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ABSTRACT

The study of isospin degree of freedom in the heavy-ion collisions (HICs) at interme-

diate energies signifies the abstraction of nuclear equation of state of isospin-asymmetric

nuclear matter under the high pressure and density. This has been done in the literature

via Coulomb interactions, symmetry energy, isospin momentum dependent interactions

as well as isospin dependent nucleon-nucleon cross-section. The objective of present work

is to emphasize the isospin effects through isospin dependent nuclear charge radius. A

detailed theoretical investigation has been performed by using the dynamic microscopic

theory- Isospin dependent Quantum Molecular Dynamics (IQMD) model on the multi-

fragmentation, nuclear stopping, thermalization, directed flow and elliptical flow. The

results thus obtained are compared with the experimental data.

In chapter 1 the comprehensive description of nuclear reactions and development

of various heavy-ion accelerators from beam energy of KeV/nucleon to GeV/nucleon has

been presented. The heavy-ion collisions at intermediate energies and its importance with

the help of phase diagram of the nuclear matter has been described. The isospin depen-

dence of nuclear equation of state has been discussed through isospin dependent hydrody-

namical model ingredients: Coulomb interactions, symmetry energy and nucleon-nucleon

cross section. In addition to that the isospin degree of freedom through an essential model

ingredient i.e. isospin dependent nuclear charge radii parameterizations and its possibility

to affect the reaction dynamics at intermediate energies has been discussed. The chapter

also outlines a brief experimental as well as theoretical literature review of the various

phenomena occurring at intermediate energies.

Various theoretical tools to define the evolution of nuclear reaction dynamics at in-

termediate energies has been discussed in chapter 2. A detailed description about the

IQMD model has been presented. The secondary algorithms viz. Minimum Spanning

Tree (MST) method, its updated versions MSTM (with momentum constraint) method

has also been discussed which are further used to identify fragments from the final stage

phase-space of the reaction generated by IQMD.
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In chapter 3, study on the initialization effects via nuclear charge radii on fragmen-

tation for the whole mass range of periodic table by taking isospin-asymmetric nuclear

reactions using IQMD model is presented. Calculations are performed for three different

isospin dependent nuclear charge radii parameterizations as well as for liquid drop model

(LDM) radius. Our study reveals that there is a significant role of nuclear charge radii

on fragmentation at incident energy E = 50 MeV/nucleon. In addition to that the study

done on the isospin degree of freedom through nuclear charge radii on the the initial

N/Z dependence of various fragments: free nucleons (FNs) [A= 1], light mass fragments

(LMFs) [2 ≥ A ≥ 4], medium mass fragments (MMF’s) [5 ≥ A ≥ 9] and intermediate mass

fragments (IMFs) [5 ≥ A ≥ Atot/6] has been described. Moreover, the isospin dependent

radius is more suitable to reproduce experimental findings of INDRA Collaboration for

the multiplicity of IMF’s as a function of Zbound.

Chapter 4 describes the structural and isospin effects through isospin dependent and

independent nuclear charge radii parameterizations on the nuclear flow: (i) reduced flow

and (ii) elliptical flow within the framework of IQMD model. The calculations have been

carried out by using two different approaches: (i) for the reaction series having fixed N/Z

ratio and (ii) for the isobaric reaction series with different N/Z ratio. Our results indicate

that there is a considerable effect of radii parameterizations on the excitation function of

reduced flow ( ∂v1
∂Y red ) and elliptical flow (v2). Both balance energy (Ebal) and transition

energy (Etrans) are enhanced with increase in the radii of reacting nuclei and found to

follow a power law. The exponent τ values show that the elliptical flow is more sensitive

towards different nuclear charge radii as compared to reduced flow. Moreover, our theo-

retical calculation of impact parameter dependence of Ebal and Etrans are in the agreement

with the experimental data provided by FOPI, INDRA and ALADIN collaborations. The

study of influence of nuclear charge radius has been extended to obtain the balancing and

transition geometries from the scaled impact parameter dependence of reduced flow and

elliptical flow. The role of clusterization technique by keeping the momentum constraint

as per the isospin dependent nuclear charge radii parametrization has been optimized on

the azimuthal angle dependence of dN/d(Cos2ϕ).
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Chapter 5 represents the significance of initialization effects on the nuclear stopping

for entire regime of intermediate energy. The initialization effects on the global nuclear

stopping parameters via different nuclear charge radii parameterizations using IQMD

model at E = 50 MeV/nucleon is presented. From the study, it has been concluded

that, as the production of fragments increases, the values of global stopping parameters,

anisotropy ratio and quadrupole moment decreases with increase in the nuclear charge

radii. The influence of nuclear charge radii on nuclear stopping is almost same for central

and semi-central collisions. In addition, the role of isospin dependent nuclear charge radii

parameterizations on the N/Z dependence of global stopping parameters is also studied.

The excitation function of nuclear stopping has been depicted at incident energies between

30 to 1500 MeV/nucleon by including and also by excluding the momentum dependent

interactions (MDI). Our study reveals that role of change in the radius parametrization

on the nuclear stopping is more emphasized around 400 MeV/nucleon. MDI affects the

nuclear stopping at relatively low energy and its role diminishes with increase in the in-

cident energy. Moreover, the isospin dependent radius parametrization along with MDI

is able to reduce the gap between theoretical calculations and experimental findings of

INDRA and ALADIN collaborations.

In chapter 6, the structural effects through nuclear charge radius on the multi-

fragmentation as well as thermal equilibrium achieved in the HICs have been studied for

mass-symmetric and mass-asymmetric collisions using IQMD model. The role of nuclear

charge radii parameterizations on the thermal equilibrium by studying the correlation of

maximal value of average temperature achieved in the highly interacting nuclear matter

and multiplicity of FNs and LMFs with momentum-based anisotropy ratio over the entire

collision geometry has been emphasized. The influence of radius on the contribution of

projectile and target nuclei in the nuclear stopping has been studied in detail. Our study

reveals that the increase in the available phase space at initial stage through different

nuclear charge radii parameterizations, enhance the temperature of nuclear system and

reduces the nuclear stopping for both types of reactions. The influence of nuclear charge

radii on the thermalization is more pronounced for mass-symmetric reactions compared to
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mass-asymmetric reactions. Moreover, the lighter colliding pair are good probe to study

the role of nuclear radius in the thermalization.

Finally, in chapter 7, the results obtained in this study are summarized. Based

on this study conclusion drawn is presented. Also, the extension of this work has been

presented as future work.



Chapter 1

Introduction

1.1 Heavy-ion collisions: an introduction

Nuclear physics has come a long way to provide a clear picture of bulk properties

of nucleus like nuclear size, shape, distribution of neutrons and protons, density, binding

energy (B.E.) and the various processes involved during nuclear reactions [1, 2]. The

foundation of nuclear physics has been established with the historical experiment in the

world of science i.e. α-scattering experiment by E. Rutherford using Geiger’s gas counter

in 1906 [3]. Later on, in 1912, the term ‘nucleus’ was introduced to the world, as a

positively charged massive central part of the atom. A century has been passed, various

modern techniques are advanced to elaborate the nuclear physics from nucleus-nucleus

collisions to nucleon-nucleon collisions and has reached to the study of quark gluon plasma.

The ions, as they have electric charge, can be controlled and accelerated via electric as

well as magnetic fields. Such energetic (or accelerated) light-ions or nuclear beams with

energy of few kilo electron volt (keV) to mega electron volt (MeV), are able to strike nuclei

with any mass number as target. In the early phase of development, these experiments

helped to study the fusion-fission phenomena, fission mass distribution and quasi-elastic

scattering. But nowadays, one is able to accelerate nuclear beams from proton to 208
82 Pb

and heavier nuclei up to giga electron volt (GeV) at particle accelerator centre like Isolde

(CERN) and TRIUMF (Vancouver) [4,5]. Through high-energy accelerators, it is possible

to produce radioactive ion beam facility. These facilities open up many new avenues to

explore exotic nuclei.

The nuclear force is the field which is created by neutrons and protons themselves

and keep them intact in the nucleus. In the heavy ion collisions (HICs), when two heavy

5
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Figure 1.1: A Schematic view of various reaction channels in the low energy
heavy-ion collisions. The figure is reproduced from Ref. [9].

ions or nuclei (having mass number, A ≥ 4) are brought nearer to each other, in every

respect, one nucleus enters into the field of new nuclear forces of other nucleus. Such

collisions at some incident energies give rise to many other phenomena which are exploited

for different applications like nuclear medicines, nuclei weaponry production and also

to unfold the science behind the various phenomena occurring in nature like supernova

explosions, cooling of neutron stars, dark matter and fundamental research of nuclear

structure.

Based on the incident energies, the HICs have been widely divided into three cate-

gories. The first category is termed as low energy HICs or heavy ion reactions (HIRs),

with incident energy, E ≤ 15 MeV/nucleon. Here considerable progress has been made to

understand the important processes of fusion-fission reaction mechanism and formation

of new elements in the heavier side of periodic table termed as super-heavy nuclei [6].

In the reaction dynamics of low energy there is complex co-relation between Coulomb

forces (long range) and nuclear forces (short range) which is also referred as attractive

mean field. This category of nuclear reactions is restricted to nucleus-nucleus collisions
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Figure 1.2: A schematic view of the heavy ion collisions in the intermediate
energy regime.

only where nucleon-nucleon (NN) repulsive collisions are negligible. The different nuclear

processes involved in this energy regime can be elaborated either as compound nucleus

(CN) or non-compound nucleus (NCN) reactions [7]. Fig. 1.1 presents the schematic view

of different reaction mechanisms at low incident energy regime. In this figure, the solid

lines demonstrate the motion of nuclei/particles or γ and X rays; whereas, the dotted

lines refers the reaction mechanism to the next step. The CN reactions are further clas-

sified into fusion-fission phenomena through saddle and scission points for the formation

of daughter nuclei after the emission of X / γ rays [8]. The NCN reaction mechanism

further results in deep-inelastic, quasi-fission as well as fast-fission based on the entrance

channel properties like mass number of colliding nuclei, deformation in orientation and

barrier height in comparison to the nuclear temperature and angular momentum [9–11].

The study of these reactions are helpful to give plausible description of low density phe-

nomena like cluster-radioactivity, structure of halo-nuclei, nucleus deformations, fission

fragment mass distribution, nuclear level density parameter, formation of super-heavy

nuclei and incomplete fusion [12–14].
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The second category termed as high energy HICs (E > 2.0 GeV/nucleon), deals with

the study of quark gluon plasma. The mass of neutron and proton are approximately

around 1 GeV. Therefore, one needs incident energy probably more than 2 GeV/nucleon

for a successful nucleon-nucleon collision to break the confined state of hadrons. At such

high energy, the temperature of the confinement is so high that pure nuclear matter does

not exist and the dynamics involves purely nucleon-nucleon collision with negligible role

of Pauli’s blocking. With further increase in the incident energy, it is possible to study

internal structure of hadrons like distribution of quarks and its density, interaction among

the fundamental particles like leptons, k-mesons, π-mesons and bosons [15,16].

The third category is the intermediate energy HICs with incident energies ranging

between 25 MeV/nucleon and 2.0 GeV/nucleon are supportive to create a highly dense,

thermally excited and compressed nuclear matter state which depends on various entrance

channel conditions such as composite system mass, mass asymmetry, charge asymmetry,

incident energy and impact parameter [17, 18]. In the higher part of this energy regime,

the reaction dynamics is dominated by nucleon-nucleon collisions over the mean field.

Thus, nucleons are still interacting with each other due to mean field but its effect on the

dynamics of reaction gets weaker with increase in the incident energy. Fig. 1.2 shows a

schematic view of the HICs at intermediate energies. Firstly, projectile and target nuclei

are boosted towards each other with some incident energy. In this initial state (at time,

t = 0 fm/c), the density of the nuclear matter in the interior of the colliding nuclei is

equal to normal nuclear density in the ground state (ρ = ρo). Here ρo = 0.16 fm−3 is

normal nuclear matter density at ground state and ρ is the instantaneous density of the

participating nuclear matter. When both the nuclei collide with each other, the pre-

equilibrium or compression state occurs (at t ≈ 10-20 fm/c) and the density of condensed

matter becomes two to three times more than the normal nuclear matter density i.e. ρ ≫

ρo. After the compression, the nuclear matter tends to expand due to pressure gradient

and results in the formation of different types of small nuclei (at t ≈ 100 fm/c) [19]. This

process is called fragmentation process. Here, the average density of system becomes less

than the normal nuclear matter density i.e. ρ ≪ ρo. At this stage, the fragments are very

excited which cools down in the final state up to t ≈ 200 fm/c. Some of the highly excited

fragments further undergo secondary decay. These fragments are detected by using 4 π
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array of neutrons and various charge detectors. The in-depth knowledge on studying the

highly dense nuclear matter can be understood with the help of phase diagram of the

nuclear matter which is comprehensively defined in the following section.

1.2 Phase diagram of nuclear matter

0 2 4 6 8 10
0

2

4

6

8

10

Figure 1.3: Phase diagram of the nuclear matter. The y-axis presents the
temperature (in MeV) and the x-axis presents the baryons density normalized to
the density of the ground state (ρ/ρo) of the nuclear matter. Figure is reproduced
from the Ref. [21]

It is well established fact that, matter exists in three states: solid, liquid and

gaseous which depends upon the temperature and pressure. Likewise, the different state

of nuclear matter also depends upon temperature and density of nucleons, as shown in Fig.

1.3. The y-axis presents the temperature (in MeV) and the x-axis presents the baryons

density normalized to the density of the nuclear matter in the ground state (ρ/ρo). In
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the normal conditions or at ground state, the density of the nuclear matter is 0.15-0.17

nucleons/fm3 or 2.7 × 1017 kg/m3 which expresses the liquid phase of the nuclear matter.

Up to the temperature of few MeV, there exists mixed-phase or liquid-gas phase where

nucleon freely moves inside the volume of nucleus alike Van der Waals gas [20]. Here

quarks and gluons are confined in hadrons (shown below chiral phase transition line).

With an increase in the temperature and density, the bound state of quark and gluon

breaks down to form quark gluon plasma (QGP) which is second phase transition of the

nuclear matter, called gaseous phase of the nuclear matter [22]. On the other hand, at

very high densities and low temperature, the nuclear matter exists in solid state: color

super-conducting phase and neutron stars.

The red dashed line in the figure represents the path traced by the universe from its

beginning to the present day. After big bang, the extremely hot universe starts expanding.

The cooling of the nuclear matter results in the formation of heavy particles like hadrons

and matter begins to dominate the energy which is continuing till date. The fundamental

understanding on the origin of Universe, constitutes of the nuclear matter and existence

of present world can be obtained through the research on nuclear matter at high baryon

densities [23].

Accelerator facilities for HICs

As discussed in Sec. 1.1, many accelerator facilities have been established world

wide to study different phases of the nuclear matter. These facilities are: the heavy-

ion Synchrotron SIS at Gesellschaft für Schwerionenforschung mbH (GSI) Darmstadt

(Germany), Alternating Gradient Synchrotron (AGS) at Brookhaven National Laboratory

(BNL), Super Proton Synchrotron (SPS) at Conseil Europen pour la Recherche Nuclaire

(European Council for Nuclear Research, CERN), the GANIL Cyclotron at East Laosing,

Relativistic Heavy Ion Collider (RHIC) at BNL and Large Hadron Collider (LHC) at

CERN [24, 25]. In future, the Compressed Baryonic Matter (CBM) experiment [26] at

the Facility for Antiproton and Ion Research (FAIR) at GSI and the Nuclotron-based

Ion Collider fAcility (NICA) [27] at JINR, Dubna will also study nuclear matter at large

baryon density. The heavy ion collisions and QGP at high temperature-density can be

investigated in the laboratory frame. The SIS covers the beam energy of the range 0.1-

2.0 GeV/nucleon, AGS up to 33 GeV/nucleon and SPS operates up to
√
sNN = 450
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GeV. These experimental facilities are marked in the phase diagram at their respective

temperature-density points.

Importance of HICs

The nuclear matter at high temperature and density can be produced by colliding two

nuclei. At the collision point, the two nuclei fuses into each other to form thermally ex-

cited nuclear matter. The rise in temperature and density of the nuclear matter depends

upon the incident energy of colliding nuclei. The temperatures achieved in the nuclear

collisions ranges around 1000 MeV and above. An average energy of 1 MeV corresponds to

a temperature of 1.2 × 1010 K. The relation between the macroscopic quantities (thermo-

dynamical variables): temperature, pressure and density of the nuclear matter describes

the nuclear equations of state (NEOS). There are two possible ways to define the NEOS

of highly dense, thermally excited and compressed nuclear matter. The first one is from

astrophysical observation and another is through heavy ion collisions. In the astrophysical

observations, the heavenly objects are remote in space and time. On the other hand, the

heavy ion collisions offers a unique possibility to explore the NEOS which is essential to

visualize the phases of the nuclear matter.

The NEOS further signalizes the physics corresponding to formation of early universe,

supernova explosions, formation and cooling rate of neutron stars. Moreover, in the

intermediate energy regime, the reaction dynamics experience the transition from mean

field towards the leading role of nucleon-nucleon collisions. This provides an opportunity

to study the behavior of various phenomena and observables as they are affected by

the transition. In the study of such phenomenon, the isospin degree of freedom has

important role. The main advantage of studying HICs at intermediate energies is that

by choosing different collision systems, incident energies and impact parameters, one can

access different densities and asymmetries of the nuclear matter. Therefore, in the next

section, the isospin dependent NEOS is discussed.

1.3 Isospin dependence of nuclear equation of state:

The nuclear equation of state (NEOS) tells, how much the nuclear matter can be com-

pressed at different thermodynamical conditions taken under consideration [28]. These
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thermodynamical conditions varies with incident energy. The higher is the applied energy,

the more compressibility in the nuclear matter (or density) can be achieved. The internal

energy of infinite nuclear matter (consisting of nucleons only), can be decomposed into

three parts: thermal energy (Eth), compressional energy (Ec) at zero temperature and

ground state energy (Eo) at ρ=ρo=0.166±0.027 fm3 of the nuclear matter. This can be

written as:

EV (ρ, T ) = Eth(ρ, T ) + Ec(ρ, T = 0) + Eo(ρ = ρo, T = 0) (1.1)

The estimation of the (in)compressibility can be obtained by considering the energy con-

tent in the piece of volume ‘V’ of the infinite nuclear matter, as follows [29]:

EV (ρ, T ) =

∫
V

ρ(r).W [ρ(r), T (r)]dV (1.2)

Here ρ(r) and T(r) are the instantaneous density and temperature of the nuclear mat-

ter at ‘r’ (distance from the center in fm) respectively. The energy density func-

tional W [ρ(r), T (r)] defines the equation of state (EOS) of considered volume of the

nuclear matter. The ground state energy density functional W [ρ(r) = ρo, T (r) = 0]

is 16±0.5 MeV/nucleon. The compressional part is distinguished by the curvature of

W [ρ(r), T (r) = 0] at ρ(r) nearly equals to ρo. Larger is the curvature, more energy will

be needed to compress the nuclear matter. The nuclear (in)compressibility constant ‘K’ is

defined by the change in the energy of a nucleus with respect to the change in the radius.

Theoretically, the NEOS are widely categorised as soft NEOS and hard NEOS corre-

sponding to (in)compressibility constant K = 200 MeV/nucleon and 380 MeV/nucleon

respectively.

The isospin degree of freedom mainly concerned to how many protons and neu-

trons contributes in a particular phenomenon of the nuclear reaction. Study of neutron-

rich/deficient nuclei (termed as isospin asymmetric nuclear matter) have latterly attained

much interest and attention due to the development of radioactive beam facilities at the

Radioactive Ion Beam Facility (RIBF) at RIKEN in Japan [30], the Cooling Storage

Ring (CSR) facility at HIRFL in China [31], Facility for Rare Isotope Beam (FRIB)

in USA [32], SPIRAL2/GANIL in France [33], the FAIR at GSI in Germany [34] and

ANURIB (Advanced National facility for Unstable & Rare-Isotope Beams) at Variable

Energy Cyclotron Center (VECC), Kolkata (India) [35]. This has keyed up new inter-

est on the subfield emerging from the nuclear physics research, called isospin degree of
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freedom. The key point to elucidate the isospin-asymmetric nuclear matter is to obtain

the isospin dependence of NEOS. This research contains the enchanting possibilities to

study how differently the NEOS of isospin asymmetric nuclear matter differs from the

NEOS of isospin symmetric nuclear matter. The isospin dependence of the NEOS is

predominantly manifested through symmetry energy, Coulomb potential, isospin depen-

dence of nucleon-nucleon cross-section and of momentum dependent interactions, which

are discussed under the following sub-headings:

Symmetry energy:

The symmetry energy principally defines the difference between the B.E. of isospin-

symmetric nuclear matter and pure neutron matter. In other words, the variation of B.E.

as the neutron-to-proton ratio varies from isospin-symmetric nuclei (N=Z) to isospin-

asymmetric nuclei (N ̸=Z) with fixed number of nucleons defines the symmetry energy.

The Bethe-Weizsäcker (BW) [36, 37] epitomize the energy ‘E’ of a nucleus in terms of

atomic mass (A), proton number (Z) and neutron number (N = A - Z) as:

E = E(A,N,Z) = −aVA+ asA
2/3 + ac

Z(Z − 1)

A1/3
+ aA

(N − Z)2

A
+ δ. (1.3)

Here, the fourth term
(
aA

(N−Z)2

A

)
manifest symmetry energy with symmetry energy term:

aA ≈ 21 MeV. Further, symmetry energy has been explained in the form of symmetry

potential as a function of density in three different mathematical expression as follow

[38,39]:

V 1
sym = cF1(u)δaτz, (1.4)

V 2
sym = cF2(u)δaτz +

1

2
cF2(u)δ

2
a, (1.5)

V 3
sym = cF3(u)

[
δaτz − 1

4
δ2a

]
, (1.6)

where τz = 1 for neutron and -1 for proton. Here, F1(u) = u, F2(u) = u2, F3(u) = u1/2

and u = ρ
ρ0
. The δa is relative neutron excess i.e. δa = ρn−ρp

ρn+ρp
. Here, ρ, ρo, ρn and ρp

are the total, normal, neutron and proton densities respectively. The strength ‘c’ is of the

order of 32 MeV to reproduce the fourth term of the Bethe-Weizsäcker mass formula.

A fundamental elucidation of symmetry energy is represented in Fig. 1.4, through

the predictions of the NEOS of the nuclear matter using Skyrme-Hartree-Fock (SHF)

model (with SIII type) [40]. The top to bottom energy density curves are for different
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isospin-asymmetries in terms of neutron-to-proton density ratio: ρn/ρp = 0, 0.2, 0.4, 0.6

and 0.8-1.0 (top to bottom solid lines in Fig. 1.4). At normal nuclear matter density,

ρ ≈ 0.16fm−3, the difference between the energy density relation of pure neutron matter

and symmetric matter is approximately around 32 MeV.
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Figure 1.4: Concept of symmetry energy: A typical predictions for the NEOS of
asymmetric nuclear matter using Skyrme-Hartree-Fock (SHF) model (with SIII
type). The top most line represents energy density relation for pure neutron
matter and the isospin-asymmetry is indicated for each curve by ratio ρn/ρp.
The difference of top and bottom lines represents the symmetry energy [40].

Coulomb Interactions:

The term isospin refers to particles which are almost identical to each other but

having different isospin states, for example: neutrons and protons. The neutrons and

protons differ with electric charge along with minor difference in size and mass. The

neutrons are neutral particles, however, due to positive electric charge of protons, the

interaction between neutron-neutron, proton-proton and neutron-proton is different. In

presence of Coulomb field, the trajectory of projectile deviate from its straight path. The

third term in Eqn. 1.3 refers to Coulomb interactions in a nucleus. The consideration

of Coulomb interactions into the calculations of total interaction potential is superior

to study the in-medium nucleon-nucleon interactions and its effect on the fundamental
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properties of the nuclear medium. At intermediate energies, the initial correlation between

the hadrons is broken without the production of fundamental particles. Thus repulsive

Coulomb interaction is an isospin-asymmetry term which offers a major contribution to

account for isospin degree of freedom among nucleonic interaction.

Isospin dependent nucleon-nucleon cross-section:

In the condensed zone, the nucleon-nucleon cross-section plays a significant role. In

a study made by Cassing et al. [41], the in-medium nucleon-nucleon cross-section have

been introduced by G-matrix theory. The isospin effects via nucleon-nucleon cross-section

is introduced in the calculations intrinsically via parameterized forms taken from imagi-

nary part of G-matrix [42, 43]. The cross-section becomes isospin dependent because of

difference between the effective interactions of neutron-proton (np) and neutron-neutron

(nn)/proton-proton (pp). Moreover, the np cross-section in free space (σfree
np ) is higher

than the nn or pp cross-section (σfree
nn orσfree

pp ) with a factor of approximately three. This is

because, the np interactions involves isospin-singlet as well as isospin-triplet state whereas,

only isospin-singlet state is involved in nn and pp interactions.

The isospin degree of freedom has been widely examined through the Coulomb po-

tential, symmetry energy and nucleon-nucleon cross-section on the observables such as

multi-fragmentation, collective flow and nuclear stopping. The repulsive momentum de-

pendent interations (MDI) also play an important role in the nuclear reaction dynamics

specifically at peripheral collisions. In a study, Liu et al. [44] considered an isospin degree

of freedom in MDI and proposed isospin momentum dependent interactions (Iso-MDI).

The isospin degree of freedom has also been studied through the clusterization technique:

isospin dependent minimum spanning tree method (Iso-MST) [45]. Present thesis is fo-

cused on the theoretical investigation of isospin degree of freedom in the nuclear reaction

dynamics via isospin dependent nuclear charge radii parameterizations at intermediate

energies. The evolution in the interpretation of the nuclear charge radii parameteriza-

tions from isospin independent forms to isospin dependent forms has been discussed in

the next section.
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1.4 Isospin dependence of nuclear radius

For a long time, the abstraction of the nuclear charge radii has become a key center in

the nuclear structure research. The root mean square (rms) nuclear charge radii of stable

nuclei can be derived from various experimental techniques. The rms radii is defined as:

< r2rms >
1/2=

√
3

5
Roo. (1.7)

Here, Roo = roA
1/3 and ro = 1.12 − 1.4 fm. The α-scattering experiment was able to

give the very first estimation on nuclear size as distance of closest approach ≈ 5× 10−15

fm in 1919. Afterward, in 1928, α-decay was further interpreted as tunneling effect in

a pioneering work applying quantum mechanics to nuclear physics [46, 47]. Variety of

experiments have been performed to determine the nuclear radius with particle scattering,

which is still a favoured technique. Tanihata et al. in 1985 [48, 49], used the projectile-

fragmentation technique to measure the rms radius of light nuclei in the p-shell region.

In these calculations, the total interaction cross-section σI has been taken directly related

to the interaction nuclear radius of projectile RI(p) and target RI(t) as follows:

σI = π[RI(p) +RI(t)]
2 (1.8)

Similar kind of study has been performed by Ozawa et al. [50] for the measurement of

radii of light nuclei through interaction cross-section and deduced the isotopic as well as

isospin dependence of nuclear radii. In addition to this, the comparison of experimental

Coulomb-energy difference for the set of two (having same mass) mirror nuclei pairs have

been used to calculate the rms charge radii. For nuclei in the region between Z = 54

and Z = 70 (rare-earth nuclei), the nuclear charge radii has been deduced from electron

and muon scattering as well as through isotopic-shift data. These studies represent the

isotonic and isobaric dependency of nuclear charge radii [52]. In the tremendous work

done by Fricke et al. [53], the rms radii of various isotopes, isotones and isobars having

charge between Z = 6 and Z = 126 have been calculated by probing the nuclei with four

well understood methods (electromagnetic interactions) namely K X-ray spectroscopy,

optical spectroscopy, elastic electron scattering measurement and muonic spectroscopy.

The scattering cross-section, half-lives of α particles, cluster and proton emission methods
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Figure 1.5: Brief outline of different types of experimental methods developed
to measure nuclear radius [51].

are also being used significantly to investigate the size as well as distribution of nucleons in

the corresponding nucleus [54–58]. In the recent communications, Angeli and co-workers

have provided an updated experimental data for rms radii of nuclei from 1H to 96Cm

(including approximately 909 isotopes) [59,60] . The information also reveals the isotopic

as well as the isotonic behavior of nuclear radius [61]. Fig. 1.5 shows a brief outline of

the various types of experimental techniques used to estimate nuclear radius.

The radii determined via fast electron scattering provides information about the dis-

tribution of charge whereas, the neutron scattering experiments provide information about

the distribution of neutron matter inside the nucleus. The radius estimation via these two

techniques is not identical which implies that neutron matter and nuclear charge are not

equally distributed through out a nucleus. Though, the available literature is confined

to charge radii only and the information about the neutron distribution is inadequate
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in the literature [58, 60]. Therefore, for the present work the focus is on the nuclear

charge radius only. With the advancement in the experimental techniques and accuracy

in the estimation of rms radii, the theoretical models have also given a good description

on the nuclear charge radii and its isospin dependence. The various nuclear charge radii

parameterizations have been discussed in next section.

Nuclear charge radii parameterizations

Knowledge about the nuclear parameters including nuclear charge radii is of great

interest for low density and low energy exotic phenomena like neutron skin thickness (dif-

ference between the rms radius of neutron and proton) [62,63] and halo nuclei [64] which

has become hot topics of present day research. The nuclear charge radii is useful key

to extract the information about the de-coupling of proton and neutron, proton distri-

bution inside the nucleus and provide valuable information to understand the complete

picture of nucleon-nucleon interactions inside the nucleus. Some of the nuclear charge

radii parameterizations proposed in the literature are briefly discussed under the follow-

ing sub-headings:

(a) RLDM :

Based on the experimental findings and the saturation property of nucleus, the liq-

uid drop model (LDM) [65, 66] proposed the following expression for the nuclear radii

calculations:

RLDM = r0A
1/3. (1.9)

The above equation represents a form of Roo from Eqn. 1.7. Here r0 is a constant,

but the experimental findings indicate that the value of ro is not same for all the nuclei.

The results obtained by A1/3 law deviates from the experimentally measured rms radii of

nuclei. Moreover, this law reveals that the radius of isobaric nuclei is same which is in

disagreement with experimental observations of isotonic, isobaric and isotopic dependence

of rms radii. Later on, various other parameterizations have also been proposed in the

literature which are again isospin independent [67–70]. These nuclear charge radii param-

eterizations are able to reproduce experimental rms radii up to some extent. Although,

none of the these formulae explained the isotopic shift and optical isotopic shift. Thus,
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the isospin independent nuclear charge radii parameterizations seems not to be valid for

nuclei far from the line of stability.

(b) RNGO:

First isospin dependent nuclear charge radii formula was proposed by Ngô and Ngô

[71]. A phenomenological formula which is dependent on the mass number (A), neutron

number (N) and proton number (Z) of nucleus, reads as:

RNGO =
(1.1375 + 1.875× 10−4A)NA1/3 + 1.128ZA1/3

A
. (1.10)

This radii parametrization is extracted from the model of energy-density formalisation

in which calculation of ion-ion potential have been done. The model was improved by

using Fermi-density distribution. This formula took isotopic dependence into account and

is labelled as RNGO in this thesis.

Many theoretical calculations exist for nuclear radii; some examples of these cal-

culations are energy-density formalism calculation [72], Hartee-Fock-Bogoliubov (HFB)

calculations [73], Hartree-Fock (HF) calculations [74], relativistic Hartee-Fock (RHF) cal-

culations [75] and Relativistic Mean Field (RMF) theory [76]. Based on these calculations,

many parameterized forms have been proposed in order to modify A1/3 law and to obtain

a single expression which could be able to reproduce the experimental findings of nuclear

charge radii.

(c) RPP :

Several semi-empirical formulae for rms radii are suggested in the literature, one of

them, which improves the expression in Eqn. 1.7 by adding isospin dependent terms is:

< r2rms >
1/2=

√
3

5

[
r0A

1/3

(
1 + κ1

1

A
+ α1

N − Z

A
+ κ2

1

A2
+ α2

N − Z

A2

)]
. (1.11)

The expression in the square bracket is the nuclear charge radii parametrization Roo

and the values of parameters: ro, κi and αi (where, i=1,2) can be obtained by least squares

fit to the available experimental rms radii of stable nuclei. Various parameterizations have

been proposed in order to modify the nuclear charge radii obtained from the LDM with

additional I = (N −Z)/A (isospin parameter) term in A1/3 dependence of nuclear charge



1.5 Initialization effects through nuclear radius 20

radii, to account for its isospin dependence. The Pomorska and Pomorski [77,78] proposed

a parametrization which is labelled by RPP and reads as:

RPP = 1.256A1/3(1− 0.202I). (1.12)

This formula was based on the charge distribution within the deformed nucleus and

it describes the experimentally known charge mean square radii of even-even nuclei much

better than A1/3 law.

(d) RRR:

A recently parameterized form of the nuclear charge radius proposed by Royer and

Rousseau [79–81] which is labelled by RRR has been proposed as:

RRR = 1.2332A1/3 +
2.8961

A2/3
− 0.18688A1/3I. (1.13)

It is more precise and able to reproduce experimental charge radius of nuclei more

accurately. In addition to isospin parameter, the Z1/3-dependent nuclear charge radii

are also available in the literature. However, with this formula, the isobaric behaviour of

nuclear charge radii still remain a question. Hence RNGO, RPP and RRR parameterizations

of nuclear charge radii have been used in this thesis to study the isospin degree of freedom

in various phenomena occurring at intermediate energies.

1.5 Initialization effects through nuclear radius

It has been known since quite some times that different forms of nuclear charge

radii parameterizations do affect the low density and low energy phenomena significantly

[82, 83]. It has been concluded that different strengths and terms of nuclear charge radii

can affect fusion barrier as well as cluster radioactivity [84–86]. Similar effects have also

been observed for the binding energies [87,88]. Moreover, nuclear radius is related to the

distribution of the nuclear density. The neutron skin thickness is a very sensitive probe

to measure the pressure difference that exist between the neutrons and protons [89]. This

neutron skin thickness is sensitive to the symmetry energy and to the equation of state

of isospin-asymmetric nuclear matter [90–92]. An extensive study made by Brown [93]

proclaims that it is possible to extract the information about neutron equation of state

(neutron EOS) by knowing the rms radii of neutron from a stable nucleus such as 208
82 Pb.
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The nuclear charge radii parametrization is also a topic of interest for the intermediate

energy HICs in virtue of sensitivity of theoretical models of this field. In these models, the

nuclear charge radii parametrization, which is the first and an essential model ingredient

used to construct the nuclear matter, is generally considered to be an isospin independent

quantity. The extensively used parametrization of the nuclear charge radii is the one

proposed by the liquid drop model (LDM) i.e. RLDM [65] represented in Eqn. 1.9.

The value of ro is 1.12 fm in Isospin-dependent Quantum Molecular Dynamics (IQMD)

model [94] (used in present thesis), 1.142 fm in Quantum Molecular Dynamics (QMD) [18]

and 1.18 fm in Inter Nuclear Cascade (INC) model [95]. In the literature, there are other

models also like Monte Carlo (MC) method [96], Fermionic Molecular Dynamics (FMD)

model [97], Anti-symmetrized Molecular Dynamics (AMD) model [98] and nucleus-nucleus

optical potential [99]. But none of these took isospin into consideration through nuclear

charge radius. However, in the present day, various isospin-dependent forms of nuclear

charge radii are available in the literature.

It is evidenced from the literature that the small variation in the interaction range be-

tween the nucleons through different parameterizations of the Skyrme forces [100], scaled

Gaussian width of the wave packets [101] and neutron skin thickness [102, 103] can lead

to notable effects in the neutron-to-proton ratio of fragments, multi-fragmentation and

collective flow in HICs at intermediate energies. This signifies the sensitivity of reaction

dynamics towards interaction range. Now it is crucial to know that, how the nuclear

reaction dynamics of the intermediate energy regime will be affected by the change in in-

teraction range among the nucleon as one considers the isospin dependent nuclear charge

radii parametrization to initialize the nucleus.

Few studies are also available in the literature on the structural effects via nuclear

charge radii on the reaction dynamics at intermediate energies. Puri and collaborators

[104, 105] investigated the role of structural effect on the transverse in-plane flow and its

disappearance for the reactions of 12
6 C+12

6 C and 197
79 Au+ 197

79 Au. The study reveals a strong

dependence of flow on the radius of the colliding nuclei. Moreover, Gautam [106] studied

the role of the nuclear structural effects (via nuclear charge radius) on reaction dynamics

for isobaric colliding pairs through transverse in-plane flow as well as multi-fragmentation.

However, these studies are not adequate to describe structural effects as well as isospin
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effects via nuclear charge radius on fragmentation, nuclear stopping, thermalization and

collective flow for the whole mass range of the periodic table, entire collision geometry as

well as for the isobaric series of the nuclear reaction. The present thesis intend to address

the same for a wide composite mass number and initial neutron-to-proton ratio range.

With regards to various parameterizations of nuclear charge radii proposed in the

literature, four of these are used to fulfil the current aim. Also, because of growing interest

in the study of isospin degree of freedom, one of the chosen parameterizations is the liquid

drop model (LDM) [65] i.e. RLDM , which is isospin independent and the other three are

isospin dependent [71, 77, 81] i.e. RNGO, RPP and RRR to account for isospin effects.

The isospin dependent radii parameterizations are the improved versions of A1/3 law with

additional isospin parameter (I). It is worth mentioning that these radii parameterizations

have been considered such that the radius of a particular nucleus follows the pattern:

RLDM < RNGO < RPP < RRR. This kind of pattern has been considered to study the

influence of increase in radius on the various phenomena occurring at intermediate energies

in a systematic way i.e. to optimize the structural effects. As the radius increases, the

density of the nuclear matter will decrease which further affects the interaction range and

thus the reaction dynamics. Moreover, the density in the core of nucleus will decrease

but consequently the surface diffusion of the nucleolus will increase which further affects

the surface interactions. The present study is fully theoretical and the calculations are

also compared with available experimental data of fragmentation, directed flow, elliptical

flow as well as nuclear stopping to investigate whether the isospin dependence through

nuclear charge radii alters the isospin degree of freedom or not. These phenomena and

the literature are reviewed in next section.

1.6 Description of various Phenomena occurring at

intermediate energies

The estimation of compression achieved during the violent phase of collision in

the heavy-ion collisions can be made by observing different phenomena like multi-

fragmentation, collective flow and nuclear stopping. The observable parameters of such

phenomena are helpful to pin down the reaction mechanism through out the time span.

The physical significance and the literature review of these phenomena are briefly dis-
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cussed one by one in the following sections:

1.6.1 Multi-fragmentation

In the phenomena like fission and evaporation residue, only one neutron/proton or

other small nuclei is emitted at one time. When projectile nuclei hits the target nu-

clei at the incident energy much larger than the binding energies of both nuclei, the

colliding nuclei gets shattered into many pieces called multi-fragmentation. The term

‘multi-fragmentation’ was principally proposed by Bondorf et al. in 1976 [107, 108]. The

multi-fragmentation is a process where more then two fragments or nucleons are emitted

in a short period of time from the highly compressed zone of the nuclear matter. This can

be linked to the boiling of water. When the temperature of water is larger than its boiling

point, it starts evaporating water molecules in the form of vapours in the bulk. Similarly,

multi-fragmentation signalizes onset of evaporation of small particles (or fragments) from

the highly excited and hot nuclear matter. Therefore, the multi-fragmentation is an im-

portant phenomenon to account for phase transition of the nuclear matter from liquid to

gaseous phase [109]. To rationalize the multi-fragmentation in an organized way, the frag-

ments are categorized on the basis of mass number and described as FN’s (free nucleons)

[A = 1], LMF’s (light mass fragments) [2 ≤ A ≤ 4], MMF’s (medium mass fragments)

[5 ≤ A ≤ 9], IMF’s (intermediate mass fragments) [5 ≤ A ≤ Atot/6] and HMF’s (heavy

mass fragments). A schematic view of multi-fragmentation process is shown in Fig. 1.2.

The multiplicity and the size of out-products of the reactions robustly depends upon the

various physical observables and model ingredients which are discussed in the following

sections:

Theoretical attempts

The production of particles is associated with entrance channel conditions like incident

energy [110], colliding geometry [111], composite mass [112] and mass-asymmetry [113]

of colliding nuclei. The density of compressed nuclear matter increases with increase in

incident energy and decreases with increase in impact parameter. Hence, the central

collisions at high energy gives onset of the NEOS and the peripheral collisions give insight

to the pattern of very cold fragment emission from spectator zone. The multiplicity of

various fragments are found to follow a power law fit with the composite system mass in
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numerous studies. The slope factor of this power law behaviour gives unique estimation

of the liquid-gas phase transition in the nuclear matter for a wide range of nuclei in the

periodic table for different isospin dependent or independent model ingredients. Zhang et

al. [114] abstracted the dependence of multiplicity of IMFs on the number of neutrons,

charge particles and light charge particles to study the pre-equilibrium emission for the

isospin-asymmetric reactions of 112
50 Sn+ 112

50 Sn (N/Z = 1.24) and 124
50 Sn+ 124

50 Sn (N/Z = 1.5)

using IQMD model. The reaction with higher N/Z yields more neutrons and lesser charge

particles compared to reaction with lower N/Z. Therefore, the neutron-deficient reactions

are more prone to emit heavier fragments [115]. The inclusion of Coulomb interaction

reduces the isospin ratio of gas to liquid phase (isospin fractionation ratio). Whereas, the

symmetry energy intensify the same. The isospin fractionation ratio increases as the initial

N/Z ratio increases and decreases with increase in total mass of colliding nuclei [116]. In

a recent article, Wu et al. [117] studied the isospin effects by measuring the comparative

contribution of Coulomb interaction and symmetry energy for the semi-central collisions

of mass-asymmetric nuclear reaction of 40
18Ar+

197
79 Au using Improved Quantum Molecular

Dynamics (ImQMD) at incident energies of 35, 50 and 100 MeV/nucleon. The production

of fragments and kaons are found to be reduced drastically under MDI [118]. In a study by

Imal et al. [119], the Statistical Multi-fragmentation Model (SMM) has been used for the

reactions of 112,124
50 Sn+112,124

50 Sn to account for the production cross-section as well as the

isotopic yield distribution of projectile-like fragments. The work of Jain et al. [120] using

IQMD model, reveals that the effect of isospin dependent nucleon-nucleon cross-section

on initial N/Z dependence of FN’s, LMF’s and IMF’s using IQMD model is very feeble.

Experimental attempts

The experimental study on the multi-fragmentation is going on since late 30’s. In

such experiments, the particles with mass number greater than α-particles but smaller

than the mass number of fission fragments emitted and dubbed as intermediate mass

fragments (IMF’s) (3 ≤ Z ≤ 20) [121]. Till mid 50’s,, the production cross-section of

these fragments was complicated to determine and the phenomenon was considered sub-

tle and unusual [122]. The experimental study of multi-fragmentation on the entrance

channel conditions was firstly observed by the Berkeley group through mass-asymmetry

and incident energy ranging between 50 and 110 MeV/nucleon [123]. The ISOSPIN Col-
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laboration established at INFN (Italy) starts studying the isospin effects for neutron-rich

as well as neutron-deficient nuclear reactions for peripheral colliding geometry at incident

energy of 35 MeV/nucleon [124]. The FOPI and ALADIN groups at GSI have published

systematic experimental data for a wide range of system mass (for various isotopes be-

tween nuclei 12
6 C to 208

82 Pb) covering incident energy between 100 MeV/nucleon and 1

GeV/nucleon [125–127]. The rise and fall behavior in the production of IMFs as a func-

tion of Zbound is vitally shown and explained by FOPI Collaboration for the reaction of

197
79 Au+197

79 Au [128] i.e. mass-symmetric reactions. The mass-asymmetric nuclear reaction

using 197
79 Au as a fixed target with C, Al and Cu beams have been studied by extensively

by Trautmann and collaborators [129]. The further development of secondary beams have

extended scope of study towards isospin plane [130–132].

The NIMROD multi detector build at Texas Agricultural and Mechanical University

(TAMU), consist of 4π array of neutron and charged particle detection system to study

the mechanism involved in the heavy ion reactions which covers the angle between 3 and

170 degrees [133,134]. This collaboration observed the isospin dependence of the NEOS by

observing isobaric & isotropic yield ratio, neutron-to-proton ratio of various fragments and

role of symmetry energy for the symmetric nuclear reactions of 124
50 Sn+124

50 Sn, 124
54 Xe+124

50 Sn

and 112
50 Sn+112

50 Sn at E = 28 MeV/nucleon [135]. The another leading group that is analyz-

ing the different aspects of multi-fragmentation is INDRA group at GANIL (France). This

group mainly studied the nearly asymmetric nuclear reactions of 36
18Ar+

58
28Ni,

155
64 Gd+238

92 U

and 129
54 Xe+nat

50 Sn (at incident energy between 30 and 95 MeV/nucleon), 58
28Ni+

58
28Ni (at

incident energy between 32 and 90 MeV/nucleon), 208
82 Pb+197

79 Au (at incident energy of 29

MeV/nucleon) and 36
18Ar+KCl to optimize the entrance channel effects through system

mass and incident energy, the role of Coulomb instabilities, correlation of fragment veloc-

ity and kinetic energy spectra [136]. The collaborative work done by INDRA and ALADIN

groups examined the projectile fragmentation and observed the bimodal behaviour in the

heaviest fragment distribution [137]. The study of isospin effects through isotopic shift

and symmetry energy in the disassembly of hot nuclear systems has pin down the cause

of multi-fragmentation and formation of various fragments [138, 139]. These extended

studied reveals that reaction dynamics at low incident energies is caused by a dynamical

hindrance of the IMFs emission at low angular momentum [140].
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1.6.2 Collective Flow

The collective flow is a phenomena which is related to the amount of momentum at-

tained by the emitted particle and its direction of emission from the fire ball. Therefore,

the collective flow or nuclear flow provide clear vision to the thermodynamical state of

overlapping region of colliding nuclei. This information is further essential for the knowl-

edge of the NEOS. The pressure gradient developed in the compressed nuclear matter

give rise to the flow of fragments in a particular direction during expansion stage. The

direction of flow of particles is away from the central fire ball region also called partici-

pant zone i.e. from high pressure to low pressure region. The collective flow describes the

azimuthul momentum distribution of ejected particles. The Fig. 1.6 shows a schematic

view of heavy-ion collisions at (i) central colliding geometry (b = 0 fm) and (ii) non-

central colliding geometry (b > 0 fm). In figure, the projectile and target nuclei moves

towards each other in +Z and -Z axis respectively. The impact parameter (b) is defined

as the vector connecting the center of two nuclei or the perpendicular distance between

the centres of both nuclei towards +X axis. The X-Z plane called as the reaction plane

or longitudinal plane.

The collective flow is of two types: isotropic flow and anisotropic flow. In central

collisions, the shape of the compressed zone is spherical therefore the distribution of

fragments is isotropic in the transverse plane called the radial flow, also called isotropic

flow [141]. The participant matter formed in non-central collision is of lenticular shape. In

this shape, the transverse plane (X-Y plane) has short axis and the longitudinal plane has

long axis. The nucleons along the short axis are under more pressure compared to nucleons

along long axis. The pressure dependent position as well as momentum of nucleons result

in the anisotropic distribution of particles called anisotropic flow. The spatial anisotropy

of the compressed zone (occur for short period of time) and multiple inter nucleonic

collisions give rise to momentum anisotropy in the final stage. The anisotropic flow is

further categorised into directed flow, elliptical flow, triangular flow, quadrupole flow and

higher order anisotropic flows. In this thesis, only directed flow and elliptical flow are

studied.
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Figure 1.6: A schematic diagram of heavy ion collisions at (i) central colliding
geometry (b = 0 fm) and (ii) non-central colliding geometry (b > 0 fm). In case
(ii) nucleons are geometrically separated into participant and spectator matter
for impact parameter ‘b’.

Directed flow

The directed flow referred to the preferential emission of particles in the reaction

plane but in the sideward direction i.e. towards forward and backward direction. In

forward directed flow, the emitted particles are inclined near 0◦ in the forward hemisphere

and backward directed flow represents the motion of emitted particles towards backward

hemisphere near 180◦. The magnitude of directed flow changes its sign from negative to

positive with increase in beam energy and follows Cos(ϕ) behaviour with incident energy.

This behaviour of directed flow is shown in case (i) (for nucleons) of Fig. 1.7. At low

incident energies, the particles are deflected towards backward direction i.e. negative

angles and gives negative magnitude representing the attractive part of the nuclear mean

field [142]. However, as the beam energy increases up to few hundreds of MeV/nucleon,

the particles start emitting towards positive angles in forward direction giving positive

magnitude of directed flow signalizing the repulsive nucleon-nucleon collisions [143]. While
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going from negative to positive value, the zero value of directed flow come across where

attractive mean field compensates with strength of repulsive nucleon-nucleon collisions.

The energy at which zero flow occurs is dubbed as energy of vanishing flow (EVF) or

balance energy (Ebal) [144]. On further increasing the beam energy the transition time

between projectile and target nuclei decreases [145]. Hence the value of directed flow

become very small and does not changes its sign again which consequently does not

signalize any other phenomena. Therefore, at relatively higher energies i.e. at AGS &

SPS energies and at very peripheral colliding geometry, it is significant to study elliptical

flow [146].
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Figure 1.7: Schematic behaviour of the magnitudes of directed flow (left side)
and elliptical flow (right side) as a function of the bombarding kinetic energy
per nucleon in the laboratory frame. The Full lines represents flow of nucleons:
proton and neutron flow while, dashed lines represents pion flow. Figure is taken
from Ref. [147].

Elliptical flow

The elliptical flow describes the in-plane and out-of-plane particle distribution in el-

liptical or almond type shape at mid-rapidity region. In case of in-plane emission, the

elliptical distribution peaks at 0◦ and 180◦ i.e. in the reaction plane and yield positive
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value of elliptical flow. However, the out-of-plane emission also called squeeze-out emis-

sion corresponds to peaks at +90◦ and -90◦ i.e. perpendicular to the reaction plane and

yields negative value of elliptical flow. The elliptical flow at mid-rapidity signifies the

ellipsoidal distribution of emitted particles. Due to the variable size of participant zone

and shadowing of spectator matter, the strength of nucleon-nucleon collision differs with

different reaction conditions. Elliptical flow is a phenomenon which depends upon the

complex correlation between the strength of nucleon-nucleon collisions, rotation of par-

ticipant matter and shadowing of spectator matter. The transition of elliptical flow from

positive value to negative value with increase in beam energy gives description about the

dominance of nucleon-nucleon collision over the shadowing of the spectator matter. The

excitation function of elliptical flow follows the behaviour of Cos (2ϕ) as shown in case (ii)

(for nucleons) of Fig. 1.7. The energy at which this transition occurs is called first phase

of transition energy (Etrans) marked by I in the figure. With further increase in incident

energy, the elliptical flow also undergoes the second phase of transition energy, marked by

II in the figure. This transition explains that at high beam energies, the passing time of

spectator matter over the participant matter decreases and the expansion time becomes

two times faster [148,149].

Both the directed and elliptical flows have been extensively studied theoretically and

experimentally. These studies are briefly discussed in the following two sections:

Theoretical attempts

The strength of directed and elliptical flow has provided a comprehensive descrip-

tion of the NEOS and its isospin dependence. These isospin effects can be conveniently

observed at peripheral colliding geometry. The study based on isospin in terms of neutron-

to-proton ratio using Isospin dependent Boltzmann Uehling Uhlenbeck (IBUU) model for

the reactions of 48
20Ca+

58
26Fe and 48

24Cr+
58
28Ni having same composite mass concludes that

the collisions with higher N/Z tends to have more attractive interaction as compared to

the collision with lower N/Z. Therefore, the balance energy is higher for neutron-rich

system [39]. The change of sign and magnitude of collective flow robustly depends upon

isospin-asymmetry of colliding nuclei [150]. The directed flow shows sensitivity to the

choice of the NEOS but strength of elliptical flow is same for soft and stiff NEOS [151].

The study made for the reaction of 197
79 Au+197

79 Au using Ultra-relativistic Quantum Molec-
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ular Dynamics (UrQMD) model above incident energy of 100 MeV/nucleon reveals that

collective flow of light particles (protons, neutrons, deuterons, tritons, 3He, and 4He) de-

scribes the importance of medium-modified nucleon-nucleon elastic cross-sections [152].

The beam energy dependence of mid-rapidity slope of directed flow called reduced flow

and its disappearance has been enormously studied for the in-medium nucleon-nucleon

cross-section using Boltzmann Uehling Uhlenbeck (BUU) model for the reaction of 40
18Ar+

51
23V [153]. Westfall et al. [154] provided the very first examination of system size effects

on the balance energy for the mass range between 24 and 190 a.m.u. This mass de-

pendence is further scaled to A−1/3 fit. This reveals the competition between both the

attractive and repulsive interactions. The attractive mean field associated to the surface

of the interacting projectile and target nuclei should be scaled to A2/3, while the repul-

sive nucleon-nucleon collision should be scaled to the mass number (A). The increase in

the balance energy with increase in initial N/Z ratio of colliding nuclei (keeping com-

posite mass same) reflects the role density dependence of symmetry energy [155]. The

study of mass dependence of balance energy has further upgraded to pin down the isospin

effects [156]. This study shows that how the isospin degree of freedom affects the dom-

inance of attractive mean field and repulsive nucleon-nucleon collisions [157]. Moreover,

the examination of directed flow signalize the phase transition of the nuclear matter in

relativistic HICs [158].

The mid-rapidity emission perpendicular to beam axis was firstly shown by Stöcker

[17,159] in early 80’s. It gave the idea of calculating the angular distributions of emitted

protons from nearly central collisions using Fluid Dynamical model. The isospin depen-

dent NEOS can be extracted through studying neutron-rich colliding nuclei [160]. Apart

from initial N/Z ratio, the isospin effects in elliptical flow has also been explained through

Coulomb energy, symmetry energy and isospin dependence of nucleon-nucleon cross-

section for mass and isospin-symmetric as well as asymmetric nuclear reactions. [161–165].

Experimental attempts

The very first observation of sideward flow was observed in 1984 by Gustafsson et

al. [166] in an experiment performed at Bevalac in Berkeley. The out-of-plane emission

(also called squeeze-out elliptical flow) was experimentally observed by two competing

collaborations: Plastic-Wall/Ball group at Bavalac (Berkeley) and Diogene Collaboration
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at Saturne Synchrotron in Saclay (France) at nearly same time. The Plastic-Wall/Ball

group observed a pronounced component in momentum as well as co-ordinate space per-

pendicular to the reaction plane at mid-rapidity as a signature of out-of-plane emission

of fragments for the reaction of 197
79 Au+197

79 Au at 400 MeV/nucleon [167]. The Diogene

Collaboration provided the experimental data for the transverse momentum, rapidity and

impact parameter dependence of elliptical flow for the Ne-induced reactions: Ne+NaF,

Ne+Nb and Ne+Pb at beam energy of 800 MeV/nucleon. The azimuthal distribution

of particles show peaks at mid-rapidity [168]. The transition energy Etrans of elliptical

flow has been firstly observed by NAUTILUS Collaboration at GANIL (France) for the

reaction of 64
30Zn +58

28Ni and it increases with increase in impact parameter [169]. The AL-

ADIN/MINIBALL Collaboration has also observed the out-of-plane emission and its tran-

sition to rotational emission pattern as a function of collision geometry [170]. The balance

energy and transition energy has also been emphasised at GSI, Darmstadt by using FOPI

detector system for charged particles having Z ≥ 2 for the reaction of 197
79 Au+197

79 Au [171].

The FOPI Collaboration [148, 172] has extensively studied the directed and ellipti-

cal flow along with their balance and transition energies for nuclear reactions (at inci-

dent energies) of 40
20Ca+

40
20Ca (at 0.4, 0.6, 0.8, 1.0, 1.5, 1.93 GeV/nucleon), 58

28Ni+
58
28Ni (at

0.09, 0.15, 0.25, 0.4 GeV/nucleon), 96
40Zr+

96
40Zr and

96
44Ru+

96
44Ru (at 0.4, 1.5 GeV/nucelon),

129
54 Xe+133

55 Cs12753 I (at 0.15, 0.25, 0.4 GeV/nucleon) and 197
79 Au+197

79 Au (at 0.09, 0.12, 0.15,

0.25, 0.4, 0.6, 0.8, 1.0, 1.2, 1.5 GeV/nucleon). The collaborated work of INDRA and

ALADIN groups [173–175] has studied collective flow for the reaction of 197
79 Au+197

79 Au at

incident energies between 40 and 150 MeV/nucleon. The transition energy from in-plane

to out-of-plane emission has been obtained around 100 MeV/nucleon at semi-central col-

lisions for particle having Z ≤ 2. This collaboration has also brought attention to the

centrality and transverse momentum dependence of directed and elliptical flow for the re-

actions with 124,129
54 Xe as projectile and 112,124

50 Sn as target at beam energies of 100 and 150

MeV/nucleon. The FOPI and INDRA groups have made an systematic study upon exci-

tation function of flow and stopping correlations for the entire regime of the intermediate

energy [176]. It has been discussed in a study made by Ollitrault and co-workers [177]

regarding the elliptical flow in the intermediate energy regime that the elliptical flow is

rigorously influenced by non-flow effects as well as flow fluctuations. In the recent com-
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munication [178], the nuclear (in)compressibility has been studied through elliptical flow

of free protons and deuterons at incident energies of between 400 MeV/nucleon and 1.0

GeV/nucleon. The experimental results after comparing with the theoretical calculations

of UrQMD model proclaims that the parameter v2n is easily influenced by the in-medium

nucleonnucleon cross section compared to the nuclear symmetry energy. Moreover, an

average value of (in)compressibility K = 220 40 MeV is obtained through the FU3FP4

parametrization of in-medium nucleonnucleon cross section.

1.6.3 Nuclear Stopping
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Figure 1.8: Pictorial view of the various possibilities in nuclear stopping.

The nuclear stopping is another crucial phenomenon of HICs as it gives estimation

of energy lost during the collisions and nucleonic density of compressed nuclear matter. It

describes the degree of thermalization or equilibrium achieved in particular type of reac-

tion while converting the motion of the colliding system from one degree of freedom (i.e.
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longitudinal direction) into other degree of freedom (i.e. transverse directions). During

the collision process in overlapping region, each nucleon transfer its longitudinal energy

(or momentum) into transverse energy (or momentum). The part of energy lost during

this energy (or momentum) conversion in the fire ball defines the nuclear stopping. The

Fig. 1.8 shows the various possibilities that may arise in the nuclear reaction depending

upon various entrance channel conditions. These possibilities are discussed as below:

1. In the first case, the projectile and target nuclei (initially moving towards each other)

get repelled by each other like two hard iron spheres assigned as “full stopping”.

2. In the second case called “stopping and mixing”, both the nuclei collide like two

liquid/water droplets. This represents the complete memory loss of nucleons and

breakage of correlations among them.

3. The third case shows transparency of both nuclei like passing of two large crowd of

bees.

The amount of stopping depends upon incident energy, mass of colliding nuclei [179],

geometry of collision [180], mass-asymmetry [181] as well as orientation [182]. The nuclear

stopping observables has been studied experimentally and theoretically through various

entrance channel conditions and models ingredients [183, 184]. All of these prospectives

are described as follows:

Theoretical attempts

In the literature, the nuclear stopping has been studied theoretically to quantify the

importance and effects of various model ingredients. The spherical momentum flow pat-

tern of emitted nucleon for the reaction of 40
18Ar+

207
82 Pb gave a very first correspondence

to the full nuclear stopping determined for near-zero impact parameter [185]. In an anal-

ysis performed by Bauer [186], the multipole moments of the momentum distribution of

nucleons has been studied for a wide range of incident energy, impact parameter and the

composite system mass using BUU model. In a study made by Peilert et al. [187], nuclear

stopping has been studied through the rapidity distribution of fragments for the reactions

of 197
79 Au+ 197

79 Au and 93
41Nb+

93
41Nb at incident energy between 100 to 800 MeV/nucleon
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using QMD model. Their study pointed out that at the early stage of expansion, the com-

pressed nuclear matter flows out of the mid-rapidity zone. As a consequence of that the

longitudinal momentum gets converted into transverse momentum. Therefore, the par-

ticipant matter in the central zone is responsible for achieving the better thermalization.

Afterward, Bass et al. [188] gave the idea of ‘isospin mixing’ to study the isospin degree of

freedom through nuclear stopping. The nuclear stopping has been found to be sensitive

towards nucleon-nucleon cross-section and insensitive to symmetry potential as well as ini-

tial N/Z ratio of colliding systems for the reactions of 20
10Ne+

20
10Ne,

40
18Ar+

40
18Ar,

80
30Zn+

80
30Zn,

112
50 Sn+112

50 Sn, and 124
50 Sn+124

50 Sn at beam energy range from 15 to 150 MeV/nucleon [189].

The quantization of participant and spectator matter has been proved as a good

signature of degree of thermalization as it shows similar behavior to anisotropy ratio [190].

The study of participant-spectator matter, the anisotropy ratio, the relative momentum,

average and maximum density as well as temperature achieved in a reaction for the isotopic

series of x1
20Ca+

x1
20Ca and x2

54Xe+
x2
54Xe (varying N/Z between 1.0 and 2.0 for different values

of x1 and x2 as mass number) represents no isospin effects on nuclear stopping through the

initial neutron-to-proton ratio [191]. The memory loss ratio has also been studied using

IQMD model by Su et al. [192,193] to probe the equilibrium. The isospin effects in terms

of Coulomb interaction reduces the nuclear stopping [194,195]. It has been shown by Liu

et al. in Ref. [196] and by Kumar et al. in Ref. [197] that the inclusion of momentum

dependent interactions weaken the finite size effects in nuclear stopping and enhances

the role of isospin dependent quantities of hydrodynamical models. The nuclear stopping

has also been examined by using Antisymmetrized Molecular Dynamics (AMD) model

in terms of different equation of state (stiff and soft NEOS) as well as nucleon-nucleon

cross-sections for the reaction of 129
54 Xe+120

50 Sn at incident energies between 10 and 100

MeV/nucleon [198]. The recent articles represent the role of different potentials as well as

density dependent symmetry energy on the local and global nuclear stopping by varying

the mass-asymmetry as well as composite mass of the reaction [199–202].

Experimental attempts

Experimentally, the observables of nuclear stopping have been measured by FOPI,

INDRA and ALADIN collaborations at GANIL and GSI, Germany. The rapidity dis-

tribution is the first indicator of nuclear stopping studied by Hong et al. [203] for the
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reaction of 58
28Ni+

58
28Ni at incident beam energies of 1.06, 1.45 and 1.93 GeV/nucleon. The

experiment was performed in SIS using FOPI detector system. The studied rapidity spec-

tra of pions, proton and deuteron reveals that even for central collisions, only a fraction

of nucleons at mid-rapidity corresponds to the thermally equilibrated fireball. Therefore,

no signature of fully equilibrated fireball has been seen. The isospin effects on particle

spectra have been studied experimentally for the isospin-asymmetric nuclear reactions of

96
44Ru+

96
44Ru and 96

40Zr+
96
40Zr at beam energies of 400 MeV/nucleon and shows the partial

transparency or incomplete mixing of the projectile and target nuclei [204, 205]. The

FOPI Collaboration also studied the nuclear stopping parameter, < varxz > for the

reactions of 40
20Ca+

40
20Ca,

58
28Ni+

58
28Ni,

96
44Ru+

96
44Ru,

129
54 Xe+CsI and 197

79 Au+197
79 Au at a wide

range of incident energy from 90 MeV/nucleon to 1.93 GeV/nucleon [206]. The depen-

dency of nuclear stopping on incident energy shows a broad plateau from 200 to 800

MeV/nucleon and shows its maximum value at 400 MeV/nucleon [206, 207]. The IN-

DRA and ALADIN collaborations uses 4π multi-detector to observe the nuclear stopping

parameter, the momentum based anisotropy ratio at lower tail of incident energy from

10 MeV/nucleon to 100 MeV/nucleon for the mass-symmetric and mass-asymmetric re-

actions such as 197
79 Au+197

79 Au, 129
54 Xe+ 118

50 Sn and 58
28Ni+

58
28Ni [208]. The study shows that

irrespective to the system size, the nuclear stopping is least around 35-40 MeV/nucleon

and again rises with increase in incident energy. The recent experimental article [209]

provides the largest body of experimental data of the energy based anisotropy ratio of

protons for the 42 (quasi) symmetric nuclear reactions with total mass ranging from 72 to

476 a.m.u. and N/Z from 1.0 to 1.6 in the Fermi energy domain. In addition to this, the

in medium effects are also found to affect the nucleon-nucleon cross-section significantly.
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1.7 Organisation of thesis

The thesis is organized as follow:

• As the present study is fully theoretical, therefore in chapter 2, various theoretical

tools to understand the reaction dynamics of heavy ion collisions at intermediate

energies have been discussed. A detailed description of the Isospin dependent Quan-

tum Molecular Dynamics (IQMD) model has been demonstrated, which is used to

fulfill the aim of present work. A brief survey of secondary models: the Minimum

Spanning Tree (MST) and the Minimum Spanning Tree method with momentum

cut (MSTM), used to identify various fragments is also presented.

• In Chapter 3, the influence of isospin dependent nuclear charge radii parameteri-

zations on the time evolution of nucleonic density and the binary nucleon-nucleon

collisions have been studied. The role of radii parameterizations on the system size

effects of the multiplicity of various fragments and its power law behaviour have

been optimized at incident energy E = 50 MeV/nucleon. The isospin degree of free-

dom has been studied through the dependence of multiplicity of various fragments

on the initial neutron-to-proton ratio of colliding nuclei via isospin independent as

well as dependent nuclear charge radii parameterizations for two isobaric series of

reactions. The theoretical calculations for the mean multiplicity of IMFs has been

compared with the experimental findings of ALADIN Collaboration.

• In Chapter 4, the structural and isospin effects on the excitation function of re-

duced flow as well as elliptical flow via nuclear charge radii parameterizations for a

wide range of composite mass and neutron-to-proton ratio has been studied. The

incident energy is varied from 30 MeV/nucleon to 600 MeV/nucleon for the semi-

central nuclear collision. A radius dependence of balance energy Ebal and transition

energy Etrans is determined with a power law fit. Moreover, the theoretical results

on impact parameter dependence of Ebal and Etrans is also compared with exper-

imental data provided by INDRA, FOPI and ALADIN collaborations. Work has

been embellished to calculate the balance geometry and transition geometry from

the scaled impact parameter dependence of reduced flow and elliptical flow respec-

tively. In addition to this, the isospin dependence of clusterization technique has
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also been studied as per the radii parametrization used for azimuthal distribution

of dN/d(Cos2ϕ).

• In Chapter 5, the different aspects of nuclear stopping with different nuclear charge

radii parameterizations have been discussed. The isospin effects has been quantified

for isospin-asymmetric nuclear reactions. The excitation function of nuclear stop-

ping is studied for the beam energies from 30 MeV/nucleon to 1.5 GeV/nucleon

and thus the calculations are compared with experimental data of INDRA and AL-

ADIN collaborations. The study is also extended to examine the role of momentum

dependent interactions along with nuclear charge radii parameterizations.

• In previous chapters, the focus is on the initialization effects on the isospin-

asymmetric nuclear reaction with different N/Z. Chapter 6 presents a comparative

observation on the initialization effects in mass-symmetric and mass-asymmetric nu-

clear reactions at E = 100 MeV/nucleon. For this purpose, first the time evolution

of average density and temperature is examined. After that, the maximal average

temperature achieved in the compression stage (around time 10-20 fm/c) and mul-

tiplicity of fragments (at time 200 fm/c) is correlated with the momentum-based

anisotropy ratio.

• Chapter 7, summarizes the result of the work presented in this thesis along with

possible extension for future prospective.



Chapter 2

Methodology

2.1 Introduction

In previous chapter, the complex dynamics of nuclear reaction involving nuclear forces

and non-equilibrium physics along with various experimental as well as theoretical aspects

in the heavy ion collisions (HICs) at intermediate energies has been interpreted. The as-

trophysical objects like neutron stars and occurrence of nova and supernova explosions are

remote in space and are natural. Furthermore, in the laboratory experiments, the studies

depend only on the end products which cannot quantify the hot and dense phase of the

nuclear matter because particles detected are cold in nature. Moreover, the condensed

phase of the nuclear matter appears for a very short interval of time (≈ few fm/c) which

is not possible to record experimentally. Since, the astrophysical phenomena and ex-

perimental facilities have limitations, a theoretical treatment to this complicated nuclear

reaction dynamics is need to study the NEOS and to trace the time evolution of nuclear

collisions. Therefore, in this chapter a brief review on the various theoretical approaches

and dynamical models is given.

2.2 Review of various theoretical approaches in HICs

at intermediate energies

The theoretical approaches in the HICs at intermediate energies are broadly classified

into statistical models and dynamical models. The statistical models include calculation

only at starting point by presuming partial or complete equilibrate system and at end point

of the reaction by looking into the fragment phase-space as well as its properties at freeze-

out, similar to experimental studies. These models are mainly based on precolation and

38
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droplet description theory of nucleus. Instead of detailed dynamics, different decay mode

probabilities are involved by considering large number of degree of freedom at high excita-

tion energies. Some of these models, Statistical Multi-fragmentation Model (SMM) [108],

Berlin Multi-fragmentation Model (BMM) [210], Participant-Spectator Model [211], Lat-

tice Gas Approach [212,213] and Expanding Emitting Source (EES) model [214] are good

to describe the experimental data of multi-fragmentation at final stage of reaction. How-

ever, matching the experimental results are not sufficient for the complete understanding

of dynamics involved during the compression stage. Therefore, the dynamical approach

is included in the theory of statistical models called hybrid approach [215–217] which

describe the different stages of equilibrium and non-equilibrium during the complete evo-

lution of HICs at intermediate energies in a better way.

The interaction mechanism between the nucleons under extreme conditions is mainly

intended by nucleon-nucleon collision/binary collision, mean field and Pauli blocking. The

first fully microscopic model which handled two body nucleon-nucleon collisions is Intra

Nuclear Cascade (INC) model [95, 218]. The nucleon follows straight trajectory until it

collides with another nucleon elastically or inelastically. However, absence of mean field

and quantum effects (such as Pauli blocking and Fermi momentum) reduces the use of

this model [219]. Therefore its application is restricted at high incident energies only.

The correct information on the entire dynamics of HICs at intermediate energies appeals

equal participation of nucleon-nucleon binary collisions, Pauli blocking and mean field.

Therefore, keeping the demand of nuclear reaction dynamics at intermediate energies

in mind, a theoretical model should be capable of dealing with various non-equilibrium

conditions of the reactions. For this purpose, transport dynamical models are introduced

which are further classified into two groups. The first group includes models like Time De-

pendent Hartee-Fock (TDHF) [17], Vlasov Uehling Uhlenbeck (VUU) [220] or Boltzmann

Uehling Uhlenbeck (BUU) model [221], Landau-Vlasov (LV) [222], Boltzmann Nordheim

Vlasov (BNV) model [223], Stochastic Mean Field (SMF) model [224] and Isospin depen-

dent Boltzmann Uehling Uhlenbeck (IBUU) model [38, 39] in which the time evolution

is described as one body phase-space distribution. The essential quantum characteristics

such as stochastic nucleon-nucleon scattering, Fermi momentum and Pauli blocking are

significantly entrenched in these models.
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The TDHF [225,226] theory which includes the time dependent Schrödinger equation

along with mean field approximation calculations, is useful theoretical tool to describe the

shock wave propagation, formation of compound nucleus and its various decay channels up

to incident energy, E <10 MeV/nucleon [227]. In the TDHF theory, the time dependent

density equation involving many body hamiltonian is reduced into one body equation.

However, the binary collisions which are responsible for two body interactions are ne-

glected, which results in the failure of this model at intermediate energies. The dynamics

of HICs at the intermediate energies evolves both real as well as imaginary part of poten-

tial i.e. mean field and nucleon-nucleon binary collisions respectively. For this purpose,

the extended version of TDHF called Extended Time Dependent Hartee-Fock (ETDHF)

theory was developed by including Vlasov equation accompanied by nucleon-nucleon col-

lisions, formerly known as “Vlasov -Uehling - Uhlenbeck equation” (VUU equation) or

“Boltzmann -Uehling - Uhlenbeck equation” (BUU equation) [228]. Here, the one body

equation of TDHF is described NA times (here, A is mass number of nucleus and N is

event number), which finally originate lack of correlation between N parallel runs. There-

fore, the large scale complicated investigation of HICs at intermediate energies can not

be analyzed through event by event with this theory [229]. In early 80’s, The BUU/VUU

model was the best replacement of TDHF/ETDHF and cascade models. The BUU model

describes the one body phase-space distribution of nucleons by test particle method. Till

late 80’s, this model was fully developed and able to portray one body observables of HICs

and also the photon induced reactions. Furthermore, the mean free path conception has

been applied by Bonasara et al. [230] to analyze the collision integral in the Boltzmann-

Nordheim-Vlasov equation. This approach also perform large number of parallel events

and calculate average value of observables to quantify various phenomena in the HICs

over all events such as nuclear stopping, particle spectra and collective flow. However, in

this approach, the event by event correlations are conserved [231]. The main drawback of

one body approach models is its inability to depict the N-body or many body phenomena

such as two particle correlation and formation of fragments. This led to the development

of many body molecular dynamics models with the capability to incorporate the corre-

lations and fluctuations among nucleons. The N-body molecular dynamics is the second

group of transport models. The N-body molecular dynamics is the successful approach
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and is being used till date to describe the complete evolution of HICs at intermediate en-

ergies. Therefore, in the following section, a brief review on the various N-body molecular

dynamical models and the recent updates is given.

2.2.1 Many body molecular dynamics approach and its recent
updates

In the list of many body molecular dynamics transport models, the Classical Molec-

ular Dynamics (CMD) model comes at the forefront position. This model gave a very

intersecting description for the motion of nucleons with classical equation of motion in

place of quantum mechanical time evolution [232,233]. The classical many body dynam-

ics i.e. Hamilton’s equations of motion and finite range nucleon-nucleon potential are

capable of explaining the production of fragments and compression stage of the nuclear

matter [234]. Due to improper description of the essential quantum features (like Pauli

corrected stochastic scattering and nuclear potentials) the nucleonic collisions and parti-

cle production can not be quantified in this model. Later on, these feature were included

into the classical N-body approach of CMD by Aichelin and Stöcker to design a new, well

systemized and undeniable approach till today named as Quantum Molecular Dynam-

ics (QMD) model [18, 235]. Till present date, many realizations of QMD approach are

available and the interaction among the nucleons as a relativistic quantum mechanical

wave packets inside a high dense medium is being studied. However, the foremost idea

initiating the simulation procedure of all the updated version of QMD approach is same.

The process of many body molecular dynamics incorporates three steps:

1. Initialization: In the first step, one has to generate two stable and cold projectile

and target nuclei.

2. Propagation: In the second step, the appropriately initialized projectile nucleus is

boosted upon the target nucleus with some incident energy under the Hamiltonian

equation of motion.

3. Nucleon-nucleon collision: In the third and last step, the nucleons experience scat-

tering or collision via elastic or inelastic manner depending upon their momenta if

they come too closer and satisfies Pauli’s exclusion principle.
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The detailed illustration of this series of steps is given in Sec. 2.3. The QMD model

incorporates N-body Liouville equation, stochastic scattering as well as the time evolution

of all nucleons through classical orbits. After one collision process if the nucleon moves to

occupy the phase-space which is already occupied by another nucleon, then the collision

process is said to be blocked. The solution of N-body equation can be obtained without

reducing it into one body level. Therefore the solution is time reversible and all the time

correlations are possibly described in the QMD approach. To describe the fragmentation

process at low incident energies, the stability of nuclei is improved and rewritten in original

QMD code by Bohnet et al. [236]. It was designed for the proper description of binding

energies of nuclei hence, named as BQMD. Here, Skyrme-type two body interaction are

also modified and binding energies are kept as its experimental values. The another

modified version of QMD dubbed as HQMD includes higher resonances concerning the

meson production and developed by Huber et al. [237]. This model incorporated proper

isospin coupling in addition to the nucleons and deltas. The PQMD model developed by

Peilert et al. [238, 239], includes Gaussian Pauli potential [240, 241] in addition to QMD

modelling. Frankfurt theoretical physics group in Germany, wrote another realization

named Modified Quantum Molecular Dynamics (MQMD) [242]. This model was designed

by coupling QMD with RAM (Reconstructed Aggregation Model) [243] for the much

better description on clusterization of nucleons. The Temperature dependent Quantum

Molecular Dynamics (TQMD) model [244], G-matrix QMD [245], Constrained Molecular

Dynamics (CoMD) [246] and DQMD [247] are another realizations of QMD featuring local

temperature particle at each time step, strong momentum dependence of the Brueckner G-

matrix, shortening the computation time to study heaviest nuclear systems and dynamical

formation of highly-excited fragments respectively.

The incident energy range of various versions of QMD models was expanded to AGS,

CERN/SPS as well as up to RHIC domain by developing the Relativistic and Ultra-

relativistic Quantum Molecular Dynamics (RQMD and UrQMD) models respectively. In

comparison to QMD, the RQMD model (build by Faessler and Co-workers [248]) includes

the covariant dynamics, string-excitation for high energy hadron-hadron interactions as

well as an improved and extended collision term containing heavy baryon-resonances

and strange particles. Beside this, the UrQMD build by the Frankfurt group [249, 250]



2.2 Review of various theoretical approaches in HICs at intermediate energies 43

includes the features like interaction potential and cross section (for meson-baryon, meson-

meson and baryon-baryon), the formation time of fragments and string fragmentation.

Both the models have been used extensively to investigate symmetry energy at very

high densities [251, 252]. The initialized nuclei of original QMD model are not really

in their ground state with respect to the Hamiltonian equation of motion under which

they propagate. Thus, Feldmeier [97, 253] developed an approach named as Fermionic

Molecular Dynamics (FMD). This model couples the Fermi-Dirac statistics with a semi-

quantal trajectory picture by adjusting the Hamiltonian parameters according to EOS of

infinite nuclear matter, binding energy and root mean square radii of nuclei. The Ono

et al. [98, 254] succeeded in developing the antisymmetrized version of QMD named as

Antisymmetrized Molecular Dynamics (AMD) by including two nucleon collision process.

However, the calculated values of spins of fragments quantified by AMD model are not

reliable as the two-nucleon collisions violates the conservation of total angular momentum.

Moreover, because of complicated numerical problems, the use of both AMD and FMD

models are restricted to lighter nuclear systems only.

As discussed in chapter 1, the isospin degree of freedom is an important aspect to

study the NEOS of isospin-asymmetric nuclear matter. Also the interaction between

the nucleonic pair: neutron-neutron, proton-proton as well as proton-neutron is differ-

ent; therefore, one should undertake the isospin degree of freedom in the nucleon-nucleon

cross-section and interaction potentials. The symmetry energy (in Bethe-Weizsäcker mass

formula) and the isospin dependent nucleon-nucleon cross-section has been incorporated in

the QMD model to develop the Isospin dependent Quantum Molecular Dynamics (IQMD)

Model. The BUU model has also been advanced with isospin dependent model ingredient,

named Isospin dependent Boltzmann -Uehling - Uhlenbeck (IBUU) model [38, 39]. Both

the models, IBUU and IQMD have been used extensively to study the isospin dependence

to account for the asymmetry between the interaction among neutrons and protons. The

main objective of present work is to study the initialization effects as well as isospin effects

in the isospin-asymmetric nuclear matter via different nuclear charge radii parameteriza-

tions. Therefore, the entire calculations to achieve the objectives of present thesis are

done with in the framework of IQMD model which is based on many body molecular

dynamics approach. The detailed description of various processes, potentials, dynamical
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equations, quantum features and isospin degree of freedom of IQMD model in contrast to

QMD model is demonstrated in the next section.

2.3 Isospin dependent Quantum Molecular Dynam-

ics (IQMD) model

The Isospin dependent Quantum Molecular Dynamics (IQMD) model established

by Hartnack et al. [94, 255–258] is an extended version of QMD approach, however, its

technical computer programming is based on VUU model. Since it is based on N-body

molecular dynamics so it manifest both the compression as well as expansion stages of

HICs in the entire range of intermediate energies. The speciality of IQMD model is its

ability to rationalize different hadrons like neutrons, protons, deltas, pions on the basis

of their charge and isospin state explicitly. The isospin degree of freedom is included in

this models via symmetry potential (in Bethe-Weizsäcker mass formula similar to IBUU

model), Coulomb potential (by constituting the real charge, i.e., Zproton = 1 and Zneutron

= 0) and isospin dependent nucleon-nucleon scattering cross section to achieve the cor-

rected information on distribution as well as interaction among the neutrons and protons.

Likewise other dynamical transport models, the IQMD model also consists of three broad

steps: initialization, propagation and nucleon-nucleon collisions. Beside this, the Pauli

blocking is also an essential aspect in this model. These aspects of IQMD model are

discussed in the following subsections.

2.3.1 Initialization

The nucleons of projectile and target nuclei are initialized in rest frame, assigned as

the time, t = 0 fm/c. The position and momentum of nucleons are uniformly distributed

inside a phase-space Fermi sphere (with radius, r ≤ R and momentum, p ≤ PF ) having

the ground state density of nucleus i.e. ρo = 0.17fm−3. Here R = 1.12A1/3 (also

regarded as RLDM in Section 1.4 of chapter 1) is defined as nuclear radius and PF =

268.4 MeV/c is defined as Fermi momentum. The IQMD model differ to QMD model

in the initialization. The QMD model adopts the radii parametrization, R = 1.142 A1/3

and the Fermi momentum of nucleons is governed by the local potential as per relation

PF (ri) =
√

−2mU(ri). Where U(ri) is the local potential and ri is position of ith
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nucleon. However in the IQMD model, the uniform distribution of nucleonic momentum

in the ground state makes the surface nucleons initially unbound which leads to lesser

binding energy per nucleon of nucleus in comparison to Weizsäcker mass formula (i.e.

Ebind = 4 to 5 MeV/nucleon for heavy nuclei rather than 8 MeV/nucleon). Therefore, the

radius profile of nuclei initialized in the IQMD is not as stable as in the QMD. But due

to availability of full Fermi energy calculated from the Skyrme ansatz, a strong density

profile is achieved against vibration modes in the IQMD. In both QMD and IQMD, the

nucleons are defined as a Gaussian wave packets and the wave function of ith nucleon is

given by:

ψi(r, pi(t), ri(t)) =
1

(2πL)3/4
exp

[
i

h̄
pi(t) · r − (r − ri(t))

2

4L

]
. (2.1)

Here, ri(t) and pi(t) are mean position and mean momentum of ith nucleon respec-

tively. The another difference between QMD and IQMD lies in the value of Gaussian

width of the wave packets ‘L’ which defines the interaction range of the nucleon. In the

QMD model, L is system size independent and has constant value of 1.08 fm2. Whereas

in the IQMD model, L has been kept system size dependent to achieve maximum stability

in the nucleonic density. For heavier systems, e.g. 197
79 Au +197

79 Au, L = 2.16fm2 and for

40
20Ca+

40
20Ca and lighter nuclei, L = 1.08fm2. For the middle case, L value lies in between

two values. The product of all coherent states of Eqn. 2.1 determines the total N-body

wave function of system and represented by Φ as:

Φ =
∏

i
ψi(r, ri,pi, t). (2.2)

Wigner density formalism is used to describe the density distribution which corre-

spond to the phase-space densities in the classical mechanics. Wigner densities formulates

the quantum mechanics in a very easy way such that quite inherent interpretation of the

reaction dynamics can be obtained. Wigner density yields phase-space coordinate (i.e. r,

p and t) dependent observables. Which is not possible through the solution of N-body

Schrödinger equation. Using Wigner density as a substitute of wave function keeps the

formulation of model on the verge of classical transport theory and fabricate the model

as semi-classical model. The Wigner transformation of all coherent states (a composite

nucleon system of projectile and target nuclei i.e. Atot = AP +AT ) yields Gaussian-shaped
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density distribution function as:

fi(r, p, t) =
1

(2πh̄)3

∫
exp

[
− i

h̄
p · r12

]
ψi

(
r+

r12
2
, t

)
ψ∗
i

(
r− r12

2
, t

)
d3r12,

by solving the integration using Eqn. 2.1, density distribution function read as:

fi(r, p, ri(t), pi(t)) =
1

(πh̄)3
exp

[
−(r − ri(t))

2

2L

]
exp

[
−(p − pi(t))

2 2L

h̄2

]
.(2.3)

Here, ri(t) and pi(t) characterize the classical orbit or the centeriod of the Gaussian

wave packet in the phase-space which is time-dependent. Whereas, L is time-independent.

Therefore, the density of ith particle in the coordinate space reads as:

ρi(r, ri(t)) =

∫
fi(r,p, ri(t),pi(t)) d

3p,

=
1

(2πL)3/2
exp

[
− [r − ri(t)]

2

2L

]
, (2.4)

and in the momentum space is:

gi(p,pi(t)) =

∫
fi(r,p, ri(t),pi(t)) d

3r,

=

(
2L

πh̄

)3/2

exp

[
− [p − pi(t)]

2 2L

h̄2

]
. (2.5)

In polar co-ordinates, the three dimensional center of Gaussian wave packets is uni-

formly distributed as:

r = R c
1/3
1 ,

cosθ = 1 − 2c2,

ϕ = 2π c3,

where c1, c2, c3 are the random numbers. Those events are rejected if the distance

between the centroids of Gaussian wave packets of ith and jth particle do not fulfil the

requirement:

|ri − rj| > rmin = 1.5 fm. (2.6)

The nucleons are initialized as per the liquid drop model and R = RLDM as per Eqn.

1.9 with ro = 1.12 fm. Every nucleon takes h3 as its volume. The phase-space in the

IQMD model is evenly replete. The initial momentum of each nucleon is arbitrary selected
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between zero and PF , without any other local constraint. The center of each Gaussian

wave packet in the momentum space is evenly disseminated in the polar coordinate by:

pi = PF (ri)c
1/3
4 ,

cosθ = 1 − 2c5,

ϕ = 2πc6.

Where c4, c5, c6 are again random numbers. The stability of the nucleus can not

be maintained for a sufficiently long time through randomly chosen centers (ri, pi) of the

Gaussian phase-space. The nucleus generated in this way is in meta-stable excited state

which can decay nucleons due to fluctuations. Therefore, to create a stable nucleus and

smoother distribution of nucleons, only those phase-space distribution of nucleons are

taken into account which fulfils the condition:

|ri − rj|2 |pi − p2j | ≥ dmin. (2.7)

Under this criteria, out of fifty thousand initializations, only one is well accepted.

The another important characteristics of IQMD model is that, the relativistic effects have

been included in this model by involving Lorentz contraction in the coordinate distribution

of nucleus. However, the significance of relativistic effects below E = 1 GeV/nucleon is

negligible. A sample of nuclei with the required stability are chosen to prevent the unstable

nuclei initialization. Moreover, the coordinates of a nucleon is rotated around its center

of mass by choosing two Euler angels randomly. This procedure is repeated for different

sets of Euler angles. Thus, absolutely different reaction is produced by each different set

of Euler angels without changing the stability of initialized nuclei.

Numerical test

For a successful reaction evolution and its proper understanding, it is important

to check the stability of perfectly initialized nucleus from a hydrodynamical transport

model, as the unstable nucleus may emit few nucleons after time few hundreds of fm/c.

The cold nucleus thus generated must be in its ground state as per the quantum mechani-

cal system. “Heidelberg-Nantes-Frankfurt-Tübingen-Chandigarh” groups have performed

various comprehensive studies to test the ground state properties of nucleus generated
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using IQMD model. Before subjecting the nucleus with some incident energy, its nucle-

ons are interacting with neighboring nucleons and moving under mean field only. In a

stable nucleus, the mean field experienced by a nucleon is different in the core and surface

of the nucleus. When the nucleon, during its motion between core and surface, comes

close to the surface, it will be deflected back to the core to maintain the confined state

of nucleus within the Fermi sphere of radius ‘R’. Majority of the nucleons remains inside

the nucleus up to time 60-80 fm/c. After this time interval, the nucleus gets unstable and

few nucleons start defusing out.
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Figure 2.1: Single nucleonic trajectory from time 0.1 fm/c to 200 fm/c moving
under mean field inside the nucleus of 50

20Ca (upper panels) and 197
79 Au (lower pan-

els) initialized with four different nuclear charge radii parameterizations: RLDM ,
RNGO, RPP and RRR (left to right panels respectively).

In Fig. 2.1, the stability of single nucleus simulated by using initialization of IQMD

model has been tested through four different nuclear charge radii parameterizations:

RLDM , RNGO, RPP and RRR (left to right panels respectively) by plotting single nu-

cleonic trajectory from time, t = 0.1 fm/c to the 200 fm/c for the nuclei of 50
20Ca (upper

panels) and 197
79 Au (lower panels). The solid black circles indicate the positions of the

nucleon at different time interval inside the radius of nucleus (shown by solid grey circle

in the X-Z plane). In figure, the positions of nucleon at initial time (0.1 fm/c) and final
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time (200 fm/c) are highlighted with open red and green circles respectively. The figure

reveals that the nucleon remains inside the nucleus for all the radii parameterizations.

It is worth to mention that the initial point of the nucleon is same for all the radii pa-

rameterizations (since same nucleon is selected). However, after getting reflected back

from surface towards core, the trajectory followed by the nucleon is different for all radii

parameterizations for both 50
20Ca and 197

79 Au nuclei, which alters its final position. The

calculated radius of nuclei increases as one switches from RLDM to other parametrization,

thus the density in its core will reduces. Therefore, the number of nucleons on surface

of larger radius is more compared to smaller radius which thus affects the motion of the

nucleon. The trajectory of those nucleon which has not reached to the surface and remain

in the core through out the time span has also been checked (results not shown here).

The positions of nucleon is same for all the radii parameterizations at all the time steps.

Hence, the change in radii parametrization in the initialization of IQMD model affects

the surface only, not the core.

2.3.2 Propagation

The projectile and target nuclei with well accepted distribution of nucleons, are sub-

jected to move towards each other with some incident energy in the center of mass frame

along Z-axis called longitudinal direction or beam axis in a co-ordinate space. The motion

of both nuclei till they collide with each other is under Coulomb trajectories. The further

time evolution of the combined nuclear system is accounted as equation of motion of many

body system which is calculated by Ritz variational principle. The action between time

t1 and t2 is defined as:

S =

∫ t2

t1

L[Φ,Φ∗]dτ (2.8)

Therefore, a generalized Lagrange function is defined as:

L = ⟨Φ|ih̄ d
dt

−H|Φ⟩. (2.9)

Here, Φ is the product of all coherent state wave function as defined in Eqn. 2.2 and

H is total Hamiltonian of N-body system. The time evolution is accomplished by the

condition that the action is stationary under the allowed variation of the wave function.

Which implies,

δS = δ

∫ t2

t1

L[Φ,Φ∗]dt = 0. (2.10)
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The Lagrange function depends upon all parameters and their time derivatives. This

give rise to an Euler-Lagrange equation for each parameter (say λ) as:

d

dt

∂L
∂λ̇

− ∂L
∂λ

= 0. (2.11)

For wave function ψi(r, pi(t), ri(t)), the variation of the action defined in Eqn. 2.10

leads to the exact solution of the Schrödinger equation. If the parameter space is very

much restricted then the wave function obtained in the restricted parameter space will be

closest to the solution of the Schrödinger equation. The superposition principle does not

hold here because the set of wave functions is not necessarily a subspace of Hilbert-space.

The Hamiltonian is described as:

H =
∑
i

Ti +
1

2

∑
ij

Vij (2.12)

Here Ti is the kinetic energy of ith particle and Vij is the potential energy between ith

and jth particles (with i ̸= j). For the direct product of all coherent states and Hamiltonian

(H), the generalized Lagrange function reads as:

L =
∑
i

ṙipi −
∑
j ̸=i

< Vij > − 3

2Lm
. (2.13)

Thus, the Euler-Lagrange equation defined in Eqn. 2.11 for centroids pi and ri = r
′
i +

pit/m can be represented as:

d

dt

∂L
∂ṗi

− ∂L
∂pi

= 0 ⇒ ṙi =
pi

m
+∇pi

∑
j

< Vij >= ∇pi
< H >, (2.14)

and
d

dt

∂L
∂ṙi

− ∂L
∂ri

= 0 ⇒ ṗi = −∇ri

∑
j ̸=i

< Vij >= −∇ri < H >, (2.15)

with ⟨Vij⟩ is defined by the integral:
∫
d3r1d

3p2⟨ψ∗
iψ

∗
j |V (r1, r2)|ψiψj⟩. The above two

equations represents time evolution of co-ordinate as well as momentum space. There-

fore, the Ritz variational principle converts the time evolution of the N-body Schrödinger

equation into the time evolution of the parameters as per the classical Hamilton equations

of motion. Hence the time derivatives of momentum and co-ordinate space reads as,

ṗi = − ∂⟨H⟩
∂ri

; ṙi =
∂⟨H⟩
∂pi

. (2.16)
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The numerical solution can be achieved as per the classical molecular dynamics [232,

259,260]. The total energy or Hamilton equation of ith particle is the sum of kinetic and

potential energies and represented by Hi as:

Hi = Ti + Vi = Ti +
1

2!

∑
j;i̸=j

V
(2)
ij +

1

3!

∑
j,k;i ̸=j ̸=k

V
(3)
ijk , (2.17)

where Ti is defined as the total kinetic energy of the system:

Ti = =
∑
i

p2
i (t)

2m
(2.18)

V
(2)
ij and V

(3)
ijk in Eqn. 2.17 are the two and three body interactions respectively,

experienced by ith particle in the presence of other particles (say jth and kth). Therefore

the two body interactions V
(2)
ij can be written as:

V
(2)
ij = V (ri(t)− rj(t)).

Where, V (ri(t)− rj(t)) is defined as:

V (ri(t)− rj(t)) =
∫
fi(ri,pi, t) fj(rj,pj, t) V (ri, rj) d

3ri d
3rj d

3pi d
3pj.

Now, the second part of Eqn. 2.17 can be written as:

1

2 !

∑
j;i̸=j

V
(2)
ij =

1

2 !

∑
j;i̸=j

∫
fi(ri,pi, t) fj(rj,pj, t) V (ri, rj)

× d3ri d
3rj d

3pi d
3pj,

=
1

2 !

∑
j;i̸=j

∫
fi(ri,pi, t) fj(rj,pj, t) t1

×δ(ri − rj)d
3ri d

3rj d
3pi d

3pj,

=
1

2 !

∑
j;i̸=j

t1

∫
fi(ri,pi, t) fj(rj,pj, t)

× d3ri d
3pi d

3pj,

=
1

2 !

∑
j;i̸=j

t1

∫
1

(πh̄)3
exp

[
−(r− ri(t))

2

2L

]
exp

[
−(p− pi(t))

2 2L

h̄2

]
× 1

(πh̄)3
exp

[
−(r− rj(t))

2

2L

]
exp

[
−(p− pj(t))

2 2L

h̄2

]
d3ri d

3pi d
3pj,

=
1

2 !

∑
j

t1
1

(4πL)3/2
exp

[
−(ri − rj)

2

4L

]
,

=
t1
2

∑
j;i̸=j

ρij. (2.19)
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Where, ρij is the interaction density between ith and jth particle, given by:

ρij =

∫
d3r ρi(r) ρj(r) =

1

(4πL)3/2
exp

[
−(ri − rj)

2

4L

]
. (2.20)

Similarly, the three body interaction potential defined as follows:

V
(3)
ijk =

∫
fi(ri,pi, t) fj(rj,pj, t) fk(rk,pk, t) V (ri, rj, rk) d

3ri d
3rj d

3rk d
3pi d

3pj d
3pk.

Therefore, the third part of Eqn. 2.17 become as:

1

3 !

∑
j,k;i ̸=j ̸=k

V
(3)
ijk =

1

3 !

∑
j,k;i ̸=j ̸=k

∫
fi(ri,pi, t) fj(rj,pj, t) fk(rk,pk, t) V (ri, rj, rk)

× d3ri d
3rj d

3rk d
3pi d

3pj d
3pk,

=
1

3 !

∑
j,k;i ̸=j ̸=k

∫
fi(ri,pi, t) fj(rj,pj, t) fk(rk,pk, t) t2

×δ(ri − rj) δ(ri − rk)d
3ri d

3rj d
3rk d

3pi d
3pj d

3pk,

=
t2

3 ! (2πL)3 · 33/2
∑

j,k;i̸=j ̸=k

exp

[
− [(ri − rj)

2 + (ri − rk)
2 + (rk − rj)

2]

6L

]
,

=
t2

3 ! (2πL)333/2

∑
j,k;i̸=j ̸=k

exp

[
− [(ri − rj)

2 + (ri − rk)
2]

6L
× 3

2

]
,

=
t2 (4πL)3/2×2

3 ! (2πL)3 · 33/2

[∑
j ̸=i

1

(4πL)3/2
exp

[
−(ri − rj)

2

4L

]]2

(2.21)

Using Eqn. 2.20, the above equation becomes:

1

3 !

∑
j,k;i̸=j ̸=k

V
(3)
ijk =

1

3 !

t2 23

33/2

[∑
j ̸=i

ρij

]2

. (2.22)

Therefore, the above derivation shows that for three body interaction potential, the

mean field can be represented as [
∑

j ̸=i ρij]
2. With this, one can show that for (ζ +

1) body interaction (considering ζ as an integer) the mean field can be represented as

[
∑

j ̸=i ρij]
ζ . Hence, for two body and (ζ + 1) interaction, by using Eqs.2.18, 2.19 & 2.22,

the Hamiltonian in Eqn. 2.17 can be written as:

Hi =
∑
i

p2
i (t)

2m
+

1

2

∑
i,j;i̸=j

Vij +
1

ζ + 1) !

∑
i1,i2....iζ+1;i1 ̸=i2.... ̸=iζ+1

Vi2,i3....iζ+1

=
∑
i

p2
i (t)

2m
+

1

2 !

∑
i

[∑
j ̸=i

t1
1

(4πL)3/2
exp

[
−(ri − rj)

2

4L

]]

+
t2 23

(ζ + 1) ! (ζ + 1)3/2

∑
i1

[∑
i2 ̸=i1

1

(4πL)3/2
exp

[
−(ri − rj)

2

4L

]]ζ

(2.23)
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As the Hamiltonian is defined for the composite nucleon system i.e. for both projectile

and target nuclei, therefore the average momentum in the IQMD model is conserved.

The HICs should be followed with the help of G-matrix (a solution of Bethe-Goldstone

equation [261]). The real part of G-matrix is responsible for the propagation of nucleons

whereas, the imaginary part corresponds to the nucleon-nucleon collisions. The numerical

solution of Bethe-Goldstone equation at every point in the phase-space and time is very

much difficult. Therefore it can only be done by converting the momentum as well as

density dependent G-matrix components into parameterized form in terms of two and

three body interactions. The required condition to determine the parameters t1 and t2

in Eqn. 2.23 is that the Hamiltonian must reproduce the equation of state of finite

nuclear matter. In this context, the propagation of nucleons in the HICs treated under

Hamiltonian equation of motion are able to probe the nuclear equation of state (NEOS).

Thus, for finite nuclear matter, the Skyrme parametrization of the NEOS from Eqn. 2.23

is:

E

N

(
or

E

A

)
=

1

ρ

E

V
=

3

5

h̄2k2F
2m

+
α

2

ρ

ρo
+

β

ζ + 1

ρζ

ρζo
(2.24)

Here, kF is the Fermi vector in the nuclear matter defined as,

kF =

(
3

2
π2ρ

)1/3

(2.25)

For infinite nuclear matter limits, the potential energy of Eqn. 2.23 can be written as:

VN ⇒nuclear matter 1

2
Nt1ρ+

t22
3ζ/2

(ζ + 1)! (ζ + 1)3/2
Nρζ (2.26)

On comparing Eqn. 2.24 and 2.26, the following expressions are obtained:

t1
2
⇒ α

2ρ
and

t22
3ζ/2

(ζ + 1)! (ζ + 1)3/2
⇒ β

ζ + 1

1

ρζo
(2.27)

With constant nuclear matter density, the interaction density coincides with single

particle density. The two body part of interaction potential (i.e. V
(2)
loc and V

(2)
Y ukawa) is

directly proportional to (ρ/ρo) and the three body part of interaction potential (i.e. V
(3)
loc )

is directly proportional to (ρ/ρo)
2. Therefore, the local potential energy in the nuclear

matter has the form:

V loc =
α

2
(
ρ

ρo

) +
β

γ + 1
(
ρ

ρo

)2. (2.28)
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Table 2.1: The values of α(MeV ), β(MeV ) and γ for different NEOS [18].

K(MeV) α(MeV ) β(MeV ) γ NEOS
200 -356 303 1.17 Soft
380 -124 70.5 2 Hard

The free parameters α and β in the above potential can be determined by the condition

that at normal nuclear matter density (ρo), the average binding energy (B.E) of nucleus

should be -15.75 MeV and total energy should have a minima at ρo. The generalized form

of above potential energy for different (in)compressibility factors can be written as:

V loc =
α

2
(
ρ

ρo

) +
β

γ + 1
(
ρ

ρo

)γ. (2.29)

The above equation of local interaction potential of the nuclear matter leads to

various NEOS depending upon the different values of α, β and γ. The Skyrme potential

of the NEOS contains two sets of parameter which yields same B. E. and saturation

density but with two different (in)compressibility factors (K). The set of parameters for

K = 200 MeV/nucleon (the one corresponds to soft NEOS) and for K = 380 MeV/nucleon

(the hard NEOS) has been listed in Table 2.1. Therefore, the total Skyrme potential has

the form:

V Skyrme =
∑
j;i̸=j

t1δ(ri − rj) + t2δ(ri − rj)ρ
ζ−1((ri + rj)/2). (2.30)

In addition to soft and hard NEOS, the other type of the NEOS e.g. super-stiff and

super-soft NEOS with different values of parameters are also available in the literature.

Despite this, as already discussed in Sec. 1.3 of chapter 1, the theoretical study established

that hadronic matter is soft in nature [262, 263]. Therefore, in the present work, the

simulations have been carried with soft NEOS.

The parameterized form of finite range Yukawa potential reads as [264]:

V Y uk
ij = t3

exp{−|ri − rj|}/µ
|ri − rj|/µ

. (2.31)

Here, the value of t3 is -6.66 MeV. This potential is short range in the IQMD model

(with µ = 0.4 fm) compared to QMD model (with µ = 1.5 fm) where the Yukawa potential

is long range. Yukawa potential reduces the fluctuation produced as a consequence of

scarcity of pressure build up by the Fermi momentum and improves the surface properties.
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Table 2.2: The values of α(MeV ), β(MeV ) and γ for different momentum
dependent NEOS [18].

K(MeV) α(MeV ) β(MeV ) γ δ ϵ NEOS
200 -390 320 1.14 1.57 21.54 SMD
380 -130 59 2.09 1.57 21.54 HMD

The momentum dependent interaction potential (which is optional), includes addi-

tional repulsions among the projectile and target nucleons. The following equation de-

scribes the parameterized form of momentum dependence of real part of optical potential:

V mdi
ij = t4ln

2[t5(p⃗i
′ − p⃗j)

2 + 1]δ(r⃗i − r⃗j). (2.32)

Here t4 = 1.57 MeV and t5 = 5 × 10−4 MeV −2 [265, 266]. The MDI readjusted the

parameters of Skyrme potential to have some correction in the saturation nuclear matter

density. However, the (in)compressibility factor (K) remains same. Hence, including

MDI into calculations obtain new NEOS i.e. Soft Momentum Dependent (SMD) and

Hard Momentum Dependent (HMD) NEOS. The parameters of SMD and HMD NEOS

are listed in Table 2.2. The static NEOS in addition to MDI has the form:

U = α

(
ρ

ρ0

)
+ β

(
ρ

ρ0

)γ

+ δ · ln2
(
ϵ · (∆p⃗)2 + 1

)
·
(
ρ

ρ0

)
. (2.33)

The parameterized form of Coulomb potential is given by:

V Coul
ij =

Z2
eff e

2

|ri − rj|
. (2.34)

Here Zi and Zj are the charge of ith and jth particle respectively. The Coulomb po-

tential incorporates isospin degree of freedom by differentiating the neutrons and protons

from their charge state i.e. 1 for proton and 0 for neutron. In contrast to IQMD, the

QMD model only has effective charge (Zeff ) for all the hadrons without distinguishing

between them.

Symmetry potential plays a vital role in the interaction of nuclear system with N ̸=

Z i.e. isospin-asymmetric nuclear matter. The difference in energy per nucleon (E/A) be-

tween the isospin-symmetric nuclear matter (N = Z) and pure neutron matter is described

as symmetry energy which is shown in Fig. 1.4 and discussed in Sec. 1.3 of chapter 1.



2.3 Isospin dependent Quantum Molecular Dynamics (IQMD) model 56

The density dependence of symmetry energy is given by the relation [267]:

Esym(ρ) = Esym(ρ0)

(
ρ

ρ0

)γ

, (2.35)

The value of symmetry energy at normal nuclear matter density (i.e. Esym(ρ0)) is 32

MeV. The stiffness (or strength) of symmetry energy at densities away from the normal

nuclear matter density is described by the value of γ. The parameterized from of symmetry

potential between protons and neutrons can be written as [268]:

V sym
ij = t6

1

ϱ0
T i
3T

j
3 δ(r⃗i

′ − r⃗j). (2.36)

Here, the value of component t6 is 100 MeV. T3i and T3j are defined as the isospin

projection of particles ith and jth. The values of T3 is +1/2 and -1/2 for protons and

neutrons, respectively. As discussed in previous chapter, the IQMD model incorporate

isospin degree of freedom through Coulomb interaction and symmetry potential. How-

ever, the remaining Skyrme, Yukawa and MDI potentials are isospin independent. The

expectation value of the total Hamiltonian correspond to total binding energy of nucleus

in its ground state. The comparison of the Bethe-Weizsäcker mass formula with total

Hamiltonian represents that the MDI, kinetic energy as well as the Skyrme interactions

contributes to the volume energy part. The Yukawa interaction corresponds to the sur-

face as well as the volume energy. Whereas, the symmetry interactions corresponds to

the volume symmetry energy. In the IQMD model, there is no term which corresponds to

the pairing energy. Since the pairing energy represents the global property of the nucleus,

hence it would be difficult to incorporate the pairing energy by microscopic local forces.

Hence in the IQMD model, the total baryon-baryon potential described as:

Vij = V Skyrme
ij + V Y ukawa

ij + V MDI
ij + V Coul

ij + V Sym
ij

=

(
t1δ(ri − rj) + t2δ(ri − rj)ρ

ζ−1

(
ri + rj

2

))
+ t3

exp(|ri − rj|/µ)
(|ri − rj|/µ)

+t4 ln
2[t5(pi − pj)

2 + 1]δ(ri − rj)

+
ZiZje

2

|ri − rj|

+t6
1

ϱ0
T3iT3jδ(ri − rj). (2.37)
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The total baryon-baryon potential in the IQMD model is described as a sum of terms:

A contact interaction of Skyrme-type (V Skyrme
ij ), a finite-range Yukawa term ( V Y ukawa

ij ),

a momentum-dependent interaction (MDI) (V MDI
ij ), Coulomb interaction between the

charged particles (V Coul
ij ) and a symmetry contact interaction that distinguishes between

protons and neutrons (V sym
ij ).

2.3.3 Nucleon-nucleon collisions

The IQMD model incorporates, the collision term from the well-established VUU-

BUU equations [269–271]. Similar to other cascade models, the nucleon-nucleon collisions

are accomplished in a stochastic manner [218, 272]. The collision process in the QMD

and IQMD model is different. The QMD model uses the Cugnon parametrization which

do not take isospin into consideration. On the other hand, the IQMD model uses the

VerWest and Arndt parameterizations [271]. However, the collisions are appraised in a

similar manner as done in the QMD. The two nucleons are said to suffer binary collision

with each other if the distance between the centroid of their Gaussian wave packets is

fulfilled by the following requirement:

|ri − rj| ≤
√
σtot
π
, σtot = σ(

√
s, type). (2.38)

The word “type” in the above equation denotes the incoming collision partners such

as N-N, N-∆, N-π. Here,
√
s is the nucleon-nucleon center of mass energy given by:

√
s =

√
(Ei + Ej)2 + (Pi + Pj)2 (2.39)

Here Ei (Pi) and Ej (Pj) are the energies (momenta) of ith and jth nucleon respectively.

The term σtot in Eqn. 2.38 is the total cross-section which is the sum of elastic and inelastic

cross-section is defined as,

σtot = σel + σinel = σel
NN +

∑
channels

σinel
i . (2.40)

In QMD model, the average nucleon-nucleon cross-section is used. Whereas, the

IQMD model assimilate the parameterized free nn, np and pp cross-section. In inelastic

reaction channels, in additions to nucleons and deltas, the pions are also formed through

decay of delta resonances. The IQMD model take all inelastic channels explicitly in
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account. The following inelastic channels constitute the imaginary part of the pion optical

potential:

(hard-delta production) ⇒ N N → ∆ N (a),

(delta decay) ⇒ ∆ → N π (b),

(delta absorption) ⇒ ∆ N → N N (c),

(soft-delta production) ⇒ N π → ∆ (d).

Elastic scattering between π − π, π − N , π − ∆, ∆ − ∆, ∆ − N are not taken

into account. For elastic nucleon-nucleon cross-section and the processes (a) and (d),

experimental cross-sections are used [271]. The elastic cross-section is defined as:

σel
NN =

{
55 (mb), if

√
s <1.8993

35
1+100(

√
s−1.8993)

+ 20; if
√
s ≥1.8993

(2.41)

The angular distribution for the elastically scattered nucleons is given by:

dσel
NN

dΩ
∼ exp[A(s) · t] (2.42)

where,

t = −2p2(1− cosθ) and A(s) = 6
[3.65(

√
s− 1.8766)]6

1 + [3.65(
√
s− 1.8766)]6

, (2.43)

with
√
s in GeV and A(s) is given in (GeV/c)−2. The inelastic channels are treated

in an analogous fashion. The elastic nucleon-nucleon scattering angular distribution is

same in both IQMD and QMD model. However, in the particle production (for inelastic

scattering) the isospin degree of freedom through cross-section play an important role.

The inelastic channels like ∆N → NN are not accessible experimentally. Therefore,

these are calculated using modified detailed balance formula from their reverse reactions

(here NN → ∆ N) [273]. The inelastic scattering cross-section is parameterized as:

σinel
NN→N∆ =

{
0, if

√
s <2.015

20(
√
s−2.015)2

0.015+(
√
s−2.015)2

; if
√
s ≥2.015

(2.44)

The cross section for ∆ absorption, i.e. channel (d) can be obtained from Eqn. 2.44 using

detailed balance principle.

σN∆→NN =
1

8

(
p2f
p2i

)
σNN→N∆ (2.45)
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The angular distribution for inelastic channels is assumed to be isotropic. The

parametrization suggested by Huber and Aichelin [237] is used where the fitted differ-

ential cross sections are extracted from One-Boson-Exchange (OBE) calculations:

dσin
dΩ

≈ a(s)exp [b(s)cosθ] . (2.46)

The a(s) and b(s) are defined as a functions of square-root of center of mass energy i.e.
√
s and described in Table 2.3 for different intervals of

√
s. θ is the polar angle.

Table 2.3: Values of a(s) and b(s) for different intervals of
√
s.

x́ =
√
s (GeV ) a (fm) b

2.104 - 2.12 294.6(x́− 2.014)2.578 19.71(x́− 2.014)1.551

2.12 - 2.43 0.01224
(x́−2.225)2 + 0.004112

19.71(x́− 2.014)1.551

2.43 - 4.50
(
2.343
x́

)43.17
33.14 arctan(0.5404(x́− 2.146)0.9784)

0 2 4 6 8 10
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Figure 2.2: The elastic and inelastic cross sections for proton-proton (pp) and
proton-neutron (pn) collisions in the IQMD model. The neutron-neutron cross
section is assumed to be equal to proton-proton cross section. The total cross
section is equal to the sum of the elastic and inelastic cross sections. The figure
is taken from Ref. [94,256,257].

The limit on
√
s in Eqn. 2.41 refers to the context that the total mass of two

colliding nucleons (elastic scattering channels) is approximately equals to 1.876 GeV.
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Accordingly, for two nucleons colliding with very small velocity, a constant cross-section

of 55 mb is used. In Eqn. 2.44, the limit on
√
s is 2.22 GeV corresponds to the formation

of ∆ in an inelastic scattering channel. Mass of ∆ (= N + π) is 1.076 (= 0.938 + 0.138)

GeV. Therefore, for NN→N∆ channel, the outgoing mass (N + ∆) will be equal to 2.22

(1.076 + 0.938)GeV.

The cross-section becomes isospin dependent due to the difference between the

neutron-proton (np) and pp/nn interactions. Generally, the interaction cross-section of

pp assumes to be equal to that of nn. In Fig. 2.2, the respective strength of free-space

cross sections for np and pp/nn scattering is presented as a function of bombarding en-

ergy for elastic as well as inelastic channels. Due to transition matrices difference for the

isospin T = 1 and T = 0, the cross-section of neutron-proton is always higher than the

cross-section of the proton-proton or neutron-neutron. Moreover, both isospin-singlet as

well as isospin-triplet channels contribute to np scattering. However, in the case of pp

and nn, only isospin-singlet channel is involved. Therefore, in the IQMD model, neutron-

proton cross-section is about a factor of two to three times larger that the proton-proton

or neutron-neutron cross-section.

2.3.4 Pauli blocking

The Pauli blocking is an essential quantum feature to be included in the theory of

nuclear reaction dynamics since the approch deal with the nucleons which are Fermion.

Analogous to the propagation part of IQMD model, there exist no classical equivalent

to the Pauli blocking. This can only be treated quantum mechanically but the proper

inclusions of a quantum feature in a semi-classical approach is rather a difficult task.

In the literature, two approaches are mentioned for this purpose. In first method, the

Pauli potential has been introduced according to the short range repulsion between the

near by nucleons in the phase-space. In the second method, the Pauli blocking has been

included in transport model in a phenomenological manner [274, 275]. The basic idea of

this approach is to prevent the overlapping of final phase-space of nucleons occupied after

the collision. The first mentioned approach involves the origin of big and highly excited

fragments which needs additional statistical calculations to get the exact fragmentation

pattern. Therefore, the second approach is most favourable and used in the present study.
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In this method, after each binary collision, the phase-space around the scattered partner

is checked. If the phase-space of scattered partner is already occupied (fully or partialy)

then the collision is said to be blocked. In a simple way, each nucleon is supposed to

occupy a sphere in the spatial as well as momentum space and the overlapping of two

phase-space spheres is prohibited in accordance to Pauli exclusion principle. This method

obtain same Pauli blocking ratio as yields in the exact calculation of the overlapping of

Gaussian wave packets of nucleons. The probability of blocked collision is written as:

Pblock = 1 − [1 −min(P1, 1)] [1− min(P2, 1)] . (2.47)

Here, P1 and P2 are the fractions of final phase-spaces for each of the two scattering

partners which is already occupied by other particles. In context to above equation, the

probability of allowed collision is:

Pallow = 1 − [1 −min(P1, 1)] [1− min(P2, 1)] = 1 − Pblock (2.48)

From Eqn. 2.47, the averaged blocking probability of collisions in a ground state

nucleus (where all the collisions are blocked) is obtained to be < Pblock >= 0.96 i.e.

96% collisions are blocked. However, for a complete blocking this factor should be one.

Therefore, the Pauli blocking factor will be zero or one depending upon the occupancy

of final phase-space. This sharp occupancy is valid only for the cold nuclear matter.

Faessler et al. [244] have included the temperature by smearing the Fermi spheres for

Pauli-operator. However, the effect of this exercise is very feeble on the dynamics and the

temperature dependence of the Pauli-operator can be neglected.

Using all the above discussed formalisms of IQMD, the evolution of HICs can be

followed. The IQMD model generates the phase-space of each nucleon from initial time to

the freeze-out (saturation) time along with isospin, energy, number of collisions suffered

by each nucleon, as well as the total and blocked collision in the reaction at each time

steps as output. To identify the fragments in the final stage of reaction from the stored

phase-space, one need clusterization algorithms. These algorithms are called secondary

models or secondary algorithms.
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2.4 Secondary algorithms

Among all the clusterization techniques available in the literature, the Minimum

Spanning Tree (MST) method has been used most extensively to identify the clusters

from the final phase-space of nucleons [18,276]. In this method, two nucleons are assumed

to be part of same fragment if the distance between their centroids fulfil the requirement:

| r⃗i − r⃗j | ≤ Rclus. (2.49)

Here, r⃗i and r⃗j are the co-ordinates of ith and jth nucleon. The Rclus is the spatial

constraint and its value can vary between 2 and 4 fm. In the present work the value

spacial constraint is taken to be 4 fm. It has been reported that the different values of

Rclus do not affect the fragmentation pattern at saturation time drastically. However,

this algorithm optimize big fragment during the early stage of the reaction which decays

into several types of fragments. This method is best to analyze asymptotic configurations

where the fragmenting system can be viewed as a very dilute mixture of free particles.

The improved version of the MST algorithm includes additional momentum con-

straint and dubbed as MSTM (Minimum Spanning Tree with Momentum con-

straint method) [277]. It neglects those fragments which are close in the position (or

co-ordinate space) and satisfies the Eqn. 2.49, but far in the momentum space. In this

algorithm, for a nucleon to be the part of same fragment, firstly their co-ordinate position

has to satisfy Eqn. 2.49 and then relative momentum should be less than Pclus i.e.

| p⃗i − p⃗j | ≤ Pclus. (2.50)

Here, p⃗i and p⃗j are the average momentum of ith and jth nucleon. The value of

Pclus has been considered around the average Fermi momentum of nucleons as reported

in [94,256]. For QMD model, Pclus = 150 MeV/c and for IQMD it is 268.4 MeV/c.

These clusterization techniques identifies the phase-space of all fragments from the

IQMD output and store them as another output in a sorted manner. Thus the properties

of these fragments can be studied individually. Therefore, one can calculate various

observable parameters of phenomenon such as multi-fragmentation, collective (or nuclear)

flow and nuclear stopping arising in the HICs at intermediate energies.



Chapter 3

Influence of isospin dependent
nuclear charge radii on
fragmentation

3.1 Introduction

In the typical reaction dynamics of heavy-ion collision (HICs), the projectile and

target nuclei collide with each other to form a compressed form of the nuclear matter.

The condensed nuclear matter thus start expanding and the matter finally burst into

multiple nucleonic fragments. The fragments are categorised as per their mass num-

ber and distinguished as FN’s (free nucleons) [A = 1], LMF’s (light mass fragments)

[2 ≤ A ≤ 4], MMF’s (medium mass fragments) [5 ≤ A ≤ 9], IMF’s (intermediate mass

fragments) [5 ≤ A ≤ Atot/6] and HMF’s (heavy mass fragments). The process of form-

ing multiple fragments is called multi-fragmentation [278]. The purpose of studying the

multi-fragmentation is to examine the susceptibility of condensed fermionic nuclear matter

into clusters, to optimize the explosive properties of reaction, nuclear equation of state

(NEOS) as well as the compressibility of the nuclear matter. The size and number of

fragments formed in a particular reaction depends upon the density of compression zone

which further depends upon various reaction conditions. Density of fragmenting system

is one of the observable linked with the compression and expansion of the nuclear matter.

The average nucleonic density is calculated as [18]:

< ρ/ρo >=
⟨ 1

AT + AP

AT+AP∑
i=1

AT+AP∑
j=1

1

(2πL)3/2
exp[−(r⃗i − r⃗j)

2/2L]
⟩
, (3.1)
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Figure 3.1: Time evolution of average nucleonic density for the reactions of
50
20Ca+

50
20Ca (left panels) and 197

79 Au+
197
79 Au (right panels) for central collisions at

E = 50 MeV/nucleon (upper panels) and E = 400 MeV/nucleon (lower panels).

where r⃗i and r⃗j are the position coordinates of ith and jth nucleons respectively and L

is the Gaussian width of the wave packets. AT and AP are mass of target and projectile

nuclei respectively. The simulations have been performed for the reactions of 50
20Ca+

50
20Ca

and 197
79 Au+197

79 Au having N/Z = 1.5 at incident energies of 50 and 400 MeV/nucleon for

central collisions. In this chapter, all the reactions are simulated within the framework

of Isospin dependent Quantum Molecular Dynamics (IQMD) model. A soft equation

of state along with isospin dependent nucleon-nucleon cross-section reduced by 10% i.e.

σ = 0.9σfree
NN has been implemented. Calculations are performed for three different isospin

dependent nuclear charge radii parameterizations as well as for liquid drop model (LDM)

radius. Simulations have been carried out by keeping the Fermi momentum of the nucleons

same for each parameterizations of nuclear charge radius.
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Fig.3.1 displays the time evolution of average nucleonic density at incident energies

of 50 (upper panels) and 400 MeV/nucleon (lower panels) for the reactions of 50
20Ca+

50
20Ca

(left panels) and 197
79 Au+197

79 Au (right panels) for different parameterizations of nuclear

charge radii (i.e. RLDM , RNGO, RPP and RRR). It can be noted that, due to different

formalization, the calculated charge radii (of particular nuclei) is more with isospin de-

pendent parameterized form (because of difference in the density distribution of neutrons

and protons in the nuclear charge radius) compared to isospin independent parameterized

form. The change in the nuclear charge radii is observed to be 1.7% (RNGO), 7.6% (RPP )

and 12% (RRR) for
50
20Ca nucleus and 3.2% (RNGO), 7.6% (RPP ) and 8% (RRR) for

197
79 Au

nucleus with respect to RLDM . One can see that maximal average nucleonic density tends

to reduce with isospin dependent nuclear charge radii. This is due to the reduction in the

density of nucleons inside the nucleus during initialization. However, the initialization

effects on density, decreases at 400 MeV/nucleon for lighter colliding nuclei only. This

happen because for head-on collisions and with increase in incident energy, correlation

between nucleons get destroyed.

Due to 12% change in the radius of 50
20Ca nucleus, 15% change in the maximal average

nucleonic density has been observed for the reaction of 50
20Ca+

50
20Ca whereas, 14% change

has been observed for the reaction of 197
79 Au+197

79 Au, due to 8% change in the radius

of 197
79 Au nucleus at an incident energy of 50 MeV/nucleon. However, this change in

the maximal average nucleonic density become 4% for 50
20Ca+

50
20Ca system and 14% for

197
79 Au+197

79 Au system at an incident energy of 400 MeV/nucleon. The ratio of change

in the maximal nucleonic density to the change in radius is more for heavier colliding

nuclei (i.e. 197
79 Au+197

79 Au) compared to lighter one (i.e. 50
20Ca+

50
20Ca). It is evident that

the heavier system is more sensitive to the initialization effects (via nucleus charge radii)

compared to lighter system (having same N/Z = 1.5). Moreover, the percentage change

in the maximal average nucleonic density diminishes with increase in incident energy for

lighter colliding pairs only and remains nearly constant for heavier colliding pairs. The

percentage change of results are calculated for RRR radius parameterization only, with

respect to RLDM , because of the maximum change in the calculated nuclear charge radii.



3.2 Results and discussion 66

3.2 Results and discussion

As, the nuclear density is being affected by different nuclear charge radii parameteri-

zations, so the compression in the condensed nuclear matter and nucleon-nucleon collision

will also be affected. Therefore, in this section, the initialization effects via nuclear charge

radii on fragmentation for a wide range of system mass and initial N/Z ratio has been

studied taking isospin-asymmetric nuclear reactions [279]. All the reactions in this section

has been studied at E = 50 MeV/nucleon as the influence of radius is more at this incident

energy on maximal average nucleonic density (concluded from Fig. 3.1)

3.2.1 Collision rate of nuclear reaction
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Figure 3.2: Upper panels displays the rate of nucleon-nucleon binary collisions
for the reactions of 50

20Ca+
50
20Ca (upper left panel) and 197

79 Au+197
79 Au (upper right

panel) at b̂ = 0. Lower panels displays the average mass of the largest fragment
(Amax) as a function of composite mass (Atot) at 200 fm/c for central (lower left
panel) and semi-central (lower right panel) collisions.
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Rate of binary collisions is the another important quantity related with initial

compression of the nuclear matter. In the upper panels of Fig.3.2, the rate of binary

collisions for the reactions of 50
20Ca+

50
20Ca (upper left panel) and 197

79 Au+197
79 Au (upper right

panel) at an incident energy of 50 MeV/nucleon have been displayed. Different lines in the

figure corresponds to the different parameterizations of nuclear charge radii as in Fig.3.1

and the calculations for the comparison of results due to different radii forms has been

done for RRR with respect to RLDM . It has been observed that due to 12% change in the

radius there is a 5% change in the peak value of nucleon-nucleon binary collisions for the

reaction of 50
20Ca+

50
20Ca, whereas this change is 12% for 197

79 Au+197
79 Au due to 8% change

in the radius. This is because, the same number of nucleons of a particular nuclei are

simulated in a sphere of larger radii compared to RLDM and the initialized particles are

far apart from each other. Also, it is worth to notice that there is a reduction in the peak

value of dNcoll/dt for
50
20Ca+

50
20Ca and on the contrary for 197

79 Au+197
79 Au, increment has been

observed. This may be because of different density distribution of nucleons in lighter and

heavier colliding nuclei. Also the peak of dNcoll/dt has been shifted towards right (i.e.

higher time values), that means for isospin dependent radii parameterizations (or as the

radius increases), the system will take more time to saturate. Therefore due to change

in the geometry of nucleus, the correlation between nn, pp and np collisions has been

affected. Hence, it has been concluded that the effect of initialization via nuclear charge

radius on collision dynamics is more for 197
79 Au+197

79 Au system compared to 50
20Ca+

50
20Ca

system.

3.2.2 System size effects on final state fragment multiplicities

To study the role of structural effects more precisely for the wide mass range of

periodic table, the simulations have been carried out for the reactions of 50
20Ca+

50
20Ca,

90
36Kr+90

36Kr, 100
40 Zr+100

40 Zr, 124
50 Sn+124

50 Sn, 150
60 Nd+150

60 Nd and 197
79 Au+197

79 Au at an incident en-

ergy of 50 MeV/nucleon. The system size effects are studied by keeping the neutron to

proton ratio same for all reactions (i.e. N/Z = 1.5). The reactions are followed till 200

fm/c and clusters are identified with the minimum spanning tree (MST) [18,276] method

using clustering radius of 4.0 fm. The lower panels of Fig. 3.2 displays the variation of

Amax (mass of largest fragment formed at 200 fm/c) as a function of composite mass of
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Figure 3.3: The mean multiplicity of FN’s, LMF’s, MMF’s and IMF’s as a
function of total mass of the system (Atot) at 200 fm/c for central collisions (left
panels) and semi-central collision (right panels).

the system i.e. Atot (where, Atot = AT +AP ) at scaled impact parameter, b̂ = b/bmax = 0

(lower left panel) and 0.5 (lower right panel) (where bmax = (RP +RT )fm, RP and RT are

radii of target and projectile nuclei) at an incident energy of 50 MeV/nucleon. One can

see that, Amax tends to increase with increase in Atot for RLDM and same trend is followed

by isospin dependent radii parameterizations. It has been observed that, due to increase

in number of collisions for isospin dependent radii parameterizations (as concluded from

upper panels of Fig. 3.2), the mass of the largest fragment is less. It is clear from the

figure that the role of isospin dependent nuclear charge radii parameterizations on the

production of largest fragment increases as the composite mass of the system increases.
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Table 3.1: The value of exponent τ for different fragments and for different radii

parameterizations at b̂ = 0.0 and b̂ = 0.5

b̂ = 0.0 b̂ = 0.5
τLDM τNGO τPP τRR τLDM τNGO τPP τRR

FN’s 0.74 0.75 0.77 0.78 0.73 0.74 0.75 0.76
LMF’s 0.52 0.53 0.55 0.56 0.50 0.51 0.53 0.53
MMF’s 0.62 0.63 0.64 0.64 0.58 0.59 0.62 0.63
IMF’s 0.74 0.75 0.76 0.76 0.71 0.72 0.74 0.75

The system mass dependence of Amax has been fitted by a power law behaviour for all

parameterized forms of nuclear charge radii as:

Amax = C(Aτ
tot) (3.2)

In figure, the different solid symbols represent the theoretical calculations with dif-

ferent nuclear charge radii parameterizations and lines represent the power law fit as per

Eqn. 3.2. The values of exponent τ tends to decrease with increase in radii and is least

for RRR. It is to notify that, the difference between τ values (presented in Fig. 3.2) of

RRR and RLDM is more at b̂ = 0.5 compared to b̂ = 0. These observations suggested

that, the role of isospin dependent nuclear charge radii parameterizations is dominating

at higher colliding geometries.

Further to study the influence of isospin dependent nuclear charge radii on various

fragment’s mean multiplicity for the wide mass range of periodic table, the simulations

have been carried out for the similar set of reactions as in the lower panels of Fig.3.2.

Fig.3.3 displays the mean multiplicity of FN’s, LMF’s , MMF’s and IMF’s as a function

of Atot at an incident energy of 50 MeV/nucleon for central (left panels) and semi-central

collisions (right panels). The symbols have the same meaning as in lower panels of Fig.3.2.

It has been observed that the isospin dependent parameterizations enhance the mean

multiplicity of FN’s and other fragments. This is due to increase in nucleon-nucleon

binary collisions for the isospin dependent nuclear charge radii parameterizations. The

solid lines represent the power law fit of kind: ∝ (Aτ
tot) to the mean multiplicity of FN’s

and fragments.
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The values of exponent τ obtained from Fig. 3.3 are listed in Table 3.1. One can

see that τ increases for isospin dependent nuclear charge radii parameterizations and is

highest for RRR. This observation is true for all fragments and FN’s , but the change in

proportion from τLDM to τRR vary for different fragments. Moreover, the change in the

values of τLDM and τRR is more at b̂ = 0.5 compared to b̂ = 0.0 for the case of MMF’s and

IMF’s. Whereas, this difference remains almost same for the case of FN’s and LMF’s.

This is because, the production of MMF’s and IMF’s is affected more by the geometry of

collision compared to FN’s and LMF’s.
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Figure 3.4: N/Z dependence of multiplicity of FN’s (upper panels) and LMF’s
(lower panels) at incident energy of 50 MeV/nucleon for semi-central collisions
for two isobaric series with mass 80 (left panels) and 120 (right panels) units.

3.2.3 Isospin effects on multiplicity of fragments

Till now, the initialization effects via nuclear charge radii has been studied for a fixed

value of neutron to proton ratio (i.e. N/Z = 1.5). Therefore in the next step, to elucidate
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the role of isospin dependent nuclear charge radii parameterizations the mean multiplicity

of FN’s and LMF’s has been examined for isospin-asymmetric reactions by keeping the

mass of colliding nuclei same. Fig. 3.4 displays the effect of initialization on the N/Z

dependence of multiplicity of FN’s (upper panels) and LMF’s (lower panels). For this,

the two set of isobaric series of reactions have been simulated at scaled impact parameter

of b̂ = 0.5 and incident energy of 50 MeV/nucleon. It has been observed from Ref. [280]

that the isospin effect has a significant role at semi-peripheral collisions for the reaction.

The left panels of this figure presents the calculations for the reaction series of 80
z1
X+80

z1
X

(having total mass number = 160 a.m.u. with charge, z1 = 30, 32, 34, 36, 37, 38 and

40) whereas the right panels presents calculations for the reaction series of 120
z2

Y+120
z2

Y

(having total mass number = 240 a.m.u. with charge, z2 = 46, 48, 50, 52, 54, 56 and 60).

Symbols in Fig. 3.4 have the same meaning as in Fig.3.2 and points are connected with

the solid lines to guide the eye. It is worth to notice that, the radius of isobaric nuclei is

same according to isospin independent nuclear charge radii parametrization but varies for

isospin dependent parameterizations because of change in neutron to proton ratio (N/Z)

which affects the dependence of multiplicity on N/Z. For RLDM , very weak dependence

of multiplicity on N/Z has been observed and the minimum value of multiplicity has

been observed at N = Z in the case of FN’s. But it is nearly constant for LMF’s. These

observations are in agreement with the observations in Ref. [120]. The similar trend has

been observed for RNGO with minor enhancement in the multiplicity because change in the

values of radius calculated via RNGO and RLDM is very less and are comparable. But the

scenario is different for the case of RPP and RRR, the multiplicity of FN’s, firstly decreases

with increase in N/Z and then becomes constant as N/Z increases beyond 1.5. Moreover,

the multiplicity of LMF’s is not independent to isospin-asymmetry of colliding nuclei,

it decreases with increase in N/Z due to isospin dependent nuclear charge radii. The

N/Z dependence of the multiplicity of MMF’s and IMF’s has also been checked (results

not shown here). It has been observed that their behavior is found to be independent

to initial neutron-to-proton ratio of the system for isospin dependent and independent

nuclear charge radii parameterizations at incident energy of 50 MeV/nucleon. This is

because at lower incident energies, the nuclear matter does not break into smaller pieces,

only heavy mass fragments are produced [281]. Here, the emission of free nucleons is due
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to thermal emission of excited fragments. The production of LMF’s show small variation

because at low energies the participant zone is not much excited. Therefore it results

in small variation in the production of these fragments with increase in N/Z for isospin

dependent nuclear charge radii parameterizations.

3.3 Comparison with ALADIN experimental data on

IMF’s multiplicity
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Figure 3.5: The average multiplicity of IMF (MIMF ) as a function of Zbound for
the reactions of 124

50 Sn+
124
50 Sn at 600 MeV/nucleon (top panels) and 197

79 Au+
197
79 Au

at 400 MeV/nucleon (bottom panels) at 200 fm/c Comparison has been made
with experimental data of ALADIN Collaboration [128,282].

To further strengthen our interpretation of results, the multiplicity of IMF’s as a

function of Zbound for the reaction of 12450 Sn+124
50 Sn at 600 MeV/nucleon and 197

79 Au+
197
79 Au at

400 MeV/nucleon is presented in Fig. 3.5. Here, Zbound is defined as the sum of the atomic

numbers Zi of all fragments with Zi > 2. The symbol (star) represents the experimental
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data [128, 282] and different colored lines corresponds to different parameterizations of

nuclear charge radii (as in Fig. 3.1). The rise and fall in the multi-fragmentation emission

has been observed. The small value of Zbound corresponds to central collisions and due

to violent phase of collisions most of the nuclear matter emitted as FN’s and LMF’s

(fall of multi-fragmentation). At large value of Zbound i.e. at semi central collisions, the

multiplicity of IMF’s shows a peak because most of the spectator part does not participate

in the collision and large number of IMFs are produced. At peripheral collisions i.e. very

large Zbound, there is again fall in the formation of number of IMF’s. Peripheral collisions

may lead to spallation process in which only a single heavy fragment is produced. It has

been observed from this figure that with increase in nuclear charge radius (i.e. for isospin

dependent nuclear charge radii parameterizations), the multiplicity of IMF’s decreases

(at E = 400 and 600 MeV/nucleon); however, it is observed to be increase at E = 50

MeV/nucleon (in Fig. 3.3). This is because, as the incident energy increases, for larger

radii, the IMF’s (in addition to heaviest fragment) also splits and undergo secondary decay

to produced more smaller fragments (like FN’s and LMF’s). One can see that the isospin

dependent nuclear charge radii further reduce the gap between the theoretical calculations

and the experimental findings and this effect is more in semi-central collisions.

3.4 Summary

In summary, the influence of isospin dependent nuclear charge radii parameteriza-

tions on the fragmentation using IQMD model has been studied. Due to inclusion of

isospin parameter (I) in the nuclear charge radii parameterizations, a significant role on

fragmentation has been observed. The calculations conclude that with increase in radius,

the density of compressed nuclear matter decreases. With larger nuclear radius, the col-

liding system takes more time to saturate. The increase in radius leads to production of

more fragments and decreases the mass of largest fragment. The multiplicity of FNs and

LMFs is observed to be dependent upon the initial N/Z ratio of colliding nuclei only for

RPP and RRR. Moreover, our calculations with the RRR radii parametrization are able

to reproduce the experimental data of ALADIN Collaboration better than RLDM .



Chapter 4

Structural and isospin effects on
collective flow

4.1 Introduction

The pressure gradient developed during collisions, pushes the nuclear matter away

from the interacting region and towards the transverse direction which is basically the

azimuthal distribution of particles [283]. If two nuclei are approaching towards each other

parallel to the Z-axis and impact parameter is parallel to the X-axis, then the X-Z plane

is the reaction plane and X-Y plane is the azimuthal plane, which describes the azimuthal

distribution of particles. Let ϕ be the azimuthal angle between the trajectory of outgoing

particles and the reaction plane such that the distribution of particles in the azimuthal

plane can be represented by Fourier expansion [284], reads as:

dN

dϕ
∝ 1 + 2

∞∑
n=1

vnCos(nϕ). (4.1)

The flow parameter vn is called nth harmonic function or Fourier coefficient of Fourier

expansion where, n = 1, 2, 3....... and so on. The first two harmonics, v1 and v2 are the

directed flow and elliptical flow respectively. The parameter of directed flow is further

expressed as the ratio of transverse momentum gained by the emitted particle, i.e. px

(along the impact parameter direction) to the mean transverse momentum (pt) given by,

pt =
√
p2x + p2y where, px and py are the x and y components of momentum. The directed

flow is defined as:

v1 = < Cosϕ > = ⟨px
pt
⟩. (4.2)

74
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Figure 4.1: Pictorial view of reduced flow below, at and above balance energy.
Figure is modified from Ref. [147]
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The nucleonic flow basically arises from the most compressed zone of the system,

i.e. participant zone, which measure the total momentum transfer in the collision process.

This compressed nuclear matter lies in the mid-rapidity region. The rapidity is defined

as Y red = Yc.m./Ybeam, and Yc.m. is further defined as:

Yc.m. =
1

2
ln
E(i) + pz(i)c

E(i)− pz(i)c
. (4.3)

Here, E(i) and pz(i) are the total energy and longitudinal momentum of ith parti-

cle. The region (-0.1≤ Yc.m./Ybeam ≤0.1) is stated as mid-rapidity region and the region

beyond the mid-rapidity corresponds to spectator matter regions. The study of rapid-

ity distribution of azimuthal anisotropy of particles reveals important information about

collective flow. The slope parameter around mid-rapidity obtained by plotting v1 as a

function of rapidity, measures the strength of directed flow called reduced flow and repre-

sented as: ∂v1
∂Y red [285]. The magnitude of reduced flow is negative at low incident energies

and positive at relatively high incident energies [286]. The balance energy (Ebal) is the

incident energy where attractive mean field and repulsive nucleon-nucleon collisions coun-

terbalance each other and ∂v1
∂Y red=0. The demonstration of reduced flow is presented in

Fig. 4.1 below, at and above balance energy.

The second harmonic, v2 can be written as [148,287]:

v2 = < Cos2ϕ > = ⟨
p2x − p2y
p2t

⟩. (4.4)

The elliptical flow represents the ellipse like distribution of emitted particles in the

reaction plane [288–290]. The change in the sign of elliptical flow from positive to negative

value with increase in incident energy, represents the transition from in-plane to out-of-

plane emission of particles. The energy at which this transition occurs is dubbed as

transition energy (Etrans) signifying isotropic distribution of particles with zero values of

v2 [176, 291]. At Etrans, strength of expanding nuclear matter equalizes the impact of

rotational behaviour of spectator matter. The Fig. 4.2 represents the schematic view of

elliptical flow below, at and above transition energy.

So far, the studies have been made to give a comparative description of the depen-

dence of elliptical flow on the transverse momentum, reduced rapidity, incident energy,

mass of fragments as well as colliding geometry for different types of colliding systems,

experimentally as well as through various theoretical models in the intermediate energy
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Figure 4.2: Pictorial view of elliptical flow below, at and above transition
energy. Figure is reproduced from Ref. [147].
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regime [174,292–294]. The study of Ebal and Etrans has attained a special interest because

of its dependence upon various physical observables like composite mass of colliding sys-

tem, impact parameter, mass-asymmetry and charge asymmetry of the reactions. Both

the energies are also sensitive towards various isospin dependent model ingredients e.g.

in-medium and isospin-dependent nucleon-nucleon cross-section, nuclear equation of state

(NEOS), symmetry energy and its various density dependent forms as well as Coulomb

potential [295–301]. Therefore, both reduced flow and elliptical flow are proven to be

good probes to investigate the isospin physics in the HICs.

Therefore structural and isospin effects have been studied through isospin dependent

and independent nuclear charge radii parameterizations on the collective flow within the

framework of Isospin-dependent Quantum Molecular Dynamics (IQMD) model [304]. The

calculations have been carried out by using two different approaches: (i) for the reaction

series having fixed N/Z ratio and (ii) for the isobaric reaction series with different N/Z

ratio.

4.2 Neutron and proton density profile

To check the stability of nucleus with different radii parameterizations (RLDM , RNGO,

RPP and RRR), Fig. 4.3 display, the neutron density ρn(r) (left panels) and proton density

ρp(r) (right panels) profile of isospin symmetric (or neutron-deficient) 80
40Zr (N/Z = 1.0)

(upper panels) and isospin asymmetric (or neutron-rich) 80
29Cu (N/Z = 1.8) (lower panels)

nuclei initialized with four different nuclear charge radii parameterizations. The sampling

of neutrons and protons is different for different nuclear charge radii parameterizations.

The figure reveals that, for 80
40Zr nucleus, the neutron as well as the proton density pro-

file are identical, which reveals that, both the neutrons and protons are symmetrically

distributed in the phase-space sphere. This observation holds true for all radii parame-

terizations. Moreover, the increase in radii affects the ρn(r) and ρp(r) equally. However,

for 80
29Cu nucleus, ρn(r) is greater than ρp(r) by a factor of 1.8 (for all radii forms). This

is because the number of neutrons is more than the number of protons by same factor i.e.

N/Z = 1.8. The influence of increase in radius on ρn(r) is more as compared to ρp(r). The

distribution of neutrons and protons inside the Fermi sphere of isospin independent as well

as dependent radii parameterizations is uniform. The total density (ρ(r) = ρn(r)+ ρp(r))



4.2 Neutron and proton density profile 79

0.00

0.04

0.08

0.12

0.00

0.04

0.08

0.12

0.00

0.04

0.08

0 2 4 6 8 10
0.00

0.04

0.08

0.12

0 2 4 6 8 10
0.00

0.04

0.08

0.12

Proton D
ensity 

p  (fm
-3)

 

 

 

 R
LDM

 R
NGO

 R
PP

 R
RR  

 

 

 

 

80
29

Cu (N/Z=1.8)

 

 

 

 

 

 

 N
eu

tro
n 

D
en

si
ty

 
n (f

m
-3

)

r (fm)

80
40

Zr (N/Z=1)

Figure 4.3: The neutron density profile ρn(r) (left panels) and proton density
profile ρp(r) (right panels) for

80
40Zr (upper panels) and

80
29Cu (lower panels) nucleus

initialized in the IQMD with four different radii parameterizations at time t = 0
fm/c.
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of 80
40Zr and 80

29Cu nuclei are same for RLDM and different for isospin dependent nuclear

charge radii parameterizations. Therefore, for isospin dependent radii parameterizations,

neutron-rich nucleus is more dense as compared to neutron-deficient nucleus [106]. One

can see that with increase in radii, both the ρn(r) and ρp(r) reduces in the core of nucleus

and the number of nucleons in surface of nucleus increases. Therefore, the surface of

the nuclei become more diffused for larger radii. This influence of nuclear charge radii

parameterizations on the population of nucleon in surface of nucleus will affect the flow

of particles originating from the participant zone.

4.3 Results and discussion

Simulations have been carried out for the isospin-asymmetric nuclear reactions in the

incident energy range between 30 MeV/nucleon and 600 MeV/nucleon at scaled impact

parameter of b̂=b/bmax=0.3 (i.e. semi-central collisions) where, bmax = (RP + RT )fm,

(RP and RT are radii of projectile and target nuclei respectively) using soft equa-

tion of state and isospin dependent nucleon-nucleon cross-section reduced by 10% i.e.

σ = 0.9σfree
NN . For systematic study, two approaches have been adopted. In the first

approach, the structural effects have been studied by simulating a series of five different

reactions of 50
20Ca+

50
20Ca,

90
36Kr+90

36Kr, 124
50 Sn+124

50 Sn, 150
60 Nd+150

60 Nd and 197
79 Au+197

79 Au cover-

ing a wide range of composite mass number (Atot) and having same N/Z=1.5, specified

as structural series. In the second approach, isospin effects have been studied by sim-

ulating a series of five isobaric reactions (having different N/Z) of 80
40Zr+

80
40Zr (N/Z=1),

80
36Kr+80

36Kr (N/Z=1.2), 80
32Ge+80

32Ge (N/Z=1.5), 80
30Zn+

80
30Zn (N/Z=1.7) and 80

29Cu+
80
29Cu

(N/Z=1.8) having Atot = 160 units a.m.u., specified as isospin series. The outcome of

reactions is analyzed at saturation time of 200 fm/c by using minimum spanning tree

(MST) method [18,276].

4.3.1 Incident energy dependence of reduced flow and elliptical
flow

The reduced flow and elliptical flow decomposes in the mid-rapidity region where the

compressibility of the nuclear matter is more than the spectator matter region. To study

how the change in the nuclear radius affects the compressibility of the nuclear matter,
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Figure 4.4: Energy dependence of reduced flow (left panels) and elliptical flow
(right panels) of particles having Z=1 for the reaction of 50

20Ca+
50
20Ca (upper pan-

els) and 197
79 Au+197

79 Au (lower panels) representing the structural effects at b̂ = 0.3.
The different lines corresponds to results obtained by using different radii param-
eterizations as explained in the text.
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Figure 4.5: Energy dependence of reduced flow (left panles) and elliptical flow
(right panels) of particles having Z=1 for the reaction of 80
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29Cu+
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29Cu (lower panels) representing isospin effects at b̂ = 0.3. Lines have

the same meaning as in Fig.4.4.
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Fig.4.4 presents the energy dependence of reduced flow (left panels) and elliptical flow

(right panels) of particles having Z=1 in the mid-rapidity region for only two reactions

of 50
20Ca+

50
20Ca (upper panels) and 197

79 Au+197
79 Au (lower panels) from structural series. The

influence of nuclear charge radius on the excitation function of reduced flow and elliptical

flow is also studied for the other reactions of structural series (results not shown here). The

observation reveals same conclusion as for the reactions of 50
20Ca+

50
20Ca and 197

79 Au+197
79 Au.

For all radii parameterizations used, the excitation function of reduced flow and ellip-

tical flow shows its usual behavior. It is visible from the figure that structural effects

through nuclear charge radii parameterizations influences the magnitude of both types

of flow drastically. With increase in the incident energy, reduced flow sharply goes to

its positive value (repulsive flow) and elliptical flow to its negative value (squeeze-out

flow) with RLDM as compared to RNGO, RPP and RRR. This is because, the increase in

radius means increase in the available phase space, i.e. same number of nucleons are now

initialized in the relatively larger Fermi sphere. In larger radii (i.e. RRR), the nucleons

will get more space to accommodate themselves and therefore there will be less Coulomb

interaction among the protons from the initial level. This reduction in the strength of

Coulomb repulsions affects the flow of ejected particles. With larger radius, the mean

field gets more importance and nucleon-nucleon collisions gets suppressed. Hence, one

can say that, larger is the radii, lesser will be the Coulomb repulsion and more negative

will be the reduced flow as well as more positive will be the elliptical flow. Therefore,

more energy is needed to strengthen the repulsive nucleon-nucleon collisions which will

compensate the effect of attractive mean field and shadowing of the rotating spectator.

The flow physics in the HICs at intermediate energies is dominated entirely by the sur-

face effects; however, the bulk properties of the nuclear matter dominates for the heavier

colliding nuclei. Since, the surface of light nuclei is more diffused as compared to heavier

nuclei and this surface diffuseness further increases with increase in radius. Consequently,

the sensitivity of magnitude of both types of flow on the different radii parameteriza-

tions is more pronounced for the reaction of 50
20Ca+

50
20Ca (lighter system) as compared to

197
79 Au+197

79 Au (heavier systems).

The above stated results obtained for same neutron-to-proton content (i.e.

N/Z=1.5), reveals the structural effects. The next study has been carried out for the
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isospin series. Fig.4.5 displays the isospin effects through nuclear charge radii parameter-

izations on the excitation function of reduced flow (left panels) and elliptical flow (right

panels) for only two isobaric nuclear reaction of 80
40Zr+

80
40Zr (upper panels) and

80
29Cu+

80
29Cu

(lower panels). For detailed study, The influence of radii on the excitation function of both

types of flow is examined for the other reactions of isospin series (results not shown here)

and the conclusion obtained from the calculations is same as for the nuclear reaction of

80
40Zr+

80
40Zr and

80
29Cu+

80
29Cu. The radius of

80
40Zr and

80
29Cu are equal with RLDM as the mass

number is same. For RNGO, the radius of
80
40Zr is smaller than the radius of 80

29Cu with dif-

ference of 0.0145 fm. However, the number of protons is more in 80
40Zr nucleus as compared

to 80
29Cu nucleus and the nucleus with greater number of protons must have larger radii as

compared to nucleus having less number of protons, because of the Coulomb repulsions,

which is being observed in the case of RPP and RRR radii parameterizations. Moreover,

one can observe from the figure that the influence of nuclear charge radii on the nuclear

flow is more for neutron-deficient reaction (i.e. 80
40Zn+

80
40Zr) as compared to neutron-rich

nuclear reactions (i.e. 80
29Cu+

80
29Cu). Moreover, the comparative role of nuclear charge

radii on the reduced flow and elliptical flow increases with increase in incident energy.

4.3.2 Radius dependence of balance energy and transition en-
ergy

The sensitivity of reduced flow and elliptical flow towards the different nuclear charge

radii parameterizations is different at different incident energies. It can not be concluded

that which type of flow is more influenced by which type of nuclear charge radii. There-

fore, the study has been extended to observe the influence of radii parameterizations on

particular type of energy. This particular type of energy is called balance energy (Ebal)

in the case of reduced flow and transition energy (Etrans) in the case of elliptical flow.

Fig. 4.6 display the radius dependence of Ebal (upper panel) and Etrans (lower

panel) for the reactions of structural series revealing structural effects. The different

symbols in the figure are the results obtained by initializing the nuclei with four different

nuclear charge radii parameterizations as demonstrated in Sec. 1.4 of chapter 1. One can

see that, the balance energy and the transition energy reduces with increase in system

mass because of increase in Coulomb repulsions, as justified in Ref. [296, 302]. It has

been also observed from the figure that Ebal and Etrans are enhanced with increase in
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Figure 4.6: Radius dependence of Ebal (upper panel) and Etrans (lower panel)
for all the reactions of structural series. The different symbols corresponds to
results obtained by using different radii parameterizations as explained in the
text. The dotted lines represents the power law fit.
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radius. As the radius increases, the nucleonic density reduces (as discussed in chapter 3),

which consequently reduces the pressure gradient in the mid-rapidity region. Due to less

pressure gradient, there is less transformation of longitudinal momentum into transverse

momentum. Therefore, with larger radii, the initial longitudinal momentum gets stored

in the system and thermal energy gets more important which do not allow the particles

to move towards transverse direction. Moreover, with larger radius, more strength of

nucleon-nucleon repulsions in the compressed nuclear matter is required to compensate

the effect of larger spectator movement. Hence, more energy to pump is needed in order

to obtain zero flow. The sensitivity of balance energy and transition energy on the radius

is more pronounced for the reactions with relatively small composite mass number and

further reduces with increase in system mass. This observation is in agreement with

Ref. [104]. From both types of energies, the transition energy is more influenced by

the different nuclear charge radii parameterizations as compared to balance energy. The

percentage change in the transition (or balance) energy due to change in the radius of

nucleus from RLDM to RRR parametrization is calculated by using the following formula:

∆E(%) =
ERRR

− ERLDM

ERLDM

× 100. (4.5)

Here, ∆E (%) is percentage change in Etrans (or Ebal) and E could be Etrans

or Ebal. For example, the percentage increment in radius is 9.64% for 90
36Kr nucleus,

corresponding to this increase in radius, the value of transition energy (or balance energy)

is enhanced by 32.14% (or 11.33%) for the reaction of 90
36Kr+90

36Kr when switching from

RLDM to RRR. This observation holds true for other reactions as well.

Fig.4.7 represents the radius dependence of balance energy and transition energy for

the reactions of isospin series revealing the isospin effects. Various symbols have same

meaning as used in Fig.4.6. Here also, Ebal and Etrans are enhanced with increase in

radius. Owing to 13.34% change in radius of 80
40Zr, 47.5% (or 13.92%) enhancement in

Etrans (or Ebal) is observed for the nuclear reaction of 80
40Zr+

80
40Zr whereas, 25% (or 16.88%)

enhancement in Etrans (or Ebal) has been observed for the nuclear reaction of 80
29Cu+

80
29Cu,

caused by 8.8% change in the radius of 80
29Cu. These calculations have been also done

between RLDM and RRR results. For RLDM , Ebal and Etrans lies around 80 MeV/nucleon

and 200 MeV/nucleon respectively for all isobaric reactions. The Ebal and Etrans do not

depends upon the initial neutron-to-proton content of the colliding nuclei pair because all
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Table 4.1: The values of exponent τ obtained from power law fit with radius in
Fig. 4.6 and Fig. 4.7 for all the reactions of structural and isospin series.

Structural effects N/Z = 1.5 Isospin effects Atot = 160

Reaction Atot τEbal
τEtrans Reaction N/Z τEbal

τEtrans

50
20Ca+

50
20Ca 100 1.93 4.03 80

40Zr+
80
40Zr 1.0 0.83 3.09

90
36Kr+90

36Kr 180 1.20 2.62 80
36Kr+80

36Kr 1.2 0.87 2.92

124
50 Sn+124

50 Sn 248 1.13 2.39 80
32Ge+80

32Ge 1.5 1.38 2.99

150
60 Nd+150

60 Nd 300 1.09 2.16 80
30Zn+

80
30Zn 1.7 1.76 2.73

197
79 Au+197

79 Au 394 0.79 1.46 80
29Cu+

80
29Cu 1.8 1.76 2.79

the reactions are initialized with isospin-independent radii parameterizations and the radii

are equal. Therefore, the N/Z dependence of Ebal and Etrans do not exhibit isospin effects.

This observation is in agreement with the observations of Ref. [303]. For RNGO, the radius

of isobaric nuclei increases with very small value while going from neutron-deficient nuclei

to neutron-rich nuclei (i.e. N/Z=1 to N/Z=1.8). Therefore, the dependence of Ebal and

Etrans on the N/Z is very feeble with this radii parametrization. It has been observed

that for RPP and RRR, the magnitude of balance energy remains almost unchanged with

increase in N/Z; however, the radii of nuclei decreases with increase in initial neutron-to-

proton ratio. For example, Ebal ≈ 90 MeV/nucleon for the nuclear reaction of 80
40Zr+

80
40Zr

with RRR= 5.47 fm and same value of balance energy is observed for the nuclear reaction

of 80
29Cu+

80
29Cu with RRR= 5.25 fm. Beside this, one can notice that the transition energy

reduces with increase in N/Z for RPP and RRR. Therefore the influence of change in the

nuclear charge radii on Ebal (Etrans) increases (decreases) with increase in initial N/Z ratio

of colliding nuclei pair. Hence, the isospin-dependent parameterizations of nuclear charge

radii alters the isospin effects in the N/Z dependence of Ebal and Etrans. The another

observation made from Fig. 4.6 and 4.7 is that, both balance energy and transition energy

are found to follow a power law with nuclear charge radii. The dotted lines in both figures

represents a power law fit of kind:

E ∝ Rτ (4.6)

Here, E has same meaning as in Eqn. 4.5 and R is the radius of the nucleus (in fm)

calculated by using four different nuclear charge radii parameterizations. The exponent τ
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values for the reactions of structural series and the isospin series are presented in Table.

4.1. The purpose of obtaining τ values is that, one can estimate the balance and transition

energy from the Eqn. 4.6 by knowing the calculated radii of the nuclei using any nuclear

charge radii parameterization (in addition to four parameterizations that have been opted

for present work) by referring to respective τ value. One can see that the τ values of Ebal

and Etrans reduces with increase in system mass of the colliding nuclei pair. Also, the

τ values of Ebal are enhanced and of Etrans are reduced with increase in initial neutron-

to-proton ratio. This examination of exponent τ further strengthen our interpretation

of results made from Fig.4.6 and Fig.4.7. Moreover, the τ values for balance energy are

smaller than the τ values of transition energy. This is another signature which proves the

elliptical flow to be more sensitive towards the different nuclear charge radii as compared

to reduced flow. The gap between the τ values of Etrans and Ebal decreases with increase

in Atot and N/Z. Therefore, Table. 4.1 also exhibits the correlation between the Etrans

and Ebal for different nuclear charge radii parameterizations.

4.3.3 Impact parameter dependence of balance energy and tran-
sition energy

As per the definitions, the reduced and elliptical flow arises due to the interplay

between the impact of the spectator matter and the strength of compression in the par-

ticipant zone. The spectator (participant) matter increases (decreases) with increase in

collision geometry. Therefore, Fig. 4.8 display the influence of nuclear charge radii pa-

rameterizations on the scaled impact parameter dependence of balance energy (upper

panel) as well as transition energy (lower panel). The open symbols represents the theo-

retical calculations for different radii parameterizations (as per the Fig. 4.6) whereas, the

closed symbols star, sphere and pentagon represents the experimental data provided by

INDRA [173], FOPI [149, 207] and INDRA & ALADIN [174] collaborations respectively.

The figure reveals that the role of different radii parameterizations on the Etrans and Ebal

increases with increase in collision geometry. This is because, the size of spectator mat-

ter initialized with large radii is also large. Therefore at higher collision geometry, the

strength of highly compressed zone need more energy to overcome the effects of rotating

spectator matter. The magnitude of theoretical Ebal and Etrans with different nuclear

charge radii parameterizations are in agreement with experimental data.
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Figure 4.8: Scaled impact parameter dependence of Ebal (upper panel) and
Etrans (lower panel) for the reaction of 197

79 Au+197
79 Au.



4.4 Balance geometry and transition geometry 91

4.4 Balance geometry and transition geometry

As discussed in previous sections that the magnitude of both reduced flow and ellip-

tical flow changes its sign with increase in beam energy at balance energy and transition

energy respectively. In Ref. [305], a new observable is proposed to quantify the effects

of spectator matter in the reaction dynamics. The study shows that, at a fixed incident

energy of 150 MeV/nucleon, the impact parameter dependence of transverse in-plane flow

(< px >dir) crosses zero value at specific collision geometry termed as geometry of van-

ishing flow (GVF). Since then, study has been embellished to explore the role of different

NEOS and mass-asymmetry of the reaction by keeping the total mass fixed [306] as well as

with fixed target nuclei [307]. The previous study in the literature on GVF has been made

at incident energy of 100, 150, 200 and 400 MeV/nucleon only. In addition to that, very

less literature exist on the impact parameter dependence of collective flow at mid-rapidity

region. In this section of study, the collision geometry dependence of reduced flow and

elliptical flow has been calculated as a function of scaled impact parameter for a wide

range of incident energy to explore, whether there exists any collision geometry at which

the reduced flow as well as the elliptical flow passes through zero or not. If yes, then what

range of incident energy contribute in this scenario. In addition to this, the structural

effects through nuclear charge radii parameterizations have also been studied by taking

only two radii parameterizations i.e. RLDM and RRR. The simulations have been car-

ried out for the reactions of 50
20Ca+

50
20Ca and 197

79 Au+197
79 Au at incident energy between 50

MeV/nucleon and 450 MeV/nucleon. The reactions are simulated at seven scaled impact

parameter (b̂) bins of [a] 0-0.28, [b] 0.28-0.39, [c] 0.39-0.48, [d] 0.48-0.56, [e] 0.56-0.62, [f]

0.62-0.76, [g] 0.76-0.88 covering the wide range of collision geometry. However, while ob-

taining the required figures, the magnitude of reduced flow and elliptical flow are plotted

in the center of each impact parameter bin.

4.4.1 Collision geometry dependence of reduced flow and ellip-
tical flow

Fig. 4.9 display the scaled impact parameter dependence of reduced flow for the re-

actions of 50
20Ca+

50
20Ca (upper panels) and 197

79 Au+197
79 Au (lower panels) at different incident

energies (represented by different line in the figure) for particles having Z=1 with RLDM
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Figure 4.9: Scaled impact parameter dependence of reduced flow for the re-
actions of 50

20Ca+
50
20Ca (upper panel) and 197

79 Au+197
79 Au (lower panel) at different

incident energies for two nuclear charge radii parameterizations: RLDM (left pan-
els) and RRR (right panels). Different lines in figure represents different incident
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(left panels) and RRR (right panels) nuclear charge radii parameterizations. One can ob-

serve that, for both the reactions, the magnitude of reduced flow decreases with increase

in collision geometry and at some point it passes through a zero value. This is because, as

the spectator matter increases, the inward flow of particles decreases and the flow of par-

ticles shift to outward flow. Moreover, with increase in impact parameter, the strength of

repulsive nucleon-nucleon collision reduces as the participant matter decreases. Therefore,

the attractive mean filed dominates the reaction dynamics resulting in negative values of

reduced flow. The collision geometry at which the flow is zero or one can say that both the

attractive mean field and repulsive nucleon-nucleon collision counter balance each other

and the reduced flow vanishes, is labelled as “balance geometry” and represented by b̂bal.

One can observe that the reduced flow passes through zero value at particular incident

energy range only. At low energy (for example below 100 MeV/nucleon in the case of

50
20Ca+

50
20Ca and below 70 MeV/nucleon in the case of 197

79 Au+197
79 Au reaction), the value

of reduced flow remains negative through out the collision geometry. This is because

the attractive mean field increases with increase in the spectator matter. Therefore, the

strength of the attractive force further increase and positive value of reduced flow can

not be achieved. On the other hand, at high incident energies (for example, beyond 350

MeV/nucleon and 200 MeV/nucleon for the case of 50
20Ca+

50
20Ca and 197

79 Au+197
79 Au respec-

tively), the strength of repulsive nucleon-nucleon collision is much higher that it can not

be overcome by decreasing the participant matter.

Similar observation has been made in Fig. 4.10 for the collision geometry depen-

dence of elliptical flow in the mid-rapidity region for the reaction of 50
20Ca+

50
20Ca (upper

panels) and 197
79 Au+197

79 Au (lower panels) at different incident energies (represented by dif-

ferent line in the figure) with RLDM (left panels) and RRR (right panels) nuclear charge

radii parameterizations. One can observe that, the elliptical flow increases with increase

in impact parameter. The negative value of v2 corresponds to the strength of compressed

nuclear matter and positive value is due to shadowing of the spectator matter. For fixed

incident energy, the negative value of elliptical flow passes the zero value to become pos-

itive with as the collision geometry increases. The scaled impact parameter at which the

transition of elliptical flow from out-of-plane to in-plane emission occurs is labelled as

“transition geometry” and represented by b̂trans. This occurs because the impression of
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Figure 4.10: Scaled impact parameter dependence of elliptical flow for the re-
actions of 50

20Ca+
50
20Ca (upper panel) and 197

79 Au+197
79 Au (lower panel) at different

incident energies for two nuclear charge radii parameterizations: RLDM (left pan-
els) and RRR (right panels). Different lines in figure represents different incident
energies in upper and lower panels.
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spectator matter movement increases with increase in collision geometry. At relatively

lower incident energies (i.e. below 200 MeV/nucleon and 110 MeV/nucleon for 50
20Ca+

50
20Ca

and 197
79 Au+197

79 Au respectively) the value of elliptical flow is already positive and can not

show transition effect with increase in b̂. Moreover, at higher incident energies (like beyond

450 and 300 MeV/nucleon in the case of 50
20Ca+

50
20Ca and 197

79 Au+197
79 Au respectively), the

strength of compressed nuclear matter can not be overcome by increasing the spectator

matter. The above stated observation is true for both the nuclear charge radii parame-

terizations. However, the change in the magnitude of reduced flow (and elliptical flow)

from RLDM to RRR is already discussed in Fig. 4.4 and 4.5.

4.4.2 Incident energy dependence of b̂bal and b̂trans

The values of b̂bal and b̂trans obtained from Fig. 4.9 and 4.10 are displayed in upper and

lower panels of Fig. 4.11 respectively for the reactions of 50
20Ca+

50
20Ca and 197

79 Au+197
79 Au.

The open squares and circles in this figure represents the calculations with RLDM and

RRR respectively. One can see that the values of b̂bal and b̂trans increases with increase in

incident energy for both reactions and radii parameterizations. The magnitudes of both

balance geometry and transition geometry are lower for larger radius. This is because,

with increase in radius the size of spectator matter also increases (since scaled impact

parameter is taken here which corresponds to percentage of interacting matter), which

consequently increase the role of mean field. The range of incident energy which con-

tributes to the observation of balance and transition geometries is comparatively lower

for heavier colliding nuclei and higher for lighter colliding nuclei. Because at fixed inci-

dent energy, the impression of spectator matter is larger in the heavier colliding nuclei

compared to lighter systems. The figure also reveals that the role of nuclear charge radii

parametrization is more for lighter colliding systems which is in agreement of Fig. 4.6.

Also, the influence of increase in nuclear radius is more in b̂trans as compared to b̂bal, which

again proves elliptical flow to be more sensitive towards the choice of nuclear charge radii

parametrization than directed or reduced flow.
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4.5 Clusterization technique as per isospin depen-

dent nuclear charge radius

All the dynamical models simulate the time-evolution of the single particles, its ex-

citation in the compressed zone and de-excitation during the expansion. No model can

simulate the phase-space of the fragments. It is briefly discussed in Sec. 2.4 that the

phase-space generated by the dynamical models (IQMD in the present study) is analyzed

by some clusterization techniques to identify the different types of fragments so that their

properties can be studied in virtue of understanding the physics involved in the HICs at

intermediate energies. Therefore, the clusterization techniques are also referred as cluster

identifiers. Many clusterization techniques have been proposed in the literature to obtain

the best fragmentation array. These techniques can also be used to probe the stability of

the fragments generated by the models. From the list of cluster identifiers, the Minimum

Spanning Tree MST method and its various version like MST-M (with additional mo-

mentum cut) and MSTB (with additional binding energy cut). have been used widely

regardless its some limitations. This method is based on the spatial, momentum and cold

B.E. constraints upon the nucleons. The fragments identified through this technique may

have the excited fragments which may have undergo secondary decay in the momentum

space. However, when the nuclear matter is dilute, these limitations do not matter. The

recent work of Puri and collaborators [308], reveals the importance of thermal binding

energy cuts in the MST (MST-BT) method over the binding energy cut of cold nuclear

matter (MSTB) as well as the MST method in the formation process of fragments. How-

ever, at saturation time of the reaction, the multiplicity and binding energy per nucleon

of various types fragments obtained via MST-BT is same as that of MST. From this,

one can conclude that the fragment formation process of MST method is not adequate

nonetheless the final stage fragmentation array does a fair job.

The different spatial constraints in the MST method have been deployed to ob-

serve its influence on the observables arising in the HICs at intermediate energies. In a

study by Zhang et al. [45], isospin dependent MST (iso-MST) method has been developed

to observe the influence of isospin degree of freedom associated with the nucleons in the

fragment production and nuclear stopping. However, the momentum constraint has not

been modified in the MST. Therefore, in this section, the momentum constraint has been
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Figure 4.12: The azimuthal angle dependence of dN/d(Cos2ϕ) of FNs for the
reactions of 50

20Ca+
50
20Ca at incident energy of 50 MeV/nucleon (upper panel) and

400 MeV/nucleon (lower panel) for two nuclear charge radii parameterizations:
RLDM (left panels) and RRR (right panels). Different lines in figure represents
different clusterization techniques mentioned in Table. 4.2.
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Table 4.2: List of different clusterization techniques.

Sr. No. Notation Spatial (S) Momentum (P)

constraint constraint

1. MST(S) RNN
clus = 4 fm -

2. MST(S+P) RNN
clus = 4 fm PNN

clus = PLDM
F

3. MST(S+isoP) RNN
clus = 4 fm PNN

clus = PLDM
F and PRR

F

4. MST(isoS+isoP) Rpp
clus = 3 fm and PNN

clus = PLDM
F and PRR

F

R
nn/np
clus = 6 fm

modified as per the isospin dependent and independent nuclear charge radii parameteri-

zations (i.e. RLDM and RRR only) to study the isospin degree of freedom thorough the

clusterization technique. The simulations have been carried out using IQMDmodel for the

reaction of 50
20Ca+

50
20Ca and 197

79 Au+197
79 Au at incident energy of 50 and 400 MeV/nucleon

and scaled impact parameter of b̂ = 0.3 (i.e. semi-central collisions). The reactions are

followed till 200 fm/c and clusters are formed with four different algorithms MST(S),

MST(S+P), MST(S+isoP) and MST(isoS+isoP) as listed in Table. 4.2. Here ‘S’ corre-

sponds to spatial constraint as in Eqn. 2.49 of MST and ‘P’ corresponds to momentum

constraint as in Eqn. 2.50 also referred as MSTM in chapter 2. The isospin dependent

spatial constraints have been kept as per the optimization of Ref. [45]. The small value

of spatial constraints for pp is because of long range Coulomb forces and large value for

nn & np is due to properties of neutron-rich nuclei and they do not exert repulsive forces.

The calculation of Fermi momentum PF has been done through the following formula:

PF = ηkF (4.7)

Where, kF is defined in Eqn. 2.25 and ρ is the normal nuclear matter density defined as:

ρ =
A

4
3
πR3

para

(4.8)

Here, Rpara could be any nuclear charge radii parametrization. It is worth to

mention that the Fermi momentum for RLDM labelled as PLDM
F = 268.4 MeV/c (the
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Figure 4.13: The azimuthal angle dependence of dN/d(Cos2ϕ) of FNs for the
reactions of 19779 Au+197

79 Au at incident energy of 50 MeV/nucleon (upper panel) and
400 MeV/nucleon (lower panel) for two nuclear charge radii parameterizations:
RLDM (left panels) and RRR (right panels). Different lines in figure represents
different clusterization techniques mentioned in Table. 4.2.
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Table 4.3: The values of Radius of Curvature (ROC) obtained from Fig. 4.12
and 4.13 for all the reactions of 50

20Ca+
50
20Ca and 197

79 Au+197
79 Au.

50
20Ca+

50
20Ca

Clusterization E = 50 MeV/nucleon E = 400 MeV/nucleon

technique ROCLDM ROCRR ROCLDM ROCRR

MST(S) 0.08 0.074 0.03 0.262

MST(S+P) 0.116 0.074 0.029 0.264

MST(S+isoP) 0.116 0.0725 0.029 0.265

MST(isoS+isoP) 0.0798 0.0719 0.0304 0.094

197
79 Au+197

79 Au

Clusterization E = 50 MeV/nucleon E = 400 MeV/nucleon

technique ROCLDM ROCRR ROCLDM ROCRR

MST(S) 0.2741 0.0294 0.0098 0.0069

MST(S+P) 0.2724 0.0288 0.00969 0.0069

MST(S+isoP) 0.2724 0.0279 0.00969 0.00685

MST(isoS+isoP) 0.109 0.02937 0.0244 0.0079

default value used in the IQMD), is system size independent. However, the PRR
F is system

size dependent. For the mass-symmetric nuclear reactions involving 50
20Ca nuclei, the value

of PRR
F is 239.7 MeV/c and for the nuclear reaction involving 197

79 Au nuclei, PRR
F is 248.2

MeV/c. The comparison between MST(S) and MST(S+P) reveals the importance of

momentum constraint in addition to spatial constraint; MST(S+P) and MST(S+isoP)

reveals significance of using momentum constraint as per isospin nuclear charge radii

parametrization. Finally, the calculations done by MST(isoS+isoP) gives the significance

of using isospin dependent clusterization technique.

To observe the influence of different clusterization techniques, the azimuthal

angle dependence of dN/d(Cos2ϕ) of FNs has been presented at incident energies of

50 MeV/nucleon (upper panels) and 400 MeV/nucleon (lower panels) for the reactions
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50
20Ca+

50
20Ca in Fig. 4.12 and 197

79 Au+197
79 Au in Fig. 4.13 simulated by using RLDM (left

panels) and RRR (right panels) radii parameterizations. Since the elliptical flow is more

influenced by the choice of radii parametrization, the azimuthal angle dependence of

dN/d(Cos2ϕ) has been analyzed which is an indicator of elliptical flow. It is worth noti-

fying that, the calculations performed with MST(S+P) and MST(S+isoP) for RLDM radii

parametrization is exactly same in both figures. It has been observed that dN/d(Cos2ϕ)

behaves in similar fashion for all cases [309]. Both the figures reveals that the influence

of momentum constraint as per radii parameterizations in the cluserization technique

is visible for lighter colliding nuclei (5020Ca+
50
20Ca) at low incident energies (around 50

MeV/nucleon) only. For heavier colliding nuclei and at relatively higher incident en-

ergies, effect of different momentum cuts is very feeble. Hence, role of MST(S+isoP)

decreases with increase in system mass and incident energy. However, the spatial con-

straint plays an important role. The magnitude of dN/d(Cos2ϕ) decrease equally from

Cos2ϕ = +1 to -1 as one uses the MST(isoS+isoP) cluster identifier. The influence of

MST(isoS+isoP) is more for lighter colliding nuclei at low energies since it considers the

momentum constraint effect also.

To further strengthen the interpretation of results, the azimuthal angle distribution

of dN/d(Cos2ϕ) has been fitted to parabola equation of type: y = a + bx + cx2. Here,

y represents dN/d(Cos2ϕ) and x represents Cos2ϕ. The Radius of Curvature (ROC)

at Cos2ϕ = 0, has been calculated and displayed in Table. 4.3. It has been observed

that, with increase in nuclear charge radius (as one switches from RLDM to RRR, the

magnitude of dN/d(Cos2ϕ) increases in all cases. Moreover, the value of ROC decrease

with increase in incident energy for RLDM while increase for RRR nuclear charge radii

parameterizations.

4.6 Summary

Summarizing the above work, it can be stated that a systematic study of the influence

of nuclear charge radii parameterizations on the excitation function of reduced flow and

elliptical flow as well as on the radius dependence of balance and transition energies has

been presented over a wide composite mass number range and initial neutron-to-proton

ratio range. It has been concluded that with increase in radius (while going from RLDM to
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RRR) the repulsive nucleon-nucleon collisions gets suppressed which consequently reduces

the pressure gradient at mid-rapidity region. The neutron-deficient nuclear reactions are

more affected by change in the radii parameterizations than the neutron-rich nuclear re-

actions. The increase in Ebal and Etrans with increase in nuclear radius follows a power

law fit. The elliptical flow has been found to be more sensitive towards different nuclear

charge radii parameterizations as compared to reduced flow. Moreover, the isospin de-

pendent nuclear charge radii parameterizations (RPP and RRR) are important to account

for the isospin degree of freedom in the nuclear reaction dynamics. In addition to that,

for collective flow, the theoretical calculations are appropriate with experimental data of

FOPI, INDRA and ALADIN collaborations. The impression of mean field and spectator

matter has been studied through the collision geometry dependence of reduced flow and

elliptical flow. Thus the b̂bal and b̂trans are obtained for wide incident energy range. The

importance of momentum constraint as per the nuclear charge radii parametrization has

been presented through clusterization technique.



Chapter 5

Structural effects via different
nuclear charge radii
parameterizations on nuclear
stopping with momentum dependent
interactions

5.1 Introduction

Physics of nuclear reactions can be explained by knowing the relative motion of the

fragments and the nuclear stopping. The degree of thermalization or nuclear stopping

of colliding nuclear matter is an essential characteristics of heavy ion collisions (HICs)

at intermediate energies, which determines that how much part of incident energy has

been utilized in the production of fire ball (central compressed zone) and in raising its

temperature leading towards the production of multiple fragments of different sizes. The

estimation of this deposited energy (or utilized energy) describes the nature of compressed

nuclear matter and in consequence of that its subsequent time evolution. Therefore, the

study of nuclear stoping is of great interest to scrutinize the dynamics of HICs [185, 186,

310].

In 1984, Renfordt et al. [185] gave very first description of nuclear stopping for the

reaction of 40
18Ar+

207
82 Pb at incident energy of 772 MeV/nucleon and summarizes that a

spherical shaped distribution is achieved in nearly central collisions which defines nuclear

stopping power. The study of nuclear stopping provides the information about the frag-

mentation phase transition and thermalisation as well as expansion of the system [186].

104
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The extensive study of nuclear reactions with different neutron-to-proton ratios is con-

tributive to essence the nuclear equation of state (NEOS) and the isospin degree of free-

dom for isospin-asymmetric nuclear matter. In view of this, Yang and co-workers [311]

observed that at low energy regime, nuclear stopping is sensitive to both isospin depen-

dent nucleon-nucleon cross-section and symmetry potential. However, as the incident

energy increases above Fermi energy, the impact of isospin dependent nucleon-nucleon

cross-section is more pronounced compared to symmetry potential. In another study by

Li and Li [312], the excitation function of nuclear stopping (the momentum quadrupole

i.e. < Qzz/nucleon > and transverse-longitudinal ratio of momentum i.e. < R >) is

found to be sensitive towards the isospin dependence of in-medium correction of two-

body cross-section. However, a weaker dependence of global nuclear stopping on initial

N/Z ratio of colliding nuclei as well as on symmetry potential has been reported.

Puri and collaborators [179,313] investigated the nuclear stopping and its relation to

the origin of light charged fragments with Isospin dependent Quantum Molecular Dynam-

ics (IQMD) model. Their study reported that the magnitude of nuclear stopping depends

strongly on isospin dependent nucleon-nucleon cross-section and weakly on symmetry en-

ergy. Efforts have been made to improve the sensitivity of symmetry energy on nuclear

stopping by considering its various density-dependent parameterizations. This enlight-

ened that the small sensitivity of nuclear stopping to different forms of density-dependent

symmetry energy is due to the small variation in the instantaneous density of the nuclear

matter [314]. The global stopping observable < varxz >, introduced in Ref. [315], defined

as the ratio of the variances of the transverse to the longitudinal rapidity distributions,

can be used in best way to correlate stopping and flow, demonstrating the common origin

of two observable in the HICs at intermediate energies [176]. The < varxz > observable

is strongly dependent on isospin content of nucleon-nucleon cross-section [316]. FOPI

Collaboration [206], widely examined the < varxz >, as a measure of degree of nuclear

stopping in the central HICs at incident energies between 90 and 1500 MeV/nucleon for

isospin-symmetric as well as isospin asymmetric nuclear reactions. In Ref. [317], authors

widely studied the excitation functions of nuclear stopping observable (anisotropy ratio

< R >) at the incident energies between 10 and 1200 MeV/nucleon. Their study reveals

that the mean value of nuclear stopping reaches a minima near Fermi energy and maxima
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around 400 MeV/nucleon. The experimental data provided by INDRA and ALADIN col-

laborations [208, 209] on the energy-based isotropy ratio < RE > and momentum-based

isotropy ratio < RP > for a wide range of system mass reveals negligible effect of isospin

content of colliding nuclei.

The isospin effects has been investigated through various entrance channel condi-

tions like initial neutron-to-proton ratio and charge asymmetry as well as through various

isospin dependent model ingredients like Coulomb potential, isospin dependent nucleon-

nucleon cross-section and density dependent symmetry energy. One of the most fascinat-

ing topic of heavy ion collisions (HICs) is the structural effects on the nuclear reaction

dynamics and its by-products. The another quantity which has been used to account

for the isospin degree of freedom is the isospin dependent nuclear charge radii. In previ-

ous chapters, these different parameterizations have been proved to be a good probe to

embellish the isospin effects on collective flow and multi-fragmentation. In this chapter,

our aim is to study the initialization effects as well as isospin degree of freedom via dif-

ferent nuclear charge radii parameterizations (i.e. isospin independent [65] and isospin

dependent [71,77,78,80,81] with additional isospin parameter term in A1/3 dependence of

nuclear charge radii) on the nuclear stopping of isospin-asymmetric reactions [318, 319].

Before discussing the calculations and results, various parameters for describing the nu-

clear stopping are explained in the following section.

5.2 Parameters for describing nuclear stopping

The degree of thermalization or equilibrium in the HICs can be studied through

various observables. The global nuclear stopping/equilibrium can be measured by two

quantities: (i) anisotropy ratio < R > [185] and (ii) Quadrupole Moment < Qzz > [186].

The “momentum-based anisotropy ratio” < RP >, defined as:

< RP >=
2

π

[
∑Atot

i |p⊥(i)|]
[
∑Atot

i |p∥(i)|]
, (5.1)

and “energy-based anisotropy ratio” < RE > is defined as

< RE >=
2

π

[
∑Atot

i |E⊥(i)|]
[
∑Atot

i |E∥(i)|]
, (5.2)

Here, the composite mass number of the system (Atot) is the sum of the mass number

of the projectile AP and target AT nuclei i.e. Atot = AP + AT . The transverse energy
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E⊥(i) and longitudinal energy E∥(i) of i
th particle defined as:

E⊥(i) =
√
E2

x(i) + E2
y(i) and E∥(i) = Ez(i), (5.3)

Similarly, the transverse momentum p⊥(i) and longitudinal momentum p∥(i) of i
th particle

defined as:

p⊥(i) =
√
p2x(i) + p2y(i) and p∥(i) = pz(i), (5.4)

The physical significance of RP (or RE) is the probability of transformation of longi-

tudinal momentum (or energy) into the transverse momentum (or energy) [208,209]. The

value of RP (or RE) between zero and unity, equals to zero, equals to unity and greater

than unity conveys partial transparency, full transparency, complete stopping and super

stopping respectively. The value of nuclear stopping greater than unity can be explained

by the preponderance of transverse momentum [185]. The word global represents that

this observable do not depend on the local density and thus indicate the equilibrium of

the whole system. The quadrupole of single particle momentum distribution < QZZ >

called quadrupole moment, defined as:

< QZZ >=
Atot∑
i

(2p2z(i)− p2x(i)− p2y(i)), (5.5)

For present analysis, “inverse of < QZZ >” has been studied because < R > and < QZZ >

behave in opposite fashion. For complete nuclear stopping, one can expect the values of

< QZZ > equals to 0. The “rapidity distribution” of particles is also an indicator of

nuclear stopping. The rapidity distribution is defined in Eqn. 4.3 in chapter 4. A sharp

narrow Gaussian shape of rapidity distribution of particles indicates better thermalization

compared to broad one. The rapidity distribution of entire nuclear matter expresses the

global thermalization of the hot and dens matter. However, the rapidity distribution

of particular fragment type define the nature of fragment emitting source and expresses

the local thermalization. The another local observable to describe nuclear stopping is

“variances of the rapidity distributions”denoted by “< varxz >”, which is the ratio

of the longitudinal variance of rapidity distribution of particles varx to the transverse

variance of rapidity distribution of particles varz. Mathematically, it is represented as

[176]:

< varxz >=
< varx >

< varz >
=
σ2
x

σ2
z

. (5.6)
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Here varx and varz are calculated from the FWHM (full width at half maxima) of the

rapidity distribution along transverse and longitudinal directions respectively using the

relation:

FWHM = 2.36
√
variance. (5.7)

5.3 Results and discussion

In this section, our aim is at least four fold: (i) to observe the initialization effects

via nuclear charge radii parameterizations on the nuclear stopping and its relations to

distribution and production of light mass fragments for a wide range of system mass;

(ii) to study how the isospin dependent nuclear charge radii parameterizations alters the

isospin degree of freedom in the nuclear stopping for isobaric series of reactions; (iii) to pin

down the influence of nuclear radius in the vicinity of momentum dependent interactions;

and (iv) to compare the theoretical calculations of excitation function of nuclear stopping

with the existing experimental data. This study is carried out by using IQMD model with

isospin dependent nucleon-nucleon cross-section reduced by 10% i.e. σ = 0.9σfree
nn along

with linear density dependent symmetry energy and soft equation of state [262]. Here, the

nucleons are primarily initialized in a sphere of radius in accordance with the liquid drop

model (RLDM). The isospin effects are added in terms of three different isospin dependent

parameterized forms of nuclear charge radii, i.e. RNGO, RPP and RRR as discussed in Sec.

1.4 of chapter 1.

5.3.1 System size dependence on nuclear stopping

Simulations are carried out for central and semi-central isospin-asymmetric nu-

clear reactions of 50
20Ca+

50
20Ca,

90
36Kr+90

36Kr, 100
40 Zr+100

40 Zr, 124
50 Sn+124

50 Sn, 150
60 Nd+150

60 Nd and

197
79 Au+197

79 Au (N/Z = 1.5) at E = 50 MeV/nucleon. Left panels of Fig. 5.1, shows

the influence of nuclear charge radii on the rapidity distribution of light mass fragments

(LMFs) [2 ≤ A ≤ 4] for central collisions of 50
20Ca+

50
20Ca (lighter) and 197

79 Au+197
79 Au (heav-

ier) respectively. The central panels [(b) and (c)] and right panels [(e) and (f)] represents,

the influence of nuclear charge radii on the system size dependence of < RP > and

< 1
Qzz/nucleon

> respectively at scaled impact parameter of b̂=b/bmax=0 (upper panel) and

0.5 (lower panel). Here, bmax = (RP + RT )fm, RP and RT are radii of target and pro-
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Figure 5.1: Panels (a) and (d) displays the rapidity distribution of LMF’s
for central 50

20Ca+
50
20Ca and 197

79 Au+197
79 Au collisions respectively at E = 50

MeV/nucleon. Panels (b) and (c) represents < RP > whereas (e) and (f) rep-
resents < 1/(QZZ/nucleon) > as a function of system mass in central (upper
panels) and semi-central (lower panels) collisions at E = 50 MeV/nucleon.

jectile nuclei. From Fig. 5.1, it has been observed that, for lighter system more particles

are distributed near target rapidity and projectile rapidity which results in the broader

Gaussian shape compared to heavier system. Moreover, a narrow Gaussian shape of

distribution of particles indicates a better thermalization compared to broader Gaussian

shape. Therefore, with increase in system mass, due to increase in density and temper-

ature, more thermalisation is achieved and accordingly nuclear stopping increases. This

observation is in supportive nature with the observation of Ref. [311].

Since the calculated radii of a particular nuclei increases as RLDM < RNGO < RPP <

RRR. Therefore, Fig. 5.1 also reveals that the larger nuclear radii results in the en-

hancement of production of LMF’s which is because of increase in the number of binary

collisions. It has been noted that system mass dependence of nuclear stopping observ-

able in Fig. 5.1 and multiplicity of LMF’s in Fig. 3.3 follows the same trend which is

in agreement with the findings of Refs. [179, 313]; however, due to increase in radius,
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the multiplicity of fragments increases but in the present scenario, reduction in the nu-

clear stopping has been observed. This is because, the increment in radius intensifies the

transverse and longitudinal momentum of nucleons, which enhances the multiplicity of

fragments. Whereas, the probability of transformation of initial longitudinal momentum

into transverse momentum is less with the larger radii. The increase in radius due to dif-

ferent isospin dependent nuclear charge radii parameterizations causes the transformation

of longitudinal motion into transverse direction which consequently affect the degree of

thermalization of the system. In other words, one can say that the percentage increment

in the longitudinal momentum is more compared to transverse momentum, due to which

nuclear stopping decreases. The percentage increment in radius is 12% for 50
20Ca and 8%

for 197
79 Au nuclei, corresponding to this change in radius, for central collisions the value of

< R > (or < 1
Qzz/nucleon

>) changes by 3% (or 18%) for 50
20Ca+

50
20Ca and 1.1% (or 11%) for

197
79 Au+197

79 Au when switching from RLDM to RRR. Also, the dependence of nuclear stop-

ping on system mass diminishes as the participant matter goes on reducing with increase

in colliding geometry while the initialization effects via nuclear charge radii on nuclear

stopping remains the same for central and semi-central collisions.

5.3.2 Initial < N/Z > dependence of global nuclear stopping
observables

Further, to observe the isospin effects on the N/Z dependence of nuclear stopping,

the isobaric series of reactions of 80
z1
X+80

z1
X (having total mass number = 160 a.m.u. with

charge, z1 = 30, 32, 34, 36, 37, 38 and 40) and 120
z2
Y +120

z2
Y (having total mass number

= 240 a.m.u. with charge, z2 = 46, 48, 50, 52, 54, 56 and 60) have been simulated for

semi-central collisions at E = 50 MeV/nucleon. Fig. 5.2 display the initial N/Z ratio of

colliding nuclei dependence of < RP > (upper panels) and < 1/(QZZ/nucleon) > (lower

panels) for the isobaric series of reaction with Atot = 160 a.m.u. (left panels) and Atot

= 240 a.m.u. (right panels). This figure reveals that the magnitude of nuclear stopping

parameters is same for both the reaction series, since at semi-central collisions, system size

effects on nuclear stopping is very feeble. With increase in calculated radii, the magnitude

of nuclear stopping reduces which is already discussed in the previous section. Referring

to Fig. 3.4, it has been concluded that the N/Z dependence of multiplicity of fragments

is slightly affected by including isospin dependent nuclear charge radii. Whereas from
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Figure 5.2: Nuclear stopping observable < R > (left panels) and <
1/(QZZ/nucleon) > (right panels) as a function of neutron-to-proton ratio in
semi-central collisions of two isobaric series with mass 80 (lower panels) and 120
(upper panels) units at E = 50 MeV/nucleon. Symbols have the same meaning
as in Fig. 5.1.

Fig. 5.2, one can see that the behaviour of nuclear stopping is independent towards N/Z

content of colliding partners even if one consider isospin dependent nuclear charge radii

parameterizations for both the reaction series. Hence, isospin effects on the N/Z depen-

dence of nuclear stopping through isospin dependent nuclear charge radii parametrization

is very feeble. The percentage reduction in the parameter of nuclear stopping is same

through out the N/Z ratio range which signifies the system mass effects only.
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Figure 5.3: The collision number dependence of < varxz > for the reactions
of 50

20Ca+
50
20Ca (upper panel), 58

28Ni+
58
28Ni (middle panels) and 197

79 Au+197
79 Au (lower

panel) at E = 400 MeV/nucleon for different radii parameterizations.
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5.3.3 Effect of nuclear radii parameterizations on the equilib-
rium using collision dynamics

The study of nuclear stopping provides the information about the thermalisation as

well as expansion of the system [186, 320]. The preservation of the initial memory of

nucleons is directly related with the number of collisions it suffers. In the HICs, a nucleon

of one nucleus can collide with many nucleons of other nucleus and after each collision it

loses some part of its energy. The amount of energy lost describes the nuclear stopping.

Now, it would be of great interest to ruminate that how many collisions are sufficient to

stop the nucleon completely. Therefore, this section intend to study the effect of different

nuclear charge radii parameterizations on the equilibrium using collision dynamics. To

study the nuclear stopping through the collision dynamics, simulations have been carried

out for the reactions of 50
20Ca+

50
20Ca,

58
28Ni+

58
28Ni and

197
79 Au+197

79 Au at E = 400 MeV/nucleon

and scaled impact parameter, b̂ < 0.15. The collision geometry has been selected as per

the experimental data of FOPI Collaboration [206].

Fig. 5.3 displays the dependence of < varxz > on collision number of protons at an

incident energy of 400 MeV/nucleon and b̂ < 0.15 for the reactions of 50
20Ca+

50
20Ca (upper

panel), 58
28Ni+

58
28Ni (middle panel) and 197

79 Au+197
79 Au (lower panel). The figure reveals

that, more is the particle collides, more equilibrium is achieved and hence the nuclear

stopping increases. The study carried out by using QMD model in Ref. [321], suggested

that the nucleon suffering at least 10 collisions is the most thermalize and hence close

to complete equilibrium. However from present calculations by using IQMD model, one

can interestingly notice that the nuclear stopping variable < varxz > becomes almost

independent of collision number as the collision number exceeds from five which means

that on average, those nucleons which have experienced at least five collisions are close to

complete equilibrium. This observation is appropriate for all the reactions as well as for all

the radii parameterizations studied here. It has been observed that the change in radius

has sizeable effect on the < varxz >. The value of < varxz > decreases with increase in

radii. The percentage reduction in the magnitude of < varxz > (above five collisions) is

∼ 30%, ∼ 24% and ∼ 14% for the reaction of 50
20Ca+

50
20Ca,

58
28Ni+

58
28Ni and

197
79 Au+197

79 Au

respectively, as one switches from RLDM to RRR. Therefore, the lighter systems are good

probe to study the role of nuclear charge radius on the nuclear stopping observable as
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compared to heavier colliding nuclei pair. This observation strengthen the conclusion

of Fig. 5.1. The solid line (grey) in the figure presents the experimental data for the

reaction of 197
79 Au+197

79 Au b̂ < 0.15 for protons [206]. The thickness of line corresponds to

the experimental value including the error bar (i.e. < varxz > = 0.95±0.05).

5.4 Effect of nuclear radius along with momentum

dependent interactions (MDI)

The compressibility achieved in the nuclear reaction is dependent upon the density

of central overlapping zone as well as on the momentum plane. In the reaction dynamics,

during the early stage of collision phase, the interaction between the nucleons also depends

upon the momentum they acquire. This exchange of momentum during the interaction

leads to momentum dependence of mean field. In the initial stage when both target

and projectile nuclei are approaching towards each other and have not overlapped yet,

the momentum gained by the nucleons is less and the momentum dependent interactions

(MDI) are not remarkable. But as both the nuclei overlap each other and the projectile

nucleons with high momentum comes closer to target nucleons, they feel a repulsive force.

However, the potential in the spectator region is comparatively attractive. This potential

gradient affects the various observables of HICs at intermediate energies significantly.

The momentum dependent nuclear equation of state is capable of breaking the

spectators into further small fragments which reduces the multiplicity of heavier fragments

like IMFs and HMFs [322]. As, the fragmentation pattern generated with NEOS by

including and excluding MDI is different, hence, the properties of these fragments like

collective flow, rapidity distribution and stopping power of nuclei will also be different. In

a tremendous work by Kumar et al. [197, 323], the isospin effects have been investigated

with and without MDI using IQMD model for the system size dependence of multi-

fragmentation and nuclear stopping for a wide range of composite system mass. Their

study draws the conclusion that the NEOS with MDI are able to break the initial bonding

of nucleon in the smaller colliding nuclei giving opportunity to study their properties which

is however, not possible in the NEOS without MDI case. MDI suppresses the magnitude

of nuclear stopping and enhances the isospin effects through symmetry energy on nuclear

stopping. In the recent article on the role of different potentials on excitation function
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Figure 5.4: The rapidity distribution dN/dY for the reaction of 58
28Ni+

58
28Ni (left

panels) and 124
50 Sn+124

50 Sn (right panels) at incident energy of 400 MeV/nucleon.
The top, middle and bottom panels are for protons, neutron and all nucleons
respectively.

of nuclear stopping, the MDI affects the stopping power in large extent at low beam

energies [201]. It has been shown in Refs. [324, 325] that the soft nuclear equation of

state with momentum dependent interactions (SMD) are better to explain the evolution

of nuclear reaction and its density-temperature relation than the hard nuclear equation

of state without MDI.

Since, the increase in radii of colliding nuclei affects the momentum of the nucle-

ons [279,304] and the momentum dependent interactions (MDI) (as explained in chapter

2) also play crucial role to understand the relative interaction of the nuclear matter [197],

hence the present exercise is carried out to focus on the influence of different nuclear charge

radii parameterizations in the vicinity of MDI. Also, it is worth mentioning that, the study
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made in the previous sections for structural effects via nuclear radii parametrization on nu-

clear stopping has been carried out at a particular energy i.e. E = 50 MeV/nucleon. Now,

it is crucial to know that how the dominance of longitudinal momentum due to increase

in radius changes with the entire range of the intermediate energy regime. Therefore, in

the vicinity of above discussion, it would be interesting to explore the influence of nuclear

charge radii parameterizations on the nuclear stopping along with MDI and see if it would

help in better agreement of theoretical calculation with the experimental data.

5.4.1 Rapidity dependence of nucleons in final state

To study the rapidity dependence of nucleons in the final state, the reactions of

58
28Ni+

58
28Ni and

124
50 Sn+124

50 Sn at an incident energy E = 400 MeV/nucleon for b = 0 fm

(i.e. central collisions) have been simulated. Since, isospin dependent nuclear charge radii

parameterizations does not quantify the isospin effects, therefore, the reactions are studied

only for two parameterizations RLDM and RRR to investigate only structural effects on

nuclear stopping along with MDI. Fig. 5.4 displays the influence of nuclear charge radii

parameterizations on the rapidity distribution (as an indicator for nuclear stopping) of

all protons (p) (upper panels), all neutrons (n) (middle panels) and all nucleons (N)

(lower panels) for the reactions of 58
28Ni+

58
28Ni (left panels) and

124
50 Sn+124

50 Sn (right panels)

initialized with RLDM (solid lines) and RRR (dash lines). The doted and dash-dotted lines

represent the calculation with RLDM and RRR, respectively, which includes the momentum

dependence in the nuclear mean field i.e. RLDM+MDI and RRR+MDI respectively. From

Fig. 5.4, it is observed that the Gaussian shape distribution becomes broader as the radii

parametrization switched from RLDM to RRR. This is because the calculated radii of

58
28Ni and

124
50 Sn with RLDM parametrization are lesser than the calculated radii with RRR

parametrization. Therefore, the increase in radius shifts some of the nuclear matter from

mid-rapidity zone to the projectile as well as target like rapidity zone in equal amount.

This concludes that the compression in the participant zone is lesser in the case of RRR

compared to RLDM which signalizes the less number of binary collisions.

The inclusion of MDI reduces the stability of nuclei [326, 327], which further re-

duces the peak value of dN/dY. The percentage increment in radius of 58
28Ni and

124
50 Sn

nuclei are 13.98% and 8.85% respectively, while switching from RLDM to RRR. Corre-
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Figure 5.5: Incident energy dependence of RP (upper panels) and RE (lower
panels) for the reactions of 5828Ni+

58
28Ni (left panels) and

124
50 Sn+124

50 Sn (right panels).
The different lines have same meaning as in Fig. 5.4.

sponding to this increase in radius, the peak value of dN/dY reduces 11.1% (p), 12.5%

(n) and 13.6% (N) for 58
28Ni+

58
28Ni and 7 % (p), 7.6 % (n) and 9.65 % (N) for 124

50 Sn+124
50 Sn

without MDI. On the other hand these percentages are 6.45 % (p), 8.8 % (n) and 9.6 %

(N) for 58
28Ni+

58
28Ni and 4.5% (p), 6.6% (n) and 5.6% (N) for 124

50 Sn+124
50 Sn with MDI. This

information clearly indicates that the inclusion of MDI reduces the influence of nuclear

charge radii parameterizations on the rapidity distribution. However, the peak value of

rapidity distribution is more broader for RRR radius parametrization which includes MDI

(i.e. RRR+MDI). This quantifies both radius as well as MDI effect.



5.5 Summary 118

5.4.2 Excitation function of nuclear stopping

To see how the radii parameterizations as well as the MDI affect the reaction dynamics

throughout the energy range, the excitation function of nuclear stopping has been studied

at incident energies between 30 MeV/nucleon to 1.5 GeV/nucleon. Fig. 5.5 display

the influence of nuclear charge radii parameterizations by including as well as excluding

MDI for the reactions of 58
28Ni+

58
28Ni (left panels) and 124

50 Sn+124
50 Sn (right panels) on the

nuclear stopping of protons (as per the available experimental data). To estimate the

stopping power momentum-based (RP ) and energy-based (RE) anisotropy ratio has been

used. From Fig. 5.5, one can see that the value of stopping is relatively small at low

incident energies and the rising part is due to decreasing effect of Pauli-blocking. The

maximum value of stopping has been obtained around 400 MeV/nucleon. Also, when

energy exceeds 400 MeV/nucleon, the value of nuclear stopping falls gradually because of

the ineffective role of Pauli-blocking. The influence of isospin dependent nuclear charge

radius on nuclear stopping is more around 400 MeV/nucleon. The nuclear charge radii

parametrization starts affecting the magnitude of nuclear stopping observable above 50

MeV/nucleon. This effect increases with increase in energy up to 800 MeV/nucleon and

becomes constant above 800 MeV/nucleon. This reveals that, at relatively low incident

energies (i.e. below 50 MeV/nucleon), the predominance of longitudinal momentum (or

energy) over transverse momentum (or energy) is very feeble. With increase in incident

energy the longitudinal momentum (or energy) starts dominating the reaction dynamics.

The inclusion of MDI further reduces the values of RP and RE. The influence of MDI

is more effective at lower energies and vanishes as the energy increases. Hence, it is clear

from the figure that the isospin dependent radii parametrization along with MDI reduces

the gaps between the theoretical calculations and experimental findings of INDRA and

ALADIN [208, 209] collaborations. Moreover, Fig. 5.4 and 5.5 also verifies the previous

conclusion that the lighter nuclei are good probe to study the role of nuclear charge radii

parameterizations on the nuclear stopping.

5.5 Summary

In summary, the structural effects through different nuclear charge radii parameteri-

zations have been studied on the various observables of nuclear stopping for a wide range
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of composite system mass and initial neutron-to-proton ratio. In addition to that the

study has also been made on the role of nuclear charge radii in the vicinity of momentum

dependent interactions. The results concludes that the increment in radii increases the

momenta of particles which consequently enhances the fragments multiplicity. However,

the increase in the longitudinal momentum is more compared to transverse momentum

which results in the reduction of nuclear stopping. The nuclear stopping is found to be

independent to the initial neutron-to-proton ratio of colliding nuclei for isospin indepen-

dent as well as dependent nuclear charge radii parameterizations. Moreover, the study

also reveals that in the IQMD model at least five collisions (on average) are sufficient for

a nucleon to completely loose its energy. In addition to that, the RRR radii parameter-

izations along with MDI is able to describe the experimental data of energy as well as

momentum based anisotropy ratio provided by INDRA and ALADIN collaborations.



Chapter 6

Initialization effects on
thermalization with mass-asymmetry

6.1 Introduction

In the heavy ion collisions (HICs), the multifragmentation and nuclear stopping

essentially depends on incident energy (E), collision geometry (b), mass of the colliding

nuclei (AP , AT ) and mass-asymmetry η = |AT − AP/AT + AP | [328]. Here AT and AP

are mass-number of target and projectile nuclei respectively. Apparently η=0 corresponds

to completely mass-symmetric collisions and the distribution of fragments is spherical

whereas, mass-asymmetric collisions having non-zero η leads to non-spherical distribution

at central collision geometry. The reaction dynamics and the by-products are entirely

different for reactions with different values of η.

The different reaction outcomes in the mass-symmetric and mass-asymmetric nuclear

reactions provide qualitative understanding of the different processes and nuclear dynam-

ics involved [329]. A phenomenological study of these reactions can provide an information

about the energy dissipation and nuclear equation of state (NEOS) of mass-asymmetric

nuclear matter [330]. The study of these reactions (by keeping the total mass of the system

same), actually conveys the structural effects where the total number of nucleons are equal

with different combinations of the size of projectile and target nuclei [331]. The nuclear

charge radii is the another entrance channel parameter which is essential to initialize the

nuclear matter in the HICs and it affects the reaction dynamics very drastically [104,106].

From the literature, it has been concluded that the nuclear reaction dynamics is very much

sensitive towards the structural effects. These declared facts form the basis to study the

role of nuclear charge radii parameterizations on the thermal equilibrium in the nuclear

120
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reactions (mass-symmetric and mass-asymmetric) at all geometry conditions. Although in

the previous chapters, the dynamics of symmetrically heavy nuclei is prominently studied

with different parameterizations of nuclear charge radii. Now it is intended to study the

comparable role of different nuclear charge radii parameterizations on the fragmentation

and nuclear stopping in the mass-symmetric and mass-asymmetric collisions [332,333].

6.2 Theoretical interpretation of density and temper-

ature

Apart from discussed parameters of nuclear stopping in the previous chapter, the

thermalisation is also related to the temperature and density of the nuclear matter during

early stage of compression. The increment in the radius affects the transverse as well as

longitudinal momentum of nucleons from the initial state to the final fragment production

stage of the reaction. The thermalization of the nuclear matter is completely related to

the momentum of the nucleons. The normal nuclear matter density is defined as [244,334]:

ρ(r, t) =

AT+AP∑
i=1

1

(2πL)
exp[−(r⃗ − r⃗i)

2/2L]. (6.1)

Here, r⃗i is the position co-ordinate of ith particle. The density of the nuclear matter

has been calculated in a central sphere of radius r = 2 fm. In this process the calculations

of density yields two possibilities. In the first possibility, < ρmax > is calculated by looking

at the maximum density reached in that sphere. On the other hand, the second possibility

calculates the average value of density < ρavg > over the whole sphere. If the nuclear

matter is uniformly distributed in the sphere, then the values of < ρmax > and < ρavg >

are almost same.

The temperature of the system is also associated with the compression achieved during

the reaction. Only a complete thermalized and equilibrated nuclear matter can have a

true temperature. However, in the HICs at intermediate energies, the nuclear matter

is in the non-equilibrium stage. Therefore, direct consideration of temperature is not

possible and one has to opt for local environment. The temperature (T) is extracted from

the volume element surrounding the position of each nucleon in the co-ordinate space

at every time step. This method is based on the local density approximation which is

associated with the well established hot Thomas-Fermi approach [335]. This formalism
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determine the value of temperature from the local density, kinetic energy and entropy

with the help of momentum distributions. The momentum distribution of nucleons in a

hot nuclear matter at a temperature T is given by the Fermi dirac distribution as:

n(k, t) =
1

1 + exp{[ϵ(k)− µ]/T}
(6.2)

Here ϵ(k) is the energy of the nucleon with momentum k. The chemical potential µ

is determined by the normalization to a given density of the nuclear matter ρ as:

ρ =
g

(2π)3

∫
n(k)dk, (6.3)

where g (=4) is the spin-isospin degeneracy of a nucleon with momentum k. The effective

mass approximation for the single particle energies ϵ (k) is defined as:

ϵ(k) =
h̄2k2

2m
+ U(k) ≃ h̄2k2

2m∗ + U(0), (6.4)

Therefore using above equation, the Eqn. 6.2 can be written as:

n(k, t) = {1 + exp[
h̄2k2

2m∗T
− η]}−1 (6.5)

Here, η = (µ - U(0))/T. With this the nuclear matter can be used to tabulate the

entropy densities and kinetic energy for different temperatures and densities. The kinetic

energy density (h̄2τ/2m) and the entropy σ can be defined as:

τ =
g

(2π)3

∫
k2n(k)dk, (6.6)

σ = − g

(2π)3

∫
{n(k) ln n(k) + [1− n(k)]

ln[1− n(k)]}. (6.7)

For single nuclear matter limit, the integration in Eqs. 6.3, 6.6 and 6.7 can be ac-

complished in a standard manner [336]. However, for the limits T −→ 0 and σ −→ 0;

the density ρ and τ corresponds to the results of the Thomas-Fermi formalism at tem-

perature T = 0. At the decomposition stage of the reaction, the relative momentum (kR)

becomes very less and differs significantly from zero. Thereupon, one has to consider the

momentum distribution consisting of two interpenetrating Fermi spheres to be deformed.

The nuclear matter densities in the two Fermi spheres is given by:

ρi =
g

(2π)3

∫
Vi

n(k)dk, (6.8)
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where indices i = 1, 2 represent the nucleons in the first (F1) and second (F2) fermi

spheres, respectively. V1 and V2 are the volumes in the momentum space. Considering

the normalization to the nuclear matter densities in the two Fermi spheres F1 & F2 the

kinetic energy density (h̄2τ/2m) and the entropy density σ are defined as:

τi =
g

(2π)3

∫
Vi

k2n(k)dk, (6.9)

and

σi = − g

(2π)3

∫
Vi

{n(k) ln n(k) + [1− n(k)]

ln[1− n(k)]} (6.10)

The integrations of above two equations must be performed over the cylindrical co-

ordinates kr and kz with the center chosen as that of the big sphere (F1). To calculate

the local temperature at each point in a sphere of radius ‘r’ at each time step, the matter

density and kinetic energy densities of target and projectile are required. These are given

as [244,334,337]:

ρT (r, t) =

AT∑
i=1

ρi(r, t), ρP (r, t) =

AP∑
i=1

ρi(r, t) (6.11)

and

τT (r, t) =

AT∑
i=1

p2i
2m

ρi(r, t), τP (r, t) =

AP∑
i=1

p2i
2m

ρi(r, t) (6.12)

where ρi(r, t) has been stated above in equation 6.1.

The nuclear matter densities and kinetic-energy densities are calculated with respect

to the position of each particle in each time step. Using these four values, one can

determine the Fermi energies, the local temperature T and the relative momentum kR.

This methodology made the extraction of local temperature in the heavy-ion collisions as

simple as the density calculation. Using this formulation, the average temperature and

density have been extracted within a central sphere of two fermi radius.

6.3 Result and discussion

The present work has been done by using Isospin-dependent Quantum Molecular

Dynamics (IQMD) model and the temperature of the nuclear system is calculated by
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using the formalism: the Hot Thomas-Fermi approach [244, 334]. The simulations have

been carried out for the reactions of 50
20Ca+

50
20Ca (η=0.0) and 14

7 N+86
36Kr (η=0.7) with fixed

composite system mass number Atot = 100 a.m.u. and for the reactions of 124
50 Sn+124

50 Sn

(η=0.0) and 38
18Ar+

210
82 Pb (η=0.7) with Atot = 248 a.m.u. over the entire range of collision

geometry at incident energy of 100 MeV/nucleon.

6.3.1 Time evolution of average density and temperature

To observe the role of radius on thermalization, the time evolution of the average

scaled density (< ρavg/ρo >) and average temperature (< T avg >) of the nuclear system

has been examined as shown in upper and lower panels of Fig. 6.1 respectively, for the

central mass-symmetric reaction (5020Ca+
50
20Ca) (left panels) and mass-asymmetric reaction

(147 N+86
36Kr) (right panels). The different lines in the figure corresponds to different nu-

clear charge radii parameterizations i.e. RLDM , RNGO, RPP and RRR. Here, ρavg is the

instantaneous density of all nucleons and ρo is ground state density which is 0.17 fm−3 in

the IQMD model. The same observation has been made for the reactions of 124
50 Sn+124

50 Sn

and 38
18Ar+

210
82 Pb (results not shown here). The conclusion is same as for the reactions

of 50
20Ca+

50
20Ca and 14

7 N+86
36Kr. For both types of reactions (mass-symmetric and mass-

asymmetric), with increase in nuclear radius, the average scaled density of the nuclear

system decreases apparently from initial level up to the time, t ≈ 20 fm/c. The role of

radius on < ρavg/ρo > is maximum during the highly dense phase of the reaction when

both the target and projectile nuclei completely overlap each other and diminishes as the

system starts expanding. The increment in radius consequently enhance the momentum

of all nucleons and the average temperature of the system increases. This influence of

radius on average temperature is maximum at t ≈ 10-20 fm/c and reduces slowly as the

system cools down. One can observe that the time at which the average scaled density

and temperature attains its maximum value also increase with increase in radius which

reveals that the nuclear system will take more time to saturate and cool down with large

radius. This observation is also in agreement with study made in Fig. 3.2 of chapter 3.
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Figure 6.1: The time evolution of average scaled density (upper panels) and
average temperature (lower panels) for central mass-symmetric (left panels) and
mass-asymmetric (right panels) collisions with Atot = 100 a.m.u. at E = 100
MeV/nucleon for four different nuclear charge radii parameterizations (described
by various lines).
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6.3.2 Correlation between maximal value of average tempera-
ture and nuclear stopping

The comparable role of radius on the average scaled density and temperature is dif-

ferent at different time for mass-symmetric as well as mass-asymmetric reactions. There-

fore as a next step, the role of radius on thermalization has been studied by analyzing

the maximal value of average temperature (< T avg >max) of the highly complex nucle-

onic matter achieved during the time span of the nuclear reaction and momentum based

anisotropy ratio i.e. < RP >. It is clear from the literature [180,338–340], that the max-

imal average temperature and nuclear stopping decreases with increase in scaled impact

parameter i.e. b̂ = b/bmax where, bmax = (RP + RT )fm, (RP and RT are radii of target

and projectile nuclei respectively). Therefore, the present study is also focused on the

direct correlation between the temperature and the nuclear stopping of mass-symmetric

and mass-asymmetric nuclear reaction. Fig. 6.2 displays the maximal value of average

temperature (achieved at t ≈ 10-20 fm/c) as a function of nuclear stopping at t = 200

fm/c for mass-symmetric (left panels) and mass-asymmetric (right panels) nuclear reac-

tions having Atot = 100 a.m.u. (upper panels) and 248 a.m.u. (lower panels) at E =

100 MeV/nucleon. The calculations have been done at six different collision geometries

described by various symbols and for four different nuclear charge radii parameterizations

described by various lines (i.e. RLDM , RNGO, RPP and RRR) in the figure.

For mass-symmetric reactions, the curves presenting the correlation, first increases

with decrease in b̂ and then shows saturation effect. This happen because, while going

from semi-central to central collisions, the nuclear stopping still increases but the tem-

perature of the system is not interestingly modified. Whereas, in the mass-asymmetric

reactions, the curve shows straight line behavior, which means < T avg >max and < RP >

increases monotonically with decrease in collision geometries. This is because, in the

mass-symmetric reaction, the percentage participant matter (the nuclear matter which

takes part in the collision process) is almost the same in central and nearly central colli-

sions, whereas, the participant matter increases with decrease in b̂ in the mass-asymmetric

reactions.

It has been already observed from chapter 5 that the nuclear stopping of mass-

symmetric reactions decreases with increase in radius. This observation also holds true for
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the case of mass-asymmetric reactions. The reason of reduction in the nuclear stopping is

that, with increase in radius the increment in longitudinal momentum is more compared

to transverse momentum. Hence, there is less momentum transfer in the transverse di-

rection. Therefore enhanced longitudinal momentum (due to increase in radius) of the

particles contributes more in raising the temperature of the system compared to trans-

verse momentum. Because of these effects, the curves of correlation are lifted upward

as the radii parametrization is switched from RLDM to other three radii parameteriza-

tions. Obviously, the mass-symmetric systems and the heavier colliding nuclei pair are

more thermalized compared to mass-asymmetric systems and lighter colliding nuclei pair

respectively. It is observed that the influence of radius is more pronounced in the mass-

symmetric reactions and lighter reactions. The ratio of change in < RP > as well as

< T avg >max to the change in radius (while switching from RLDM to RRR) is more for

mass-symmetric reactions (and also for lighter reactions i.e. with Atot = 100 a.m.u. in

present study) compared to mass-asymmetric reactions (and also for heavier reactions i.e.

Atot = 248 a.m.u.).

One can also see that for mass-symmetric reactions, the role of nuclear charge radii

parameterizations on the correlation of temperature and nuclear stopping decreases with

increase in impact parameter; however, it remains almost the same for mass-asymmetric

reactions through out the entire range of b̂. This is because the lighter projectile and heav-

ier target nucleus contributes differently in the thermal equilibrium of mass-asymmetric

reactions at different collision geometries. These results also motivate to explore the

role of nuclear charge radii parameterizations on the thermalization of mass-asymmetric

nuclear reaction explicitly for projectile and target nucleus for further studies.

6.3.3 Correlation between fragment multiplicity and nuclear
stopping

Fig.6.3 displays the multiplicity of free nucleons (FN’s, A = 1) (left panels) and light

mass fragments (LMF’s, 2 ≤ A ≤ 4) (right panels) as a function of < RP > |FNs and <

RP > |LMFs respectively (momentum-based anisotropy ratio) for mass-symmetric (upper

panels) and mass-asymmetric (lower panels) collisions at six collision geometries described

by various symbols and for four different nuclear charge radii parameterizations described

by various lines. One can observe that the multiplicity and the nuclear stopping decreases
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Figure 6.3: Multiplicity of FNs (left panels) and LMFs (right panels) as a func-
tion of nuclear stopping for mass-symmetric (upper panels) and mass-asymmetric
(lower panels) nuclear reactions with Atot = 100 a.m.u. at E = 100 MeV/nucleon.

with increase in scaled impact parameter i.e. b̂ = b/bmax where, bmax = (RP + RT )fm,

(RP and RT are radii of target and projectile nuclei respectively). The correlation curve of

multi-fragmentation and nuclear stopping reveals that, more is the nuclear stopping more

will be the fragmentation and therefore the curve increases monotonically with decrease

in b̂ for all radii parameterizations. As concluded in chapter 3 and 5, for mass-symmetric

collisions, if the nucleus is initialized with relatively larger radii (i.e. RLDM to other three

parameterizations) then the multiplicity of fragments increases and the nuclear stopping

decreases. This is because with increase in radius, p⊥(i) and p∥(i) increase and moreover,
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the increment in longitudinal momentum is higher than transverse momentum. This

observation also holds true for mass-asymmetric collisions.

The ratio of change in the multiplicity of fragments as well as the nuclear stopping

to the change in the nuclear radii of the colliding nuclei (switching from RLDM to RRR)

is more for mass-symmetric collisions compared to mass-asymmetric collisions while, the

total mass number is same in both types of collisions. This is because of the involvement

of smaller projectile nucleus in the mass-asymmetric collisions.
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Figure 6.4: Collision geometry dependence of nuclear stopping due to projectile
(upper panel) and target (lower panel) nuclei for the reaction of 147 N+86

36Kr (η=0.7)
at E = 100 MeV/nucleon. Lines have the same meaning as in Fig. 6.3.

6.3.4 Nuclear stopping due to projectile and target nuclei

The percentage increment in the nuclear radius from RLDM to RRR is 28.5% for 14
7 N

and 10% for 86
36Kr nucleus. It shows that the effect of radius on smaller projectile and

heavier target will be different. Therefore, as a next step, Fig.6.4 display the structural

effects on nuclear stopping due to projectile (upper panel) and target (lower panel) nucleus
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explicitly for mass-asymmetric collisions of 14
7 N+86

36Kr. Figure reveals that, the contribu-

tion of projectile nucleus (147 N) is more compared to target nucleus (8636Kr) in the nuclear

stopping. Furthermore, it is observed that the structural effects via nuclear charge radius

are more pronounced in the nuclear stopping due to relatively smaller nucleus compared

to larger nucleus. This is because, in the mass-asymmetric collisions, most of the nuclear

matter of heavier target nucleus do not participate in the collision process. At b̂=0 the

projectile nucleus completely emerges into target nucleus and at b̂=1.0, projectile and

target nuclei barely touch each other. So, there is very less role of radius on nuclear

stopping due to projectile nuclei at these collision geometries.

6.4 Summary

In summary, the influence of nuclear charge radii on the correlation of the tempera-

ture and multi-fragmentation with the nuclear stopping has been examined. The study

reveals that the change in the nuclear radius at initial state (t = 0 fm/c) due to different

nuclear charge radii parameterizations affects the maximal average temperature of the

nuclear matter at 10-20 fm/c and the global nuclear stopping at 200 fm/c. Change in the

phase-space available to the nucleons at the initial level influences the reaction dynamics

for the whole time span of highly interacting nuclear matter. Moreover, the role of nu-

clear charge radii on thermal equilibrium decreases with increase in impact parameter for

mass-symmetric reactions; however, remain almost equal for mass-asymmetric reactions.

The influence of nuclear charge radii parameterizations on the correlation between multi-

fragmentation and nuclear stopping is more pronounced in the mass-symmetric collisions

compared to mass-asymmetric collisions. Moreover, the structural effects via nuclear

charge radii parameterizations are more prominent for nuclear stopping due to smaller

projectile nucleus compared to heavier target nucleus.



Chapter 7

Summary and outlook

“ The three great essentials to achieve anything worthwhile are: Hard work, Stick-to itive-

ness, and Common sense”........................Thomas A. Edison

7.1 Summary

With the availability of highly accelerated radioactive-ion beams, it becomes possible

to study the different nuclear reactions and to extract the knowledge about isospin de-

pendence of nuclear equation of state (NEOS). Since quite some time, the isospin degree

of freedom in the NEOS has been scrutinized through many components like symmetry

energy, initial N/Z ratio of colliding nuclei, isospin momentum dependent interactions and

Coulomb interactions. Theoretically, the observables of heavy-ion collisions (HICs) at in-

termediate energies such as multi-fragmentation, nuclear stopping and collective flow, do

not show any dependency upon the initial N/Z of colliding nuclear matter. However, it is

evidenced in the experimental studies that these observables yield different values in the

isospin-symmetric and -asymmetric nuclear reaction. Moreover, the reaction dynamics is

strongly influenced by the interaction range as well as by the the initial conditions. In

the theoretical studies, the nuclear charge radii parametrization is the first and essential

model ingredient. This radii parametrization has been considered isospin-independent in

the hydrodynamical models of this field. However, till present day numerous radii param-

eterizations have been proposed in the literature which took isospin into account. There-

fore, the present work addressed the isospin as well as initialization effects through the

isospin-dependent nuclear charge radius on the reaction dynamics of isospin-asymmetric
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colliding nuclei.

The study has been carried out by using Isospin-dependent Quantum Molecular Dy-

namics (IQMD) model. To observe the initialization effects through isospin dependent

nuclear charge radius, three isospin dependent nuclear charge radii parameterizations:

RNGO, RPP and RRR, which are upgraded versions of basic A1/3 form and includes isospin

degree of freedom through isospin parameter: I = (N-Z)/A, have been incorporate in the

IQMD model in addition to one isospin independent nuclear charge radii parametrization:

RLDM , which has been used extensively in the theoretical research. The numerical test has

been performed with all the radii parameterizations to check the stability of initialized

nucleus and the propagation of nucleons. The secondary algorithms: Minimum Span-

ning Tree (MST) method and its updated versions MSTM (with momentum constraint)

method has also been discussed, which has been further used to identify fragments from

the final stage phase-space of the reaction. The simulations have been carried out for

different sets of reactions: (i) by varying N/Z and keeping the composite system mass

same for two isobaric series of reactions and (ii) by keeping the initial N/Z same and

varying the composite system mass to quantify the initialization effects.

In chapter 3, the influence of isospin dependent nuclear charge radii on fragmentation

in the HICs has been studied for a wide range of atomic mass and neutron-to-proton ratio.

It has been observed that with increase in radius the peak value of < ρ/ρo >avg reduces.

This effect further decreases with increase in incident energy for lighter colliding pairs and

remain nearly the same for heavier colliding pairs. The influence of isospin dependent radii

parameterizations on average nucleonic density and dNcoll/dt, is more for heavier colliding

nuclei compared to lighter colliding nuclei. Moreover, the colliding system takes more time

to saturate for isospin dependent nuclear charge radii. Due to increase in phase-space for

isospin dependent nuclear charge radii, the role of Pauli blocking is less. Hence the mass

of largest fragment is less and the mean multiplicity of other fragments is higher. Also,

the role of isospin dependent nuclear charge radii is more in the semi-central collisions

compared to central collisions. TheN/Z dependence of the multiplicity of FN’s and LMF’s

shows different behavior for isospin dependent nuclear charge radii parameterizations as

for isospin independent radii parametrization. Moreover, isospin dependent radii reduces

the gap between the theoretical calculations and the experimental findings of ALADIN
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collaboration. It has been concluded that, heavier colliding nuclei are good probe to

study the influence of isospin dependent nuclear charge radii on multi-fragmentation in

the heavy ion collisions at E = 50 MeV/nucleon.

In chapter 4, a systematic study of the influence of nuclear charge radii parameter-

izations on the excitation function of reduced flow and elliptical flow as well as on the

balance and transition energies for the whole mass range and initial neutron-to-proton ra-

tio has been presented. Two view points have been applied; structural effects and isospin

effects. The study concludes that the pressure gradient developed in the mid-rapidity

region reduces with increase in nuclear charge radius of colliding nuclei and repulsive

nucleon-nucleon collisions gets suppressed. With increase in nuclear charge radius (due

to use of different nuclear charge radii parameterizations) the magnitude of reduced flow

decreases and of elliptical flow increases. This influence of change in the radius on flow

magnitude further decreases with increase in system mass.

Moreover, the role of change in the radius on collective flow is more for the neutron-

deficient reactions compared to neutron-rich reactions. Both transition energy of elliptical

flow (Etrans) and balance energy of reduced flow (Ebal) increases with increase in nuclear

radius and follows a power law behavior. The influence of nuclear radius on Etrans and

Ebal decreases with increase in system mass and increases with increase in N/Z of the

reaction. From both types of collective flow, the elliptical flow has been found to be more

sensitive towards different nuclear charge radii parameterizations compared to reduced

flow. From the impact parameter dependence of reduced flow and elliptical flow, the

balance geometry of reduced flow and transition geometry of elliptical flow have been

analyzed. This signifies the increasing role of attractive mean field and shadowing of the

spectator matter with increase in collision geometry.

Chapter 5 describes the influence of nuclear charge radius on the observables of nu-

clear stopping along with momentum dependent interactions (MDI). The study concludes

that the increase in available phase space at initial state enhances the longitudinal as well

as transverse momentum which increases the production of fragments. However, the in-

crement in longitudinal momentum is more than in the transverse momentum which in

turn reduces the nuclear stopping. A ratio of change in the values of nuclear stopping

to the change in radius is more for lighter colliding nuclei pair compared to heavier one.
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The isospin-dependent nuclear charge radii is unable to alter the dependence of nuclear

stopping on the initial neutron-to-proton content of the colliding nuclei for semi-central

collisions at E = 50 MeV/nucleon. The study also shows that an average of those nu-

cleons which have experienced at least five collisions are close to complete equilibrium.

This observation is appropriate for both lighter and heavier reactions as well as for all the

radii parameterizations. The rapidity distribution of the nuclear matter becomes broad

for larger radii as well as by the inclusion of MDI. This clearly results in reducing the

stopping values. The radii parametrization affects the nuclear stopping at relatively high

energies and influence of MDI is at lower energies. Hence, the nuclear stopping calcula-

tions via isospin-dependent radius parametrization along with MDI are more closer to the

experimental findings of INDRA and ALADIN collaborations.

In chapter 6, as a last step, a comparative study upon the correlation of temperature

and multi-fragmentation with nuclear stopping for mass-symmetric as well asymmetric nu-

clear reactions has been performed. Our results reveal that the role of nuclear charge radii

on thermal equilibrium decreases with increase in impact parameter for mass-symmetric

reactions; however, remain almost the same for asymmetric reactions. In addition to

that, the nuclear charge radii parameterizations affect the correlation curve of multi-

fragmentation and temperature with nuclear stopping more for mass-symmetric reaction

as compared to mass-asymmetric reaction (having the same total mass). In an asym-

metric reaction, the smaller projectile experiences more influence through nuclear charge

radii compared to heavier target. For mass-asymmetric nuclear reactions, the contribu-

tion of smaller projectile in the nuclear stopping is more but the collective contribution

of projectile and target nuclei becomes less than as that of mass-symmetric reaction.

7.2 Outlook

The study of this thesis is limited to the colliding nuclei with mass number A = 197

a.m.u.. However, the study of different nuclear radius can be extended in the heavier side

of periodic table (super-heavy nuclei) by using the nuclear charge radii parameterizations

available for super heavy nuclei. In the present studies, the nuclear charge radii which

is obtained from the charge density distribution in the nucleus has been opted because

the information about the neutron distribution is inadequate in the literature. With
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the progress in the neutron distribution, one can further quantify the comparative role of

different nuclear charge as well as neutron matter radii parameterizations on the sensitivity

of hydrodynamical models and on the dynamics of HICs.

Moreover, the density of nucleus is related to both its radius and Fermi momentum. A

constant value of Fermi momentum indicates constant nucleonic density. In present calcu-

lations, the influence of change in the radii on the fragmentation, nuclear flow and nuclear

stopping has been studied with constant ground state Fermi momentum associated with

nucleons in the IQMD model (i.e. as per the LDM radii, 268.4 MeV/c). However, the

Fermi momentum can be varied according to the radii parameterizations used to sim-

ulate the nuclear reactions. The variation in the ground state Fermi momentum may

affect the surface properties of the nuclear sphere and its binding energy. The present

study can be extended to examine the role of different nuclear radii parameterizations on

the observables of HICs by keeping the Fermi momentum according to respective radius

parametrization used.
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Phys. Rev. C 37, 2451 (1998).
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