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ABSTRACT

In this dissertation work, an approach to design a finite impulse response filter having linear phase

has been proposed. A digital filter design procedure has to obtain such a set of filter coefficients that

expected frequency specification of the signal are met. The proposed approach relies on chaotic

differential evolution evolution algorithm (CDE) to generate the filter coefficients. The chaotic dif-

ferential evolution (CDE) algorithm is a modification of conventional differential evolution (DE)

algorithm, which depends on chaotic sequence for its performance improvement. A uniformly

distributed random number generation is very important for better performance of stochastic algo-

rithm. Chaotic map is similar to uniform random number generating function with better statistical

and dynamic properties. The chaotic sequence provides better balance between the exploration

and exploitation capability of the algorithm. The performance of proposed algorithm is analysed

by experimentation with generalized benchmark problems. Low pass and high pass FIR filters of

20th and 30th order have been designed using CDE approach. Least square error is used as an

objective function to measure the deviation of frequency response of designed filter from the ideal

response. The ripple constraint is introduced in order to reduce the magnitude of ripples present

in pass band and stop band regions of filter. The ripple constraint is taken care of using penalty

method. The simulation results shows that proposed CDE approach with Tent map outperforms

conventional DE algorithm in providing maximum stop band attenuation and minimum stop band

and pass band ripples in frequency response. The application of CDE approach for filtering the

power line interference (PLI) effected electrocardiogram (ECG) signal is also included in this re-

search work. The experimental results have shown that the proposed approach has ability to design

a filter as per desired specifications.
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CHAPTER 1

INTRODUCTION

Filtering is the most extensively used process in every digital signal processing systems. The fil-

tering process is used to modify, reshape and reform the signal in order to obtain desired spectral

characteristics in the output signal. Basically, digital filters perform the mathematical operations

on discrete time input signals to enhance or reduce specific features of the signal. The filtering

operations attenuate, amplify, isolate or reject the certain frequency components present in the sig-

nal. The digital filters offer various advantages over the analog filters like high accuracy, ease of

implementation, small in size, component drift free, component tolerance independent and high

reliability [1]. The very main advantage provided by digital filters is that, in order to achieve

any certain characteristic in the output signal, there is simply the change in the values of con-

tents stored in registers [2]. Digital filters are highly adaptable due to the use of programmable

processor, multiplexers and can access both real time and stored digital signals. The important

fields of application of digital filters are image processing, speech processing, data communica-

tion, radar and optical communication etc. The digital filters found wide application in filtering

the noise corrupted biomedical signals like electrocardiogram (ECG), electromyography (EMG),

electroencephalogram (EEG) etc. [3–5]

The digital filters can be sorted into two categories namely infinite impulse response (IIR) and

finite impulse response (FIR) filters [6]. FIR are widely accepted over IIR filters. The major merits

offered by FIR filters are summarized as: FIR filters have finite impulse response, they are non-

recursive in nature, have guarantee bounded input and bounded output (BIBO) stability i.e they are

inherently stable filters, they have linear phase and are extensively used in applications where no

phase distortion is required, unlike IIR, FIR filters are insensitive to finite word length effect [7].

BIBO stability and linear phase characteristics of FIR filter make it’s realization process easy.

Traditional methods involve in designing FIR filters are window techniques, frequency sam-

pling, equiripple design techniques etc. [6]. In window based designing process, finite length win-

dow is convolved with the impulse response of ideal filter. Windowing technique has advantage of

fast and simplicity but does not provide exact control of critical frequencies. Frequency sampling
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method involves sampling the frequency response into equally spaced point using discrete fourier

transform (DFT) and then obtaining the impulse response applying the inverse DFT algorithm. The

frequency sampling approach provide better control of critical frequencies but the estimated error

is zero only at the sampling frequencies [7]. Recently, the filter design problems are solved using

search algorithms [8, 9]. The search algorithms are broadly classified into gradient search, direct

search and random search methods. Conventional and gradient based methods used for the design-

ing procedure generally result in suboptimal solution and become computationally complex when

used for multi-objective and constrained optimization problems [10]. The failure of conventional

methods to perform expeditiously have attracted many researchers to employ meta heuristic ap-

proaches in multi objective, non-differentiable and constrained engineering design problems. The

main advantages offered by heuristic techniques are flexibility, robustness and fast convergence

rate [11]. The most commonly used population based algorithms used to design digital filters are

genetic algorithm (GA) [12], differential evolution (DE) [2], particle swarm optimization (PSO)

[13], cat swarm optimization (CSO) [14] and simulated annealing (SA) [15]. GA is the most pop-

ular evolutionary algorithm but it is complex in coding, time consuming and sometimes results in

premature convergence [13]. PSO has faster convergence rate than GA but the main limitation is

that it results in premature convergence when applied on high dimensional optimization functions

[16]. DE is another heuristic approach developed in 1995 by Storn R. and Price K. [17]. The

fundamental concept of DE is the addition of weighted difference of two stochastically chosen pa-

rameter vectors to third vector. The created vector called mutated vector, goes through the process

of improvement by using genetic base operations like crossover and selection. In the comparison

study performed by Storn R. and Price K. [18], DE performed efficiently as compared to SA and

GA. DE algorithm has been successfully employed to design FIR filters [19–21]. DE algorithm is

found to be simpler, faster and requires lesser parameters than other evolutionary algorithms (EA).

Nevertheless similar to other EAs, DE also possess some limitations such as premature con-

vergence and not assuring the global optimal solution. The performance of DE has been improved

by introducing hybridization of DE with other algorithms [22], adaptive strategies with DE [23]

and incorporating fuzzy logic with DE [24] etc. In the last few years, the application of non-linear

dynamics has received intense interest in the field of optimization. The important application em-

ploys the chaos map sequence to determine the algorithm’s control parameters [25]. In literature,
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chaotic sequence has been successfully employed to tune the control parameters of GA [26], PSO

[27], ant colony optimization (ACO) [28], bat algorithm [29] etc. The application of chaotic se-

quence improves the algorithm’s performance as it avoids stagnation in local minima and provides

fast convergence. DE combined with the chaotic sequence has been successfully utilized in solving

engineering optimization problems [30–32]. Experimental studies have shown that use of chaotic

sequences provide better balance of exploration and exploitation capabilities of evolutionary algo-

rithms.

In the light of above discussion, in the presented work chaotic differential evolution (CDE)

algorithm is used to design 20th and 30th order linear phase low pass and high pass FIR filters.

To investigate the performance of proposed approach, the results have been compared with other

results available in literature. In order to accomplish this, the dissertation work is organized in 6

chapters. In the succeeding chapter a detailed literature review of various papers related to FIR

filter designing using various optimization techniques has been presented. Chapter 3 describe FIR

mathematical foundation of high pass and low pass FIR filter problem. Chapter 4 introduces the

proposed CDE algorithm with sufficient mathematical background. The solution methodology is

discussed in chapter 5. The comparison of results obtained is presented in chapter 6. Case study

of designing the filter for noise removal from biomedical signal is discussed in chapter 7. Finally,

Chapter 8 conclude the entire dissertation work.
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CHAPTER 2

LITERATURE SURVEY

Digital filters are the essential part of every digital processing system. In order to, achieve the

desired spectral specifications of the signal, number of digital filter design procedures have been

discussed in literature. The conventional techniques like window technique,frequency sampling

and equi-ripple design technique have been used for designing FIR filters [33]. The window tech-

nique is the simplest and most popular design technique. In the window technique based design

procedure, the infinite response of ideal filter is delayed and truncated. Because of abrupt trun-

cation of fourier series, the ripples are generated in response bands of the filter. The oscillatory

behavior is due to the slow convergence of fourier series at the points of discontinuities and is

known as Gibbs phenomenon [34, 35]. The effect of Gibbs phenomenon can be reduced by us-

ing different types of window functions such as hanning, hamming and kaiser [36]. The selection

of window function highly depends on the filter requirements. The main limitation of window

technique is that it does not permit precise control of critical frequencies [7]. Frequency sampling

approach [37] involves the sampling of frequency response at equispaced points by using discrete

fourier transform (DFT) and finally computing the filter coefficients by the means of inverse dis-

crete fourier transform (IDFT). This approach provides better control of critical frequencies but the

approximation error is zero only at the sampling frequencies [7]. Parks mcclellan (PM) method

also called equiripple or minimax method, is based on chebyshev approximation problem [38].

This method gives ideal equiripple estimate of desired frequency response but at the cost of com-

putational complexity. PM method does not allow exclusive selection of maximum magnitude of

ripples in pass band and stop band. alternatively it only specify the ratio of pass band to stop band

ripple [21].

Another approach for designing digital filter involves the use of L1 norm in approximating the

error function[39, 40]. Grossmann L.D. and Eldar Y.C [39] have used weighted L1 norm with the

modified newton method to achieve the optimal set of filter coefficients. Aggarwal et al. [41] have

designed 34th order high pass and band stop filter using L1 norm as error criterion.The simulation

results are compared with that obtained using minimax method. It is observed that the frequency
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response of L1 filter has flatter pass band and stop band with maintained transition width.

On the other hand, gradient search methods are also used by many researchers to design digi-

tal filters [8, 9, 42]. Joaquim M.B and Lucietto C.A.S. [8] used the steepest descent optimization

method in to design the digital filter. It is found that the algorithm can estimate any type of fre-

quency response and it produces lower absolute and mean square error than produced by kaiser

window and PM method of filter design. Although the steepest descent method is simple in imple-

mentation but computational time is large.

For the designing of the digital filter, precise control over various parameters of frequency spec-

trum is required. This makes the objective function to be highly non-uniform, non-differentiable,

non linear and multi modal in nature [43]. The conventional design methods are proved unfit for

designing as they generally achieve suboptimal solution and are sensitive to starting solutions. The

gradient methods may not be suitable for designing because of two main reasons: firstly, there is

the requirement of the objective function to be continuous and differentiable and secondly, they

generally converge to local optimal solution [10].

Failure of conventional and gradient methods in attaining global optimum solutions has at-

tracted many researchers to apply meta heuristic optimization techniques for designing problems.

Meta heuristic optimization techniques are bio inspired algorithms that rely on natural process of

evolution and selection [11]. The evolutionary algorithms (EA) are gaining important because of

their flexible nature, robustness, fast convergence rate and minimum computation time. EA are

widely accepted as selection procedure to solve many engineering design problems [44–46]. For

the design of digital filter the most popular nature inspired algorithms employed are genetic algo-

rithm (GA), differential evolution (DE), particle swarm optimization (PSO), artificial bee colony

(ABC) and simulated annealing (SA) [18, 47–50] etc..

Suckley D. et al. [12] reported the use of genetic algorithm to design low pass FIR filter. A

comparison of performance between the filter designed using GA is made with that designed using

the sequential algorithm of Wade et al. [51]. It is discovered that GA achieves the optimal solu-

tion with minimum computational complexity and is faster than sequential algorithm. Boudjelaba

K. et al. [52] have proposed the hybrid genetic algorithm scheme to design FIR filter. The main

limitation of standard GA is slow convergence. The author has presented the hybridization of stan-

dard genetic operation with the local search approaches. Four different variants of hybrid genetic
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algorithm (HGA) are generated. Each variant varies on basis of the type of local search procedure

(tabu search (TS), hill climbing (HC) or SA) and chromosomes (reference or random) selected in

the algorithm. HGA converges to optimal solution in least execution time. A comparison of simu-

lation results with other traditional filter designing approaches is performed, thus it was concluded

that filter designed using HGA has better frequency response than any other algorithms.

Ababneh J.I et al. [13] have designed finite impulse response filter employing PSO and GA

algorithms. Design procedure involve two different design strategies. In first strategy, length of

the filter, frequencies of passband and stop band and the ratio of the size of the passband and stop

band ripples are considered. In the second one, along with the filter specifications mentioned in

first strategy, the reasonable size of passband and stop band ripples are considered. PSO acquires

the desired filter specifications both with finite and infinite word length filter coefficients.

Mandal S. et al. [1] presented the craziness based PSO called CRPSO algorithm for designing

of high pass FIR filter. The craziness factor is introduced in PSO to remove the limitations of

standard PSO. The craziness factor is used to describe the sudden change in the direction of fish or

bird in fish schooling and bird flocking. It is used to maintain the diversity of the particles. High

pass filter of 20th, 30th and 40th order are realized using CRPSO and results are compared with that

obtained using PM, RGA and PSO. It is found that the filter designed using CRPSO has highest

stop band attenuation and lowest stop band ripples.

Fang W. et al. [53] discovered the quantum behaved PSO known as QPSO algorithm for the

design of low pass and band pass FIR filers. The QPSO algorithm is designed with the combination

of PSO with quantum modal. Each particle in QPSO is assumed to have quantum behavior. It

is realized that QPSO outplays GA and standard PSO in designing filter. The QPSO found the

global optimum solution in very less execution time and has faster convergence speed than GA

and standard PSO.

Saha S. K et al. [54] proposed PSO based on inertia weight approach and constriction factor

and hybridized with wavelet mutation (PSOCFIWA-WM) for designing the 20th order low pass,

band pass, high pass and band stop FIR filter. In PSOCFIWA-WM firstly, the velocity vector of

standard PSO is modified by introducing the constriction factor and inertia weight factor to it.

Secondly, the wavelet transform is used to mutate the velocity vector for generating the optimal

solution. Comparison with PM, RGA, PSO, PSOCFIWA is performed and it is concluded that
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PSOCFIWA-WM found the optimal solution in terms of frequency response and ripples in the

bands of the filter. The solution is obtained in very less time than all other algorithms under

consideration.

Luitel B. et al. [55] have used with quantum infusion based PSO (PSO-QI) to design 20th order

low pass IIR and FIR filter. The basic principle of PSO-QI is to strengthen the global best particle

attained from standard PSO by performing tournament with the off springs generated by QPSO

and to select the winner as the new global best particle in the algorithm. The simulation results

are compared with standard PSO and QPSO. The PSO-QI took more time to converge to global

optimum solution than PSO and QPSO but the algorithm achieves the lowest value of error fitness

function of filter design.

Luitel B. and Venayagamoorthy G.K. [56] suggested the hybridization of PSO with differential

evolution (DE) algorithm for designing the low pass filter. Hybrid of DE and PSO called DEPSO is

used in two different ways. In first case, the error fitness function that is defined in PM algorithm,

is used for filter design while in second case, fitness function is formulated as the mean squared

mismatch between expected low pass filter and designed low pass filter’s frequency response .

From the results obtained, it is concluded that DEPSO converges to lower fitness value in less

number of iterations than PSO.

Vasundhara et al. [43] presented the random particle swarm optimization (RPSO) algorithm

hybrid with DE named random PSODE (RPSODE) to design FIR low pass and high pass filter. In

order to overcome the shortcomings of standard PSO and DE like stagnation and sub-optimality,

RPSODE is used. RPSO uses the weighted particle for randomly adapting the PSO. Weighted

vector helps to maintain balance between the exploration and exploitation searches of algorithm.

The simulation results show that RPSODE finds the best optimal filter coefficients in lesser time

as compared to PSO, DE and PSODE.

Zhao Z. et al. [57] proposed the chaotic theory with standard PSO. The logistic map is used

as the chaotic sequence generator. The proposed algorithm is called as chaotic particle swarm

optimization (CPSO). The low pass and band pass FIR filters are designed using CPSO and results

are compared with PSO and QPSO. It is observed that CPSO outperforms other algorithms in term

of convergence speed and time.

Karaboga N. and Cetinkaya B. [2] have applied the DE for designing FIR filter. The low
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pass FIR filters of 8th, 14th and 20th order are designed. The simulation results are compared

with results obtained using GA and least square method (LSQ). It is found that DE has faster

convergence, requires few control parameters and has simpler structure than GA. DE found the

optimal filter coefficients much faster than GA. Karaboga N. and Cetinkaya B. [19] proposed the

DE to the design the digital FIR filter with fixed point coefficients. The fixed point representation of

coefficients improves the performance of filter by providing larger space for coefficients for same

wordlengths. 20th order low pass filter is designed and performance is compared with GA. The

frequency response of filter designed with DE using fixed point coefficients shows the minimum

deviation from desired response.

Liu G. et al. [58] proposed the modified DE algorithm based on reserved genes to design FIR

filter. The eclectric differential evolution (eDE) scheme is used to generate the mutated vector.

Two array vectors named elite and loser are used to store the best and worst individual of each

generation respectively. Reserved genes of individuals of these two arrays produce new individual

vectors by replacing with genes of other individuals in generation. This method increases the

diversity of population. The author concluded that low pass filter designed with new eDE method

has better frequency response than eDE and GA.

Sharma S. et al. [20] suggested the design of linear phase FIR filter using DE algorithm with

ripple constraint. The ripple constraint handling approach is introduced in order to decrease the

ripples magnitude in the frequency response of filter. Penalty function is used to introduce ripple

constraint in the objective function. Typical weight vectors are assigned with the maximum pass

band and stop band ripples value in the objective function. The simulation results are compared

with the DE without ripple constraint approach and it is observed that filter designed with ripple

constraint using DE has lesser ripples magnitude in stop band. Karaboga N. [59] proposed the

DE algorithm for designing IIR filter. The DE performance is firstly evaluated on generalized

benchmark functions. Secondly, DE is employed to design low order and high order IIR filters and

it is observed that DE has faster convergence speed and require lesser computational time than GA.

Singh B. et al. [60] have proposed the hybrid DE algorithm in order to design infinite impulse

response (IIR) filter. Ten different mutant variants are evaluated for designing IIR filter. Hybrid DE

uses exploratory search method in order to perform global and local search together. Opposition

based learning (OBL) technique is used, in which the opposite solution is checked in order to
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enhance the possibility of starting with better solution. Hybrid DE is used to design low-pass,

high-pass, band-pass and band-stop IIR filters. The results of simulation are compared with genetic

based algorithms i.e. hierarchical genetic algorithms (HGA), hybrid taguchi genetic algorithm

(HTGA) and taguchi immune algorithm (TIA). It is found that hybrid DE satisfies the desired

specifications in amplitude response consistently and is found superior to GA based algorithms.

Albataineh Z. et al. [21] presented hybrid differential evolution (H-DE) algorithm to design

low pass FIR filter. H-DE algorithm uses the local search along with adaptive crossover method to

improve the convergence rate of standard DE. The filter is designed for finite word length filter co-

efficients. The performance comparison of H-DE with GA and PSO shows that H-DE outperforms

PSO by providing fast convergence.

Saha S. K. et al. [61] suggested the opposition based harmony search (OHS) algorithm to de-

sign linear phase FIR filters. In OHS algorithm, opposition learning approach is incorporated into

standard harmony search (HS) algorithm. Opposition based learning (OBL) approach improves

the convergence rate of HS by examining the opposite solution so that algorithm can start with the

better solution. The low pass, band pass, high pass, and band reject filters of order 20 are designed

using OHS and comparison is performed between PM, RGA, DE and PSO. Simulation results

depicts that filter designed with OHS has better magnitude response with minimum magnitude of

ripple in stop band and higher stop band attenuation. OHS retain better convergence in minimum

execution time among all other algorithms under consideration.

Reddy K.S. and Sahoo S.K. [62] proposed the DE algorithm to find optimum set of filter co-

efficients for hardware efficient digital FIR filter design. The DE algorithm is used to find the set

of coefficients with reduced number of signed power of two term (SPT). The hardware cost for

adders is estimated using common sub expression (CSE) elimination algorithm. The filter is de-

signed for various wordlengths and the performance is compared with other algorithms available

literature in term of area, power, delay and power-delay-product (PDP). The proposed technique

shows the PDP gain of 29%, which is maximum value attained than other algorithms based on

remez algorithm.

Saha S.K et al. [14] presented the cat swarm optimization (CSO) algorithm to determine the

optimal coefficients for FIR filters. CSO is applied to design 20th order low pass, high pass, band

pass and band reject FIR filters. The results of simulation are compared with the RGA, DE and
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PSO. It is observed that CSO provides better convergence in less execution time than RGA, DE

and PSO. The frequency response of filters designed with CSO meets the desired specifications

by providing minimum magnitude of the ripple and higher magnitude of attenuation in stop band.

Aggarwal A et al. [63] investigate the effectiveness of population based and swarm intelligence

based algorithms in finding optimum FIR filter coefficients. The 20th order low pass and band

stop filters are designed using PSO, RCGA and cuckoo search algorithm (CSA). The simulation

results shows that filter designed using CSA has flatter response in passband and higher stop band

attenuation. CSA attains the best optimum coefficients in minimum execution time.

Panda R. and Pati U.C. [3] proposed the application of digital FIR filter for the removal of

artifacts from ECG signals. The 100th order low pass and high pass filters are designed using

rectangular, hamming, hanning and balckman window. The peak signal to noise ratio is considered

as the base for comparison. The observations made shows that the filter designed using rectangular

window provide better attenuation in stop band and higher PSNR value than other windows. Mittal

A. and Rege A. [64] presented the window based filtering technique for eliminating the PLI noise

from ECG signal. The FIR filter is designed using kaiser, hamming, and chebyshev windowing

methods. The SNR is calculated for noisy and filtered signal and it is observed that filtered signal

obtained from filter designed using chebyshev window method has higher SNR value than any

other window method.

Biswas U. and Maniruzzaman M. [65] presented the use of adaptive filter and notch filter for re-

moving the power line interference (PLI) noise from ECG signals. The two types of adaptive filter’s

performance is compared with notch filter. The adaptive filters used are normalized least-mean-

square (NLMS) and recursive-least-square (RLS) filters. The performance comparison parameters

used are signal to noise ratio (SNR), mean square error (MSE), power spectral density (PSD) and

percentage root mean square difference (%PRD). It is found that the filtered signal obtained using

adaptive NLMS filter has higher SNR and lower MSE, %PRD values than other filters.

GA introduced by Goldberg D.E. and Holland J.H. in 1988 [47] is the most popular optimiza-

tion technique. GA’s principle is based upon the evolution of genes in living systems. The main

steps require to generate the optimum solution are: initialization of population, selection of chro-

mosome with lower fitness value, crossover with other chromosomes and mutation to produce

diversity in search space. The GA is considered good optimizer for searching the favorable solu-
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tion regions in search space. The major disadvantages of GA are slow convergence, trapping in

local optimum solution when the number of parameters is large, complex in coding and requires

more execution time [13, 66]. PSO was discovered by Kennedy and Eberhart in 1995 [48]. PSO

algorithm is developed after inspiring from the social behavior of certain animals in the team like

fish schooling, bird flocking etc. PSO has faster convergence speed than GA [13]. Although PSO

is found to be efficient in searching the optimum solution for non-linear, non-differentiable and

multi modal problems yet it suffers from the problem of premature convergence, stagnation and

requires large time for computation as compared to other mathematical approaches [16].

Storn and Price [17] in 1995 introduced a well established meta-heuristic approach called dif-

ferential evolution (DE) algorithm. Basic principle of DE states that the weighted difference of

stochastically chosen two individual vectors is added to the third vector. The generated vector

goes through the process of improvement using crossover and selection operations. In the com-

parison study performed by Storn [18], DE was found efficient than SA and GA. DE algorithm is

found to be simpler, faster and requires lesser parameters than other EAs. A comparative study of

performance of different optimization algorithms carried by Dong X.L. et al. [67] concluded DE

outperforms GA in case of efficiency, robustness and convergence. In power systems, DE has been

used by Arya L.D. et al. [68] in planning, operation and distribution. In constrained optimization

problem [69], experimented on benchmark functions, DE performance is compared with PSO and

it is observed that DE performs well in terms of repeatability and quality of solutions obtained.

Deb A. [70] designed the circularly polarized microstrip antenna using EAs. The performance

comparison is made between the standard PSO, RCGA, DE along with their advanced variants and

it is discovered that differential evolution with global and local neighborhood search (DEGL)’s

performance is superior than PSO, GA and their advanced variants.

Similar to other population based algorithms, DE also suffers from the problem of premature

convergence and stagnation. The state of inactivity occurs when algorithm is not able to improve

its solution for the long term generations. The problem of stagnation in case of DE, occurs when

decision space is large and aggravates as the size of dimension increases [71]. To eliminate the DE

deficiencies, improvement strategies have been proposed by many researchers. DE with trigono-

metric mutation [72], incorporation of fuzzy logic with DE [24], hybridization with PSO [22] and

biogeography-based optimization (BBO) [73] have been proposed for the performance improve-
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ment Self adaptive DE is proposed by [74] for short term hydro scheduling problem. In order

to make proper balance between exploration and exploitation capabilities of algorithm, chaotic

map sequences have been introduced in mutation strategy of DE in number of engineering design

problems [30–32] and the performance of chaotic based DE is found to be superior than other

population based algorithms.

12



CHAPTER 3

PROBLEM DEFINATION

The impulse response of a system defines it’s behavior when impulse signal is applied at the input.

The impulse function is used to estimate the system behavior for all the frequencies. The impulse

response of ideal digital filter is non causal in nature. The system is called non causal when

system’s output not only depends on the present or past values but also on the future values of

input. This non causal nature of ideal filter makes the practical realization impossible. For any

frequency selective filter causality is the main matter of concern. The equation for linear time

invariant systems that are causal and can be practically realized, is mathematically written as:

y(n) =−
N

∑
k=1

aky(n−1)+
M−1

∑
k=0

bkx(n−1) (3.1)

where M and N are the lengths of the input and output discrete sampled signals. ak and bk are real

and constant parameters. The frequency response of LTI systems is given by:

H(ω) =
∑

M−1
k=0 bke− jωk

1+∑
N
k=1 ake− jωk

(3.2)

From the Eq. 3.2 it is clear than frequency response of any system depends on the value of its

coefficients i.e ak and bk.

The designing process of any physically realizable digital filter is to approximate the ideal

frequency response characteristics by proper selection of the filter coefficients. The magnitude

response of physically realizable low pass digital filter is shown in Fig 3-1. The ωp, ωs and ωc are

the pass band edge frequency, stop band edge frequency and cut off frequency of the digital low

pass filter respectively. The region which defines the transition of response from pass band to stop

band regions is called transition band (4ω) of the filter. δp is the magnitude of ripple in pass band

and δs is the magnitude of ripple present in stop band region of filter. The maximum stop band
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Figure 3-1: Amplitude vs frequency plot of practical low pass filter.

attenuation αs and maximum pass band ripple αp on decibel scale is defined as:

αs =−20log10(δs) (3.3)

αp =−20log10(δp) (3.4)

The digital FIR filter is mathematically represented as:

H(z) =
N

∑
n=0

h(n)z−n (3.5)

where h(n) is the finite impulse response, N is the order of the filter having length (N +1).

The frequency response of the filter is obtained by the discrete fourier transformation (DFT) of

the filter impulse response as:

H(e jω) =
N

∑
n=0

h(n)e− jωn (3.6)

For ideal low pass filter the frequency response is defined as:

D(ω) =

1 f or ω≤ ωc

0 otherwise
(3.7)
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For ideal high pass filter the frequency response is defined as:

D(ω) =

1 f or ω≥ ωc

0 otherwise
(3.8)

where ωc is the cut off frequency of filter. For designing an optimum filter using optimization

algorithms, the error function plays a vital role. The algorithm optimizes the error function in

order to obtain optimum filter coefficients. In this work, least square error (LSE) is used as error

function. Mathematically, least square error L(ω) is defined as:

L(ω) = min
[∣∣DI(e jω)

∣∣− ∣∣Hd(e jω)
∣∣]2

(3.9)

where DI(e jω) is ideal frequency response and Hd(e jω) is the frequency response of designed filter.

3.1 Ripple constraint handling

In order to obtain higher stop band attenuation, lower magnitude of ripples in stop band and pass

band region, ripple constraint is introduced. A traditional penalty function based constraint han-

dling technique is used to handle the ripple constraint [20]. The penalty function penalizes the

infeasible ripple values that appear in the pass band and stop band of the filter. The maximum

ripple jp(ω) in pass band is defined as:

jp(ω) = max| 1−H(ω) |

f or ω ∈ passband (3.10)

In stop band maximum ripple js(ω) is defined as:

js(ω) = max| H(ω) |

f or ω ∈ stopband (3.11)

15



The modified objective function for filter design generated by considering the LSE along with

ripple constraint is described as:

E(ω) = crL(ω)+ cp jp(ω)+ cs js(ω) (3.12)

where cr, cp, cs are suitable weight vectors associated with least square error L(ω), maximum

pass band ripple jp(ω) and maximum stop band ripple js(ω) respectively. The coefficients h(n)

determines the filter type such as low pass, band pass, high pass and band reject filter. The objective

of filter design problem is to obtain h(n) so that expected specifications can be met. On the basis of

length and symmetry of filter, FIR filters are classified as: type 1, type 2, type 3 and type 4. In this

study, type 1 FIR filter having odd length and even symmetry i.e. h(n) = h(N−n) for 0 6 n 6 N

is designed. The symmetry property of FIR filter reduces the computational task because instead

of optimizing N only N
2 +1 filter coefficients are required.
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CHAPTER 4

CHAOTIC DIFFERENTIAL EVOLUTION ALGORITHM

Differential evolution (DE) algorithm is heuristic approach introduced by Storn R. and Price K.

in 1995 [17]. It is the population based algorithm and works in similar fashion as other genetic

based algorithms do. To construct better solutions, DE differs from GA algorithm in the sense

that it highly depends on the mutation operation while the other depends on crossover operation

[2]. DE is the simple, fast and inherently parallel search method. The DE has better convergence

than other EAs and also requires few control parameters. The basic idea of DE is to generate new

individual vector by performing addition of weighted difference between two randomly chosen

individual vectors with third randomly chosen vector. Generated new individual vector is called

mutant vector. The mutant vector goes through the process of crossover and selection to obtain

the optimal solution for any problem. In DE, mutation is the search mechanism while crossover

and selection operations directs the search towards the region having set of better solutions. The

control parameters of DE are population size (Np), mutation scale factor (F) and crossover rate

(CR). The basic steps involved in the DE algorithm are :

1. Initialization: The initial step involve in algorithm is the initialization of population. The

initial population of size NP and D dimension is randomly generated. With the increase in

the size of dimension, the population size must be taken large enough so that the algorithm

should have large search space to find best solution out of it. The size of population taken

must be between ten times or five times of the dimension [18]. In D dimensional search space

an ith individual vector of population at kth generation is denoted as xk
i j; (i = 1,2, ...,NP, j =

1,2, ...,D). The value of individual vectors must lie within certain range. Each individual

vector is thus defined as:

xk
i j = xmin

j + rand(xmax
j − xmin

j ) (4.1)

where xmax
j and xmin

j is the maximum and the minimum limit of individual vector respectively

and rand ∈ [0,1] is uniformly distributed random number.

2. Mutation: For every individual vector of population, a mutant vector V k
i j is generated by
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the process of mutation. Among different mutation strategies existing in DE, most popular

mutation strategies are defined below:

DE/rand/1 : V k
i j = xk

r1 j +F(xk
r2 j− xk

r3 j) (4.2)

DE/best/1 : V k
i j = xk

best +F(xk
r1 j− xk

r2 j) (4.3)

DE/current− to−best/1 : V k
i j = xk

i j +F(xk
best− xk

i j)+F(xk
r1 j− xk

r2 j) (4.4)

DE/best/2 : V k
i j = xk

best +F(xk
r1 j− xk

r2 j)+F(xk
r3 j− xk

r4 j) (4.5)

DE/rand/2 : V k
i j = xk

r1 j +F(xk
r2 j− xk

r3 j)+F(xk
r4 j− xk

r5 j) (4.6)

where xk
best is the best individual vector that acquire best fitness value at generation k and

indices r1 6= r2 6= r3 6= r4 6= r5 are randomly chosen index from the range [1,Np] and are

different from base index i. The process of mutation is illustrated for DE/rand/1 scheme in

the Fig 4-1.

Figure 4-1: Mutation process for DE/rand/1 scheme.
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3. Crossover: In order to maintain useful diversity in population, crossover operation is per-

formed. Crossover operation involves mixing of parameters of mutant vector with that of

individual vector and generate new vector called trial vector. In the DE family of algorithms,

there are two commonly used crossover methods namely exponential and binomial [75]. In

binomial crossover, the crossover is performed when value of random number is less than

crossover rate (CR). Mathematically, the generation of trial vector Ui j is represented as:

Uk
i j =

V k
i j i f (rand j ≤CRor j = jrand)

xk
i j otherwise

(i = 1,2, . . . ,NP, j = 1,2, . . . ,D) (4.7)

where rand j ∈ [0,1] is the jth evaluation of a uniform random number generator and jrand ∈

[1,D] is the randomly chosen index.

4. Selection: In selection procedure, better performing individual is selected for the generation.

It determines whether to select trial or individual vector as member of (k+1)th generation.

Mathematically, it is written as:

xk+1
i j =

Uk
i j i f f (Uk+1

i j )< f (xk
i j)

xk
i j otherwise

(i = 1,2, . . . ,NP, j = 1,2, . . . ,D) (4.8)

where f () is the objective function defined for the problem to be minimized.

If the trial vector yields the lower fitness value for the objective function then it replaces

the individual vector in the next generation and otherwise individual vector remains same in

next generation.

The previously mentioned steps are repeated for every individual vector until the best opti-

mum solution is obtained. The algorithm terminates when maximum number of generations,

specified by the user, have been executed. The iterative search process of DE is defined in

algorithm 1.

19



Algorithm 1 Differential evolution algorithm
Initialize individual’s population array using random process

1: while stopping criteria unmet do
2: Evaluate the fitness value of each individual based on objective function
3: Select three individual’s randomly for performing mutation operation and generate mutant

vector.
4: Perform crossover operation to generate trial vector
5: Select an individual for next generation out of trial and target vector based on lower fitness

value of objective function
6: end while

4.1 Chaotic Differential Evolution Algorithm

The chaotic differential evolution (CDE) algorithm is a modification of conventional DE algorithm,

which relies on chaotic sequence for its performance improvement. The very basic difference

between standard DE and CDE is that in DE the random numbers are generated by using uniformly

distributed random number generator whereas in CDE, chaotic map sequences replace the standard

random number. Chaotic map is random number generation function. Chaotic map exhibits the

similar properties of randomness with better statistical and dynamical properties. Tent map and

Gauss map are used for generating randomization in algorithm’s search process. The tent map

based chaotic sequence generated is defined as [29] :

ρn+1 =


ρn
0.7 i f ρn < 0.7

10
3 (1−ρn) otherwise

(4.9)

The equation for gauss map is defined as follow [29] :

ρn+1 =

0 i f ρn = 0

1
ρn

mod 1 otherwise
(4.10)

where the value ρn lies between 0 and 1.
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The basic steps involve in CDE approach are given below:

• Initialization: The chaotic map sequence is used to randomly initialize the population (xk
i j)

in the problem specific limits. In the present work ρ(0,1) is used to represent the chaotic se-

quence. The population individuals are initialized by scaling the chaotic sequence generated

random numbers in the specified limits.

• Mutation: In order to perform mutation operation on individual vectors, different mutation

strategies as mentioned in Eq. 4.2-4.6 can be used. In this algorithm the index numbers,

used for selecting random individuals to perform mutation, are generated by chaotic map

sequence.

• Crossover: A trial vector (Uk
i j) is generated by performing the crossover operation between

mutated (V th
i j ) and individual vector (xk

i j). In chaotic crossover operation, the random number

and randomly chosen index value are generated using chaotic maps. The value of random

number generated is compared with crossover rate (CR) in order to ensure whether to per-

form the crossover operation or not.

• Selection: The objective function is evaluated for both trial and individual vector to select

the next generation individual vector (xk+1
i j ). If the trial vector produces lower fitness value

than individual vector, then it replaces that individual vector in next generation. The vector

having lowest fitness value is selected as the best (xbest) solution for the next generation.

The process of mutation, crossover and selection is performed at each generation until the stopping

criteria is satisfied. The stopping criteria used in this work is the maximum number of generations.

The pseudo-code for CDE algorithm is presented in Algorithm 2.
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Algorithm 2 Psudocode for CDE algorithm
Input: Population size Np, Dimensions D, mutation scale factor F , maximum limit xmax, mini-

mum limit xmin, , crossover rate CR, maximum generation IT max

Generate a random initial population
for i = 1→ Np do

for j = 1→ D do
xi j = xmin +ρ(0,1)(xmax− xmin)

end for
Evaluate fitness f (xi j)

end for
xbest=xi j with min[ f (xi j)]
for k = 1→ IT max do

for i = 1→ Np do
Select the individuals to perform mutation operation such that ρ1 6= ρ2 6= ρ3
V k

i j = xk
ρ1 j +F(xk

ρ2 j− xk
ρ3 j)

Crossover operation
if ρ j 6CR or ρ j = j then

Uk
i j =V k

i j
else

xk
i j

end if
Selection operation
if f (Uk

i )< f (xk
i ) then

xk+1
i =Uk

i
end if

end for
if f(xk+1

i )<f(xbest) then
xbest = xk+1

i
end if

end for
Output: xbest
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CHAPTER 5

SOLUTION APPROACH

The objective of finte impulse response (FIR) filter design process is to obtain a set of filter co-

efficients to achieve desired frequency response specifications. The solution methodology used

in this work involves the use of chaotic differential evolution (CDE) algorithm to solve the FIR

filter design problem. In this process, suitable set of filter coefficients are searched using the CDE

approach for the desired specification of the filter.

5.1 Solution representation

In order to design the FIR filter, the filter coefficients are the search variables. In this optimization

approach, dimension size (D) is the number of filter coefficients to be searched. For designing the

type 1 FIR filter, the number of coefficients reduced to N
2 +1. An ith individual hi represents a set

of coefficients such that hi = [h1,h2, ...hD]. Considering Np as population size, the filter coefficients

at kth generation are represented as:

hk
i = [hk

i1,h
k
i2, ......h

k
iD] (i = 1,2, . . . ,Np) (5.1)

The control parameters used in algorithm are mutation scale factor (F) and crossover rate (CR).

The value of F and CR lies between 0 and 1.

5.2 Population initialization

The initial population representing the set of filter coefficients is generated randomly using chaotic

map sequence. The maximum (hmax) and minimum (hmin) limits of the filter coefficients are spec-

ified as 1 and -1 respectively. Mathematically, the initialization of population is described as:
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hi j = hmin
j +ρ(0,1)(hmax

j −hmin
j )

(i = 1,2...,Np, j = 1,2, ...,D) (5.2)

where ρ(0,1) is the random number generated by chaotic map.

5.3 Solution evaluation

The objective function E(ω) for designing the FIR filter is mentioned below:

E(ω) = crL(ω)+ cp jp(ω)+ cs js(ω) (5.3)

where cr, cp, cs are suitable weight vectors associated with least square error L(ω), maximum pass

band ripple jp(ω) and maximum stop band ripple js(ω) respectively. After performing experimen-

tal trials, the value of cr, cp, cs are selected as 1, 1000 and 2000 respectively. The value of cs is

taken more than cp because the magnitude of ripples is generally more in stop band than in pass

band region of filter. The objective function is evaluated for each individual vector of population.

The vector having lowest fitness value is represented as hbest .

5.4 Solution updation and termination

An ith individual of the population is upgraded using the process of mutation, crossover and selec-

tion. At each generation k an ith individual is used to produce the mutant vector V k
i j. The chaotic

crossover operation is performed to create new vector called the trial vector Uk
i j. The selection

operation selects the individual xk+1
i j for the next generation out of Uk

i j and xk
i j. The selection is

performed on the basis of objective function value specified by Eq. 5.3. In addition, the population

best represented by hbest is upgraded based upon better fitness value by comparing with xk+1
i j . The

process of updation continues until the maximum number of generation (IT max) has been executed.

After completion of iterative process, the hbest is selected as a solution of FIR filter design problem.

The complete CDE iterative process to design FIR filter is represented as flow chart in Fig 5-1.

24



Figure 5-1: Flow chart of CDE approach for FIR filter design
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CHAPTER 6

RESULTS AND DISCUSSION

6.1 Performance anlysis for generalised test functions

The performance of DE and CDE algorithm is evaluated by using test functions. The generalized

benchmark functions [76, 77] used in this work for the evaluation purpose are tabulated in Table

6.1. Table 6.1 describes the description, range and global minima of the test functions under con-

sideration. The algorithm presented in flowchart is implemented in MATLAB 8.3 version using

Table 6.1: Generalized test functions range and global optimum

Function Description Expression Range Global optimum

f1 Sphere function ∑
D
i=1 x2

i [-5.12, 5.12] 0

f2 Rosenbrock’s function ∑
D−1
i=1 100[(x2

i − xi+1)
2 +(xi−1)2] [-30, 30] 0

f3 Schwefel 2.22 function ∑
D
i=1|x2

i |+∏
D
i=1 |xi| [-100, 100] 0

f4 Rastrigin function 10.D+∑
D
i=1 x2

i −10.cos(2πxi) [-5.12, 5.12] 0

f5 Schwefel function 418.98.D−∑
D
i=1 x2

i sin
√

xi [-500, 500] 0

f6 Ackley function −20e−0.02

√
∑

D
i=1 x2

i
D − e

1
D ∑

D
i=1 cos2πxi +20+ e [-35, 35] 0

f7 Griewank function
1

4000

D

∑
i=1

x2
i −

D

∏
i=1

cos
(

xi√
i

)
+1 [-100, 100] 0

f8 Step function ∑
D
i=1 b|xi|c [-100, 100] 0

f9 Step2 function ∑
D
i=1 bxi +0.5c2 [-100, 100] 0

Intel core i3, 1.90GHz with installed memory of 4.00 GB. The values of control parameters of DE

and CDE used to evaluate the performance of various benchmark test functions are described in

Table 6.2

First of all, DE algorithm is implemented by incorporating different mutation strategies on bench-

mark test functions. The comparison between different mutation scheme is made on the basis of

convergence rate. Thirty independent trials are performed for each mutation scheme based algo-

rithm and the convergence plot of best solution out of thirty trials are shown in Fig. 6-1 to 6-9.
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Table 6.2: Parameters values of DE and CDE for optimizing the test functions

Parameters DE / CDE
Population size (Np) 100
Dimension (D) 10
Mutation scale factor (F) 0.85
Crossover rate (CR) 0.25
Number of iteration (IT max) 2000

Fitness value vs iteration plot is shown for first 100 iterations only.

Figure 6-1 shows the convergence profile of different mutation scheme for Sphere function. It is

observed from the convergence plot that DE/current-to-best/1 and DE/best/1 have faster conver-

gence rate than other schemes. Figure 6-2 shows the convergence profile of different mutation

scheme for Rosenbrock function. In this case, DE/current-to-best/1 performs better than other

schemes.

Figure 6-1: Sphere function

Figure 6-2: Rosenbrock function
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Figure 6-3 and Fig. 6-4 shows the convergence profile for Schwefel 2.22 function and Rastri-

gin function respectively. In these figures DE/current-to-best/1 and DE/best/1 have similar perfor-

mance and better convergence than other methods.

Figure 6-3: Schwefel 2.22 function

Figure 6-4: Rastrigin function

Figure 6-5: Schwefel function
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In case of Schwefel function the convergence profile shown in Fig. 6-5 demonstrates that

DE/best/1 converges faster than all other strategies. Figure 6-6, Fig. 6-8, Fig. 6-7 and Fig. 6-9

shows the convergence profile for Ackley, Griewank, Step and Step2 function respectively.

Figure 6-6: Ackley function

Figure 6-7: Griewank function

Figure 6-8: Step function
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Figure 6-9: Step2 function

It is well observed in all these convergence plots that DE/current-to-best/1 has better conver-

gence rate than all other mutation schemes. After evaluating the all test functions using different

mutation schemes of DE, the DE/current-to-best/1 mutation strategy’s performance is found supe-

rior in each case.

The CDE algorithm’s performance is compared using Tent map and Gauss map as random

number generator function. The CDE algorithm using Tent map sequence is termed as CDE-1 and

for using Gauss map sequence is termed as CDE-2. The five mutation scheme used in CDE algo-

rithm are termed as CDE/x/y, where x and y defines the mutation scheme. The algorithm is made

to run for 30 times. The number of iterations has been taken 200. The minimum fitness values

attained using different mutation strategies is plotted against the frequency of occurrence.

Figure 6-10, 6-11 and 6-12 shows the frequency vs fitness plot for test functions under consid-

eration using CDE-1 and CDE-2 algorithms respectively. For Sphere function Fig. 6-10a shows

the convergence for CDE-1 and Fig. 6-10b is for using CDE-2. It is observed that for both CDE-

1 and CDE-2, CDE/current-to-best/1 mutation strategy converges to minimum value for almost

all 30 runs. Fig. 6-10c and Fig. 6-10d shows the frequency plot for Rosenbrock function using

CDE-1 and CDE-2 respectively. The CDE/best/1 mutation scheme in CDE-2 algorithm attains

minimum value for more number of times than in CDE-1. CDE/current-to-best/1 has compara-

ble performance in both the cases. For Schwefel 2.22 function Fig. 6-10e and Fig. 6-10f shows

frequency plot using CDE-1 and CDE-2 respectively. It is found that both CDE/current-to-best/1

and CDE/best/1 approaches to minimum value for more number of times than any other mutation

scheme in both CDE-1 and CDE-2 algorithms.
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(a) Frequency plot for Sphere function using CDE-1 (b) Frequency plot for Sphere function using CDE-2

(c) Frequency plot for Rosenbrock function using CDE-1 (d) Frequency plot for Rosenbrock function using CDE-
2

(e) Frequency plot for Schwefel’s 2.22 function using
CDE-1

(f) Frequency plot for Schwefel’s 2.22 function using
CDE-2

Figure 6-10: Generalized test functions convergence comparison using Tent map and Gauss map

Considering Fig. 6-11, frequency plot for Rastrigin function using CDE-1 and CDE-2 is de-

picted in Fig. 6-11a and Fig. 6-11b respectively. In both these techniques, CDE/current-to-best/1

performs in the similar manner. For Schwefel function Fig. 6-11c and Fig. 6-11d shows frequency

plot using CDE-1 and CDE-2 respectively. CDE/current-to-best/1 attain minimum value for more

number of times for using CDE-1 than using CDE-2 approach. The frequency plot for Ackley

function using CDE-1 and CDE-2 approach is shown in Fig. 6-11e and Fig. 6-11frespectively.

Fig. 6-11e shows that CDE/current-to-best/1 performs better in case of CDE-1 algorithm.
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(a) Frequency plot for Rastrigin function using CDE-1 (b) Frequency plot for Rastrigin function using CDE-1

(c) Frequency plot for Schwefel function using CDE–1 (d) Frequency plot for Schwefel function using CDE-2

(e) Frequency plot for Ackley function using CDE-1 (f) Frequency plot for Ackley function using CDE-2

Figure 6-11: Generalized test functions convergence comparison using Tent map and Gauss map

Considering Fig. 6-12, frequency plot for Griewank function using CDE-1 and CDE-2 is de-

picted in Fig. 6-12a and Fig. 6-12b respectively. The plot shows that CDE/current-to-best/1 has

almost comparable performance in evaluating the function for using either CDE-1 or CDE-2 tech-

nique. In case of Step function Fig. 6-12c and Fig. 6-12d shows that CDE/current-to-best/1 and

CDE/best/1 attain minimum value for all 30 runs for both the cases. CDE/current-to-best/1 is

found to attain the minimum value for almost all runs (Fig. 6-12e and Fig. 6-12f) in case of using

either CDE-1 and CDE-2 for evaluating the step2 function.

From the above discussion, it is observed that CDE/current-to-best/1 mutation scheme generally

outperforms all other mutation schemes and the performance of CDE-1 is generally found better

than CDE-2 algorithm. For comparing the performance of DE and CDE in evaluating the test
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(a) Frequency plot for Griewank function using CDE-1 (b) Frequency plot for Griewank function using CDE-2

(c) Frequency plot for Step function using CDE-1 (d) Frequency plot for Step function using CDE-2

(e) Frequency plot for Step2 function using CDE-1 (f) Frequency plot for Step2 function using CDE-2

Figure 6-12: Generalized test functions convergence comparison using Tent map and Gauss map

functions, current-to-best/1 mutation strategy is used in both the cases. In case of CDE algorithm,

for randomization tent map chaotic sequence is selected. The algorithms are made to run for 30

times. Number of iterations taken as 2000. The comparison of best fitness values attained for test

functions using DE and CDE algorithm is tabulated in Table 6.3. It is well observed that CDE

attains the lower fitness value for all the functions under consideration than the DE.

6.2 Performance analysis of proposed approach for filter design problem

The performance of proposed algorithm is investigated for solving real time engineering design

problems. FIR filters are designed using CDE algorithm and results are compared with that ob-
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Table 6.3: Comparison of best fitness values attained

Function DE CDE

f1 1.01×10−79 1.10×10−81

f2 2.58 4.51×10−17

f3 9.82×10−44 3.21×10−44

f4 1.12×10−8 5.30×10−9

f5 1.18×102 1.27×10−4

f6 7.999×10−15 4.44×10−15

f7 0 0

f8 0 0

tained using classical DE algorithm. The algorithm searches for the best set of filter coefficients to

meet the desired frequency spectral specifications. In this work, the low pass and high pass filters

of 20th and 30th order are designed using DE and CDE algorithm. The filter specifications are

presented in Table 6.4. To design 20th order filter, the population size is taken as 50 and number

Table 6.4: FIR filter specifications

Low pass filter High pass filter

Sampling frequency ( fs) 1Hz 1Hz

Number of frequency samples 128 128

Pass band edge frequency (normalized) (ωp) 0.45 0.5

Stop band edge frequency (normalized) (ωs) 0.55 0.45

Transition width (4ω) 0.1 0.1

of iterations chosen as 500. For 30th order filter designing, the population size has been taken 100

and number of iteration chosen as 1000. Values of F and CR taken are 0.8 and 0.9 respectively.
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6.2.1 20th order low pass filter

The magnitude response and normalized plot for 20th order low pass filter is demonstrated in Fig.

6-13 and Fig. 6-14 respectively. The frequency response characteristics of filter designed using

Figure 6-13: Magnitude response in dB for 20th order low pass filter

Figure 6-14: Normalized plot for 20th order low pass filter

DE and CDE are compared and discussed in Table 6.5. It is observed that filter designed using CDE

provide higher attenuation in stop band i.e. 33.699 dB while using DE stop attenuation achieved is

27.0568 dB. The filter coefficients obtained using DE and CDE approach for designing 20th order

low pass filter are tabulated in Table 6.6.
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Table 6.5: Parameters comparison for 20th order low pass filter

Parameter DE CDE

Maximum pass band ripple (normalized) 0.150329 0.114594

Maximum stop band ripple (normalized) 0.044377 0.021454

Maximum stop band attenuation (dB) 27.0568 33.3699

Table 6.6: Optimal filter coefficients for 20th order low pass filter

h(n) DE CDE h(n)

h(1) -0.021680251 -0.042110069 h(21)

h(2) -0.017237346 -0.042110069 h(20)

h(3) 0.013026892 0.004484677 h(19)

h(4) 0.037789223 0.03776406 h(18)

h(5) -0.017238376 -0.006437069 h(17)

h(6) -0.075986539 -0.057235066 h(16)

h(7) -0.007667183 0.006649022 h(15)

h(8) 0.104124264 0.103519305 h(14)

h(9) -0.005524652 -0.009426993 h(13)

h(10) -0.311296449 -0.315284447 h(12)

h(11) -0.481737037 -0.493638326 h(11)

6.2.2 30th order low pass filter

For 30th order low pass filter the magnitude and normalized plot is shown in Fig. 6-15 and Fig.

6-16. The comparison of frequency response characteristics for 30th order low pass filter is

discussed in Table 6.7. The magnitude of ripple in pass band and stop band of filter designed

using CDE has been significantly decreased. The CDE yields maximum stop band attenuation of

34.6792 in comparison to DE (24.2650 dB). The set of filter coefficients obtained for 30th order

low pass filter are presented in Table 6.8.
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Figure 6-15: Magnitude response in dB for 30th order low pass filter

Figure 6-16: Normalized plot for 30th order low pass filter

Table 6.7: Parameters comparison for 30th order low pass filter

Parameter DE CDE

Maximum pass band ripple (normalized) 0.09801 0.021442

Maximum stop band ripple (normalized) 0.06121 0.018452

Maximum stop band attenuation (dB) 24.2650 34.6792

6.2.3 20th order high pass filter

Figure 6-17 and Fig. 6-18 shows the magnitude and normalized plot respectively for 20th or-

der high pass filter. Comparison of DE and CDE based on frequency response characteristics is
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Table 6.8: Optimal filter coefficients for 30th order low pass filter

h(n) DE CDE h(n)

h(1) -0.015707031 0.013542642 h(31)

h(2) -0.002797467 -0.000832524 h(30)

h(3) 0.008100741 -0.013486594 h(29)

h(4) 0.002162997 -0.000510386 h(28)

h(5) -0.020491495 0.017998923 h(27)

h(6) 0.011786882 0.00005630 h(26)

h(7) 0.031503889 -0.026686573 h(25)

h(8) -0.01508075 -0.000846902 h(24)

h(9) -0.04164009 0.036906698 h(23)

h(10) 0.012260194 -0.000695051 h(22)

h(11) 0.061312113 -0.059034272 h(21)

h(12) 0.00381118 -0.001105003 h(20)

h(13) -0.105254853 0.102251935 h(19)

h(14) -0.003504403 -0.000102292 h(18)

h(15) 0.311822989 -0.317422061 h(17)

h(16) 0.471041904 -0.500466051 h(16)

discussed in Table 6.9. From the table, it is observed that filter designed using CDE provides max-

imum stop band attenuation of 32.9994dB while DE yields maximum attenuation in stop band of

27.7594dB.

Table 6.9: Parameters comparison for 20th order high pass filter

Parameter DE CDE

Maximum pass band ripple (normalized) 0.151796 0.111813

Maximum stop band ripple (normalized) 0.040929 0.022389

Maximum stop band attenuation (dB) 27.7594 32.9994

The filter coefficients obtained for 20th order high pass filter are tabulated in Table 6.10.
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Figure 6-17: Magnitude response in dB for 20th order high pass filter

Figure 6-18: Normalized plot for 20th order high pass filter

6.2.4 30th order high pass filter

The magnitude response and normalized plot for 30th order high pass filter is depicted in Fig. 6-

19 and Fig. 6-20 respectively. The frequency response characteristics comparison for 30th order

high pass filter using DE and CDE algorithm is presented in Table 6.11. It is observed that filter

designed using CDE provide higher attenuation in stop band i.e. 34.7571 dB while using DE stop

attenuation achieved is 29.8366 dB. The filter coefficients obtained using DE and CDE approach

for 30th order high pass filter are tabulated in Table 6.12.
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Table 6.10: Optimal filter coefficients for 20th order high pass filter

h(n) DE CDE h(n)

h(1) 0.024725224 -0.031857732 h(21)

h(2) -0.019494602 0.040630277 h(20)

h(3) -0.020092232 0.00693843 h(19)

h(4) 0.043659919 -0.036323933 h(18)

h(5) 0.020334707 -0.00753273 h(17)

h(6) -0.071302036 0.059572815 h(16)

h(7) -0.002870702 0.008696113 h(15)

h(8) 0.098085673 -0.100960694 h(14)

h(9) 0.011444699 -0.008729189 h(13)

h(10) -0.319805077 0.316267781 h(12)

h(11) 0.479077303 -0.488635319 h(11)

Figure 6-19: Magnitude response in dB for 30th order high pass filter

Table 6.11: Parameters comparison for 30th order high pass filter

Parameter DE CDE

Maximum pass band ripple (normalized) 0.059429 0.022317

Maximum stop band ripple (normalized) 0.032223 0.018287

Maximum stop band attenuation (dB) 29.8366 34.7571
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Figure 6-20: Normalized plot for 30th order high pass filter

From all of the above discussion, it is well known that the frequency response reveals the supe-

riority of the proposed CDE technique over the conventional DE technique for both the cases of

high pass and low pass filter designing. The frequency response characteristics comparison for

both high pass and low pass filter of 20th and 30th order shows that the filter designed using CDE

approach provide better control over the ripples in stop band and pass band and provides more stop

band attenuation than that designed using DE technique.

The comparison of both the algorithms engaged to optimize the coefficients for 20th order

low pass and high pass filters, in terms of error fitness value is shown in Fig. 6-21 and Fig. 6-

22 respectively. The figure is plotted between the error fitness values versus the iteration values.

Similar plots are obtained for 30th order low pass and high pass filter. The convergence profile

shows that CDE converges to lower fitness value in few number of iteration than DE algorithm.

Therefore, it can be observed that CDE algorithm takes less computation time than DE algorithm

for execution.
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Table 6.12: Optimal filter coefficients for 30th order high pass filter

h(n) DE CDE h(n)

h(1) 0.009613338 0.012350149 h(31)

h(2) 0.00570878 0.003525865 h(30)

h(3) -0.01566682 -0.014442359 h(29)

h(4) -0.005224997 -0.000197562 h(28)

h(5) 0.019274438 0.018065758 h(27)

h(6) -0.000350483 0.000866718 h(26)

h(7) -0.022783397 -0.025521657 h(25)

h(8) -0.001244285 -0.00186593 h(24)

h(9) 0.042130565 0.037962059 h(23)

h(10) 0.001627102 0.001968987 h(22)

h(11) -0.061541154 -0.058921616 h(21)

h(12) -0.005113899 -0.000489518 h(20)

h(13) 0.106029949 0.100987639 h(19)

h(14) -0.001785102 0.003860517 h(18)

h(15) -0.325051703 -0.31945887 h(17)

h(16) 0.499426605 0.500540819 h(16)

Figure 6-21: Convergence profile for 20th order low pass filter
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Figure 6-22: Convergence profile for 20th order high pass filter

The proposed CDE algorithm performance is also compared with the results obtained by other

researchers. Table 6.13 shows the comparison of results obtained using CDE algorithm with other

results reported in literature.

Table 6.13: Comparison of proposed method results with other reported results

Algorithm
Parameters

Filter type Order
Max. pass band ripple

(normalized)

Max. stop band ripple

(normalized)

Max. stop band attenuation

(dB)

DE [2] Low pass 20 >0.08 >0.09 -

PSO [13] Low pass 30 0.15 0.031 <30

DEPSO [56] Low pass 20 0.291 0.270 <27

eDE [58] Low pass 20 0.04 >0.07 -

CRPSO [1] High pass 20 0.126 0.0722 22.83

High pass 30 0.139 0.0363 28.78

PSOCFIWA-WM [54] High pass 20 0.150 0.0260 31.69

CSA [63] High pass 20 0.020 0.0363 28.80

Proposed (CDE) Low pass 20 0.115 0.0214 33.36

High pass 20 0.112 0.0224 32.99

Low pass 30 0.021 0.0185 34.67

High pass 30 0.020 0.0192 34.32

From the table, it is observed that, the low pass filter of 20th order designed using proposed

CDE approach has lower pass band ripple than DEPSO [56] and lower stop band ripple than DE

[2], DEPSO [56] algorithms. 30th order low pass filter designed using CDE has higher stop band

attenuation than PSO [13] algorithm. High pass filter of 20th order designed using CDE has lower
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pass band ripples than CRPSO [1] and PSOCFIWA-WM [54] algorithms. Maximum stop band

attenuation achieved is higher than CRPSO [1], PSOCFIWA-WM [54] and CSA [63] techniques.

The 30th order high pass filter using CDE has higher stop band attenuation and lower pass band and

stop band ripples than CRPSO [1]. The comparison results reveals that proposed CDE algorithm

provide maximum stop band attenuation and lower magnitude ripples in pass band and stop regions

of filter.
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CHAPTER 7

CASE STUDY

In this chapter, the application of chaotic differential evolution (CDE) algorithm to design filter

for filtering the noise corrupted biomedical signal is discussed. The possible sources of noise for

the biomedical signal can be sensors or signal conditioning circuits. Addition of noise into the

signal distorts the signal quality and results in misleading interpretation of data. In this case study,

electrocardiogram (ECG) signal is taken into consideration. Power line interference (PLI) noise

introduced in ECG signal is removed using notch filter designed using CDE algorithm.

7.1 ECG signal

Electrocardiogram (ECG) is used to measure and record the electrical activity of human heart.

Graphical recording of the electrical activity of heart helps in diagnosing various heart related dis-

eases and abnormalities present. The typical ECG waveform of healthy person is shown in Fig.

7-1. ECG is recorded by placing the surface electrodes on the limbs or chest of the patient. The

amplitude of signal recorded is of small magnitude. A typical range is 0.0001 to 0.003 volt and

frequency range lies between 0.05 to 100 Hz [78]. ECG signals have only one form of morpho-

logical characteristics (P-QRS-T). The visual analysis of any variations in this morphology, makes

it possible to diagnose many cardiac diseases. The major noise sources present in ECG signal are

described below [79] :

Baseline Wander: The sources of baseline wander noise added into ECG trace include respiration,

perspiration, body movements and poor electrode contacts etc. The wander noise added in ECG

increases the amplitude of QRS complex. The spectral content of this noise added is confined to

frequency range of 0.15 to 0.3 Hz i.e below 1 Hz.

Power Line Interference: PLI is high frequency noise present in ECG signal. The PLI noise is

centered at 50/60 Hz. The main source of generation of this noise is the improper grounding of the

ECG equipments.

Electromyographic noise: EMG noise is generated either due to the contraction of muscles along
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Figure 7-1: Typical ECG waveform

with the heart or by sudden movements of body. The spectral content of EMG noise signal is

generally present in a frequency range from dc to 10 KHz. The frequency component of this noise

overlaps with that of QRS complex of ECG and also extends into high frequencies.

7.2 Power line interference noise removal

The main source of noise in ECG is 50 or 60 Hz power line interference (PLI) noise [65]. It is

called main source of noise because PLI noise lies in between the frequency band of ECG signal

i.e. between 0.05 to 100 Hz. PLI noise effects the ST segment of ECG signal and creates problem

for diagnosing the arrhythmia. Arrhythmia is any disturbance observed in the regular rhythmic

activity of the heart. In order to remove the PLI noise from the ECG signal, the notch or band stop

filter is the best solution. The notch filter filters out the 50 or 60 Hz frequency component from the

noise corrupted signal.

7.3 Material and Method

The ECG signals used for testing are taken from MIT-BIH Arrhythmia Database [80]. The data

base consists of 48 half hour sets of two channel ambulatory ECG recordings. Records were

obtained from 47 subjects that includes 25 men with average age between 32 to 89 years and

women with average age between 23 to 89 years. The ECG signal is obtained by placing the
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electrodes on the chest. In database records, upper signal is obtained from modified limb lead II

and lower signal from modified lead V1, V2 or V5. The normal QRS complex are generally well

known in upper signal. Each ECG signal record file was digitized by sampling frequency of 360Hz

with 11-bit resolution over a 10 mV range [81]. In this case study, records of only four patients

with lead II are considered for evaluation. Fig 7-2 shows the ECG signal for record no. 103 with

lead II. The frequency spectrum of original ECG signal (record 103, lead II) is shown in Fig 7-3

Figure 7-2: Original ECG signal in time domian

Figure 7-3: Original ECG signal in frequency domain

47



The PLI noise of 60Hz is generated using MATLAB. The peak to peak amplitude of noise level

taken is 0.15mV. Mathematically, the 60Hz PLI noise N(t) is represented as:

N(t) = Asin2π f t (7.1)

where f is the frequency and A is the amplitude of PLI noise . The PLI noise corrupted signal is

obtained by adding this PLI noise signal into the original ECG signal. The PLI noise corrupted

ECG signal and it’s frequency spectrum are shown in Fig 7-4 and 7-5 respectively. A spike is

observed at 60 Hz frequency in frequency spectrum of noisy signal.

Figure 7-4: Noisy ECG signal in time domain

7.4 Design of Notch Filter

The chaotic differential evolution (CDE) algorithm and Differential evolution (DE) are used to

design the notch filter with cut off frequency of 60 Hz. The sampling frequency has been taken

360 Hz. The parameters to design the band stop (notch) filter are: lower pass band edge fre-

quency (normalized) (ωpl)=0.24 ; lower stop band edge frequency (normalized) (ωsl)=0.31 ; upper

stop band edge frequency (normalized) (ωsl)=0.35 ; upper pass band edge frequency (normalized)

(ωsl)=0.42. The 30th order Band stop filter is designed using CDE. The values of control parame-

ters i.e mutation rate (F) and crossover rate (CR) are taken 0.8 and 0.9 respectively. The algorithm

is made to run for 2000 iterations and best optimal set of filter coefficients is selected out of 30
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Figure 7-5: Noisy ECG signal in frequency domain

trial. The magnitude response in dB of 30th order band stop filter designed using CDE and DE is

shown in Fig 7-6.

Figure 7-6: Magnitude response in dB for notch filter

7.5 Results and Discussion

The band stop also called notch filter designed using CDE and DE algorithm is applied to noise

corrupted ECG signal. The filtered ECG signal waveform is shown in Fig 7-7. The frequency

spectrum of filtered ECG signal is shown in Fig 7-8. It is observed that the amplitude of spike at
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60Hz frequency in the frequency spectrum has been decreased. The PSD (Power spectral density)

Figure 7-7: Filtered ECG signal in time domain

Figure 7-8: Filtered ECG signal in frequency domain

curves for noisy ECG signal and notch filtered signal is shown in Fig 7-9. The PSD curves shows

that the power at 60 Hz frequency has been significantly decreased for filtered signal obtained

using CDE.

The signal-to-noise ratio (SNR) is calculated to compare the performance of filtered signal with

original noise free signal. The estimated values of performance parameters for noisy and filtered

signal are shown in Table 7.1. It is well observed that SNR ratio increases for filtered signal
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Figure 7-9: Power spectral density comparison between noisy and filtered ECG signal

obtained using filter designed using CDE algorithm and the values of MSE calculated between

filtered and original ECG signal is very small. Also, the power density at 60 Hz frequency for

filtered signal has been significantly decreased when filter is designed using CDE.

Table 7.1: Estimated values of performance parameters

Record
SNR (dB)

(Noisy)

SNR(dB)

(filtered signal)
Power of noisy (dB)

(at 60 Hz)

Power of filtered signal(dB)

(at 60 Hz)

DE CDE DE CDE

100 4.1803 23.4058 57.4589 -11.99 -57.4 -127.8

101 2.6960 18.9034 59.2942 -12.06 -57.47 -140.8

102 11.7452 34.0356 59.5768 -11.79 -57.1 -111.9

103 3.0682 20.2798 67.2637 -12.22 -57.62 -151.5
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CHAPTER 8

CONCLUSION

In this research work, a modified version of classical differential evolution (DE) algorithm called

chaotic differential evolution (CDE) algorithm has been proposed. The basic difference between

classical DE and CDE is that in DE the random number are generated by using uniformly dis-

tributed random number generator. Whereas in CDE, chaotic map sequences have been employed

for randomization. The performance of proposed CDE is analyzed using standard test functions

and finite impulse response (FIR) filter design problem. The nine standard test functions are con-

sidered for performance analysis namely; Sphere function, Rosenbrock’s function, Schwefel 2.22

function, Rastrigin function, Schwefel function, Ackley function, Griewank function, Step func-

tion and Step2 function. In order to analyze the performance, the five process mutation schemes

of DE have been implemented and their search capabilities are compared on the basis of their

convergence rate. From the comparison of results of standard test functions, it is observed that

DE/current-to-best/1 mutation scheme has better convergence then all other schemes taken into

consideration. Similarly, the performance of CDE algorithm is analyzed for standard test func-

tions using two chaotic sequences i.e. Tent map and Gauss map. Thirty independent trials are

performed to minimize the considered test functions. On the basis of obtained results, it has been

observed that CDE/current-to-best/1 mutation scheme converges to minimum value for most num-

ber of trials. Also, the performance of CDE/current-to-best/1 with Tent map is found better than

with Gauss map. In order to validate the capability of CDE to solve real world engineering design

problem, a FIR filter design problem is considered. Low pass and high pass FIR filters of 20th

and 30th order are designed. The ripple constraint is introduced in order to reduce the magnitude

of ripples present in pass band and stop band regions of filter. The ripple constraint is taken care

of using penalty method. The filters are designed using CDE algorithm with Tent map sequence

and CDE/current-to-best/1 mutation scheme. In order to compare the search capabilities of CDE,

the filters are also designed using DE algorithm with DE/current-to-best/1 mutation scheme. The

comparison of frequency response of filter coefficients obtained by CDE clearly indicates that the

designed filter has met the expected specifications better than DE. CDE outperforms DE by pro-
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viding higher value of maximum stop band attenuation and lower stop band and pass band ripple

magnitude in frequency response. The performance of CDE is also tested while designing the filter

for noise corrupted biomedical signal. Power line interference (PLI) noise effected electrocardio-

gram (ECG) signal has been considered in this study. Notch filter is designed using CDE algorithm

to filter out the 60Hz noise from ECG signal. The filtered ECG signal characteristics are compared

with original noise free signal. From the comparison of results obtained, it is observed that signal

to noise ratio (SNR) of filtered signal increases and magnitude of power spectral density reduces

at 60 Hz frequency. Hence, it is concluded that CDE based filter design procedure has the ability

to design a filter as per desired specifications.
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