

j

fout<<"\n";
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/lerror in calculated values
double *error;

error = new double [N];
for(i=1;i<=N;i++)

{
error[i] = (real T[i]-T[i]);
fout<<"error["<<i<<"] = "<<error[i]<<end]l;
// fout<<"\n";
/ n
cout<<"error["<<i<<"] = "<<error[i]<<endl,
cout<<"\n";
h

percentage error(error,real T);
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