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ABSTRACT 
 

Quantum Computers are being proposed as new devices for computing. They are 
based on the principles of quantum mechanics. A key difference between the classical 
computer and a quantum computer is that a classical computer obeys the well-understood 
laws of classical physics whereas a quantum computer is a device that harnesses physical 
phenomenon unique to quantum mechanics to realize a fundamentally new mode of 
information processing. Quantum Computation and Quantum Information is the study of 
the information processing tasks that can be accomplished using quantum mechanical 
systems. The spectacular promise of quantum computers is to enable new algorithms (called 
quantum algorithms) that give solutions to problems, requiring exorbitant resources for their 
solution on a classical computer. 

A comparison of computability and complexity of a quantum computer to that of a 
classical computer is done. Specifically we are interested in the questions: can a quantum 
computer compute any problems that are incomputable classically and can a quantum 
computer compute problems more efficiently than a classical computer. An attempt has been 
made to divide the problems into three broad categories from view of quantum computing. 
These are as follows: 
• Problems that can be efficiently solved by quantum computers, i.e. they provide 

exponential speed-up as compared to their classical counterparts. 
• Problems for which quantum computers provide polynomial solutions but not 

exponential speedups, than those provided by their classical counterparts. 
• Problems that cannot be solved efficiently by either quantum computers or classical 

computers. 
The fields of quantum information theory and quantum complexity have been 

expanding dramatically, with a number of new interesting and important theoretical results. 
Meanwhile, the development of algorithms has lagged behind, with barely any significant 
new algorithms discovered other than Shor’s and Grover’s algorithms. We present some 
guidelines that give insight into designing new quantum algorithms.  

We choose an NP-Complete problem – Clique Problem and show that it is one of 
those problems that can gain speed-ups using quantum computing. The proposed quantum 
algorithm for clique problem reformulates it as a search problem and uses Grover’s search 
algorithm and quantum-counting algorithms, to search for the solutions i.e. cliques in a given 
graph. It first estimates the number of cliques present in a given graph using the quantum 
counting algorithm and then apply Grover’s search algorithm for finding those cliques. It 
offers a great speed-up in comparison with the classical algorithms. 
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CHAPTER 1       INTRODUCTION 
 

 Science offers the boldest metaphysics of the age. It is a thoroughly human construct, 
driven by the faith that if we dream, press to discover, explain, and dream again, thereby 
plunging repeatedly into new terrain, the world will some how come clearer and we will 
grasp the true strangeness of the universe. A nd the strangeness will all prove to be 
connected, and make sense. 

 - Edward O. Wilson 
 
 
 

1.1  INTRODUCTION  

Quantum computers are a proposed means of using quantum-mechanical effects to 

achieve efficient computation. The potential power of a QC stems from the fact that a 

quantum system can be in a superposition of states, allowing exponentially many 

computations to be done in parallel.  

The indivisible unit of classical information is the bit, which can take one of two 

values {0, 1}. The corresponding unit of quantum information is the “quantum bit” or 

qubit, which can be represented as a ray in 2-d Hilbert space. We may denote an 

orthonormal basis for this Hilbert space {| 0〉, | 1〉}, any state of a qubit may be expressed 

as 

a| 0〉 +  b| 1〉    (1.1) 

with | a| 2+| b| 2 = 1 (normalization).  

When we measure qubit we get result either | 0〉 with probability | α| 2 or | 1〉 with 

probability | β| 2, where | α| 2 + | β| 2 = 1. After measurement the state of the system can be 

represented in terms of classical states. 
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The temporal evolution of the system is given by Unitary transformations U  which 

is represented as an n x n matrix, which obeys the rule U†U= I( where I is the identity 

matrix and U† is the conjugate transpose of U). This implies that unitary transformations 

are reversible in nature as opposed to classical transformations, which don’t need to obey 

the reversibility condition. In fact, reversibility of quantum circuits comes as the effect of 

characteristics of the unitary transformations. The only non-unitary transformation allowed 

in quantum computing is the Measurement operation.  

Quantum parallelism is the fundamental feature of many quantum algorithms. 

Quantum parallelism allows quantum computers to evaluate a function f(x) for many 

different values of x simultaneously. Quantum parallelism arises from the ability of a 

quantum memory register to exist in a superposition of base states. A quantum memory 

register can exist in a superposition of states, each component of this superposition may be 

thought of as a single argument to a function. A function performed on the register in a 

superposition of states is thus performed on each of the components of the superposition, 

but this function is only applied one time. Since the number of possible states is 2n, where 

n is the number of qubits in the quantum register, we can perform in one operation on a 

quantum computer what would take an exponential number of operations on a classical 

computer. This is the main feature of quantum parallelism [25][23]. 

Unlike classical parallelism, where multiple circuits each built to compute f(x) are 

executed simultaneously, here a single f(x) circuit is employed to evaluate the function for 

multiple values of x simultaneously, by exploiting the ability of a quantum computer to be 

in superposition of different states. This is the main difference between a classical 

parallelism and a quantum parallelism. 



CHAPTER 1     INTRODUCTION  G

3 

Such a parallelism suggested that quantum computers are capable of providing 

exponential speed-ups. Interestingly it was thought whether quantum computers would be 

able to provide such a speed-up for NP problems. But the argument of Bennet, Bernstein, 

Brassard and Vazirani that a brute force approach to quantum computation results in only 

quadratic gains suggests that BQP does not contain NP [5]. Further, it has been known 

that there is no intrinsic property of quantum computation that will function like a black 

box to solve NP-complete problems [5]. Thus even quantum computers are not capable of 

efficiently solving NP-complete problems, although it does provide speed-ups for some of 

the NP-Complete problems. In this thesis we show that Clique problem is one such 

problem that can gain speed-ups from quantum computers but these speed-ups are not 

good enough to place it into BQP complexity class. 

 

1.2  PROBLEM SPECIFICATION 

 In this thesis an attempt has been made to categorize problems from view of quantum  

Computation into three broad classes; first, problems that can be efficiently solved by 

quantum computers, i.e. they provide exponential speed-up as compared to their classical 

counterparts, second problems for which quantum computers provide polynomial solutions 

but not exponential speedups, than those provided by their classical counterparts and third 

problems that cannot be solved efficiently by either quantum computers or classical 

computers. Further, it has been shown that quantum computer is capable of providing 

speed-ups in the case of clique problem, which is a NP-complete problem.  

Clique problem has been solved using quantum algorithms. Complexity of clique 

problem that uses a brute force search (on a classical algorithm) to find cliques is O(2n). Let 
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G(v, e) represents an undirected graph where v = {0,1,2,3,…,n} is the vertex set of G and e 

⊆ v x v is the edge set of  G. A clique in graph G is complete subgraph of G. Clique problem, 

formulated as a decision problem, is to find whether there exist a k-clique i.e. clique of size 

k in graph G.  

 The proposed algorithm named Q-Clique algorithm uses quantum counting and 

quantum search algorithm. It attacks the Clique problem by reformulating it as a search 

problem. It uses a search space of N = 2n items. Here items are all possible combinations 

of n nodes. This will contain valid as well as invalid (because there can’t be cliques between 

two or one nodes) combinations of cliques. Q-Clique algorithm’s Oracle takes as input an 

item from search space and tells whether it denotes a clique in graph G or not. Q-clique 

algorithm uses quantum counting algorithm to estimate the number of solutions (i.e. 

cliques)M in a given graph G and then uses Grover’s search algorithm to find the cliques. 

The complexity of Q-Clique algorithm is O( MN ) where N= 2n. 

 

1.3  ORGANISATION OF THESIS 

The First chapter, briefly introduces quantum computing and provides an insight 

into how it differs from other computational models and the promises it hold. It also gives 

a brief overview of the problem undertaken in this thesis. The Second chapter of the 

thesis is devoted to brief history of quantum computation and some background material. 

Although it would be possible to define quantum computation without reference to any 

more than elementary linear algebra, it is often far more fruitful to view it as an outgrowth 

of quantum mechanics or classical complexity theory. With this in mind, the Third 

chapter provides a brief overview of classical complexity theory and introduces the 
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quantum complexity class - BQP. In this chapter an attempt has been made to classify 

problems into three different categories – problems that can be efficiently solved by 

quantum computers, problems for which quantum computers cannot provide efficient 

solutions or exponential speedups than those provided by their classical counterparts and 

problems for which quantum computers provide inefficient solution. The Fourth chapter 

concerns itself with the quantum algorithms. It provides an insight into various quantum 

algorithms - Quantum Fourier transform, Shor’s Factoring algorithm and Grover’s search 

algorithm, and some guidelines on how to design quantum algorithms. The Fifth chapter 

opens with introduction to clique problem followed by the Q-Clique algorithm. Finally, 

concluding thesis in Sixth chapter with future scope and directions.            
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CHAPTER 2 QUANTUM COMPUTATION          
 

"The memory of a classical computer is a string of 0s and 1s, and a classical computer can 
do calculations on only one set of numbers at once. The memory of a quantum computer is a 
quantum state, which can be in a superposition of many different numbers at once. A  
classical computer is made up of bits, and a quantum computer is made up of quantum bits, 
or qubits. A  quantum computer can do an arbitrary reversible classical computation on all 
the numbers simultaneously, and also has some ability to produce interference, constructive or 
destructive, between various different numbers. By doing a computation on many different 
numbers at once, then interfering the results to get a single answer, a quantum computer has 
the potential to be much more powerful than a classical computer of the same size.... The 0 
and 1 of a qubit might be the ground and excited states of an atom in a linear ion trap; they 
might be polarizations of photons that interact in an optical cavity; they might even be the 
excess of one nuclear spin state over another in a liquid sample in an NMR machine.... It 
may not ultimately be possible to make a quantum computer that can do a useful calculation 
before decohering, but if we can get the error rate low enough, we can use a quantum error-
correcting code to protect the data even when the individual qubits in the computer decohere." 

Daniel Gottesman Microsoft. October 29, 1997. 
 

 
 
2.1  BRIEF HISTORY 

Every now and then surprising new theory appears on the scientific stage that holds 

the promise of dramatic new technologies. Quantum computing is one of these. "Quantum 

computing begins where Moore’s Law ends - about the year 2020, when circuit features are 

predicted to be the size of atoms and molecules," says Isaac L. Chuang. "Indeed, the basic 

elements of quantum computers are atoms and molecules."  As electronic devices were made 

smaller and smaller in size, quantum effects started interfering in their functioning. The 

problem imposed by these results find a solution by moving on to new computing paradigm 

– Quantum Computing, which performs computing based on the principles of quantum 

mechanics. It turned out that quantum computers provide a speed advantage that no classical 

computer can ever provide with a conceivable amount of improvement in its power, over 

time. 



CHAPTER 2     QUANTUM COMPUTATION GGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGG 

7 

Although most of what is presently known about basic quantum mechanics was 

worked out in the early twentieth century, we are far from having worked out all of the 

implications. The quantum mechanical picture of particles and wave functions is profoundly 

counter-intuitive and despite its universal acceptance, there are few people who are truly 

comfortable with it. One of the most striking examples of this quantum weirdness is 

superposition, the ability of quantum systems to exist in arbitrary linear combinations of 

allowable classical states. This accounts for, among other things, the fact that we observe 

interference patterns in the double-slit experiment even when only a single photon passes 

through at a time [1]. 

Rules of quantum mechanics are simple but even experts find them counter-

intuitive. Generations of physicists since have wrestled with quantum mechanics in an 

effort to make its predictions more palatable. One of the goals of quantum computation is 

to develop tools, which sharpen our intuition about quantum mechanics, and its 

predictions more transparent to human minds. In early 1980’s interest arose in whether it 

might be possible to use quantum effects to signal faster than light, this lead to the 

invention of the No-Cloning theorem, which stated that it is not possible to Clone an 

unknown quantum state. 

Interest in quantum computation and quantum information lies back since 1970’s 

when efforts were made to develop complete control over single quantum systems. One of 

the early challenges met by the quantum computation and quantum information was that the 

effects of realistic noise must be taken into account while evaluating the efficiency of a 

computational model, which was met with great success with the development of a theory of 

quantum error-correcting codes and fault-tolerant quantum computation. Another early 



CHAPTER 2     QUANTUM COMPUTATION GGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGG 

8 

discovery in the field of quantum computation was quantum cryptography or quantum key 

distribution. Meanwhile came the strong Church-Turing thesis in mid 1970’s. The first major 

challenge to strong church-Turing thesis came from randomized algorithms. In 1985 David 

Deutsch asked whether laws of physics could be used to derive an even stronger version of 

the strong Church-Turing thesis. This led Deutsch to consider computing devices based on 

the laws of quantum mechanics. He developed a notion of a Universal Quantum computer. 

It is still an open question whether this model is sufficient to efficiently simulate any arbitrary 

physical system. Deutsch’s model of universal quantum computation posed a challenge to 

strong Church-Turing thesis, asking whether it is possible to efficiently solve computational 

problems which have no efficient solution on a classical computer, even a probabilistic 

Turing machine. He then constructed a simple example suggesting that, indeed, quantum 

computers might have computational powers exceeding those of classical computers. This 

result was further strengthened with the discovery of Peter Shor’s Factoring algorithm and 

discrete algorithms using quantum computing in 1994. Further evidence for the power of 

quantum computer came when in 1995 Lov Grover showed that it is possible to speed up 

the problem of searching through an unstructured search space using quantum computers. 

Eventually now questions started arising as what other problems can quantum computers 

solve more quickly than classical computers? But till yet very little has been known to answer 

these questions.   

Another area of quantum computation and quantum information where 

development started taking place was - Information theory. In 1995, Ben Schumacher 

provided an analogue to Shannon’s noiseless coding theorem, and in the process defined the 

“qubit” as a tangible physical resource. Theory of quantum error-correction was developed 
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which allowed quantum computers to compute effectively in the presence of noise, and also 

allows communication over noisy quantum channels to take place reliably. In 1996 an 

important class of quantum codes now known as CSS codes was discovered. These 

discoveries greatly facilitated a rapid understanding of quantum-error correcting codes and 

their application to quantum computation and quantum information.  

In 1992 Charles Bennet and Stephen Wiesner explained how to transmit two classical 

bits of information, while only transmitting one quantum bit from sender to receiver, called 

superdense coding. The results of distributed quantum computation were even more 

interesting. It has been shown that quantum computers can require exponentially less 

communication to solve certain problems than would be required if the networked 

computers where classical. Unfortunately as yet these problems are not especially important 

in a practical setting and suffer from some undesirable technical restrictions. 

 

2.2  AXIOMS OF QUANTUM MECHANICS 

Quantum theory (as all physical theories) can be characterized by how it represents 

(physical) states, observables, measurements, and dynamics (evolution in time) [19]. 

1. States: A state is a complete description of a physical system. In quantum 

mechanics, a state is a ray in a Hilbert space. A Hilbert space is a vector space over 

the field of complex numbers C, with vectors denoted by | ψ〉 (Dirac’s ket 

notation). A ket | ψ〉 is represented as n × 1 matrix (or a n element vector), where n 

is the dimension of the Hilbert space, and its corresponding bra 〈ψ|  is the 

transpose conjugate of the ket. It has an inner product 〈ψ| ϕ〉  (may   be   seen   as   
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Figure 2.1: Relationships between information science (including computer science) and 

quantum mechanics 
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matrix multiplication) that maps an ordered pair of vectors to C, with the 

properties: 

(a) Positivity 〈ψ| ψ〉 >  0 for | ψ〉 ≠ 0 

(b) Linearity 〈ϕ |  (a| ψ1〉 +  b| ψ2〉 ) =  a〈ϕ| ψ1〉 +  b〈ϕ| ψ2〉 

(c) Skew symmetry 〈ϕ| ψ〉= 〈ψ| ϕ〉†
 

The Hilbert space is complete in the norm | | ψ| | = 〈ψ| ψ〉1/ 2 

A ray in a Hilbert space is an equivalent class of vectors that differs by 

multiplication by a nonzero complex scalar. That is, a ray is represented by a given 

vector and all its (complex) multiples, and two different rays treated as vectors will 

never be “parallel” (in the Hilbert space). We represent rays (the equivalent classes) 

by a vector with unit norm 〈ψ| ψ〉 =  1, so eiα| ψ〉 (where α∈ ℜ) represent the same 

physical state for all α. The real number α can be seen as an overall phase, which is 

physically insignificant. We can form new states by superposition a| ϕ〉 +  b| ϕ〉, and 

here the relative phase between the two components are physically significant. That 

is, whereas a| ϕ〉 +  b| ϕ〉 and eiα
 (a| ϕ〉 +  b| ϕ〉) represent the same physical state, 

a| ϕ〉 +  eiα b| ϕ〉 is generally a different physical state. 

2. Observables: An observable is a property of a physical system that in principle can 

be measured. In quantum mechanics, an observable is a self-adjoint operator 

(matrix). An operator is a linear map taking vectors to vectors, which can be 

represented by matrices. For an operator A, A:| ψ〉→A| ψ〉 and A(a| ψ〉 +  b| ϕ〉) = 

aA| ψ〉+bA| ϕ〉. And the adjoint of an operator A†  is defined by 〈ϕ| Aψ〉 = 

〈A†ϕ| ψ〉, where | Aψ〉 denotes A| ψ〉, for all vectors | ψ〉, | ϕ〉. In matrix 
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representation of the adjoint is the transpose conjugate. A is self-adjoint if A = A† . 

The eigenstates of an observable (eigenvectors of the corresponding self-adjoint 

matrix) form a complete orthonormal basis in the Hilbert space H.  

3. Measurements: In quantum mechanics, the numerical outcome of the 

measurement of the observable A is an eigenvalue (An eigenvector of a linear 

operator A on a vector space is a non-zero vector | v〉 such that A| v〉 =  v| v 〉, where 

v is a complex number known as the eigenvalue of A corresponding to | v〉) of A, 

and right after the measurement, the quantum state becomes the eigenstate of A 

corresponding to the measurement result. If the quantum state before 

measurement is | ψ〉, then outcome an is obtained with probability Prob(an) = 

| | Pn| ψ〉| | 2 =  〈ψ| Pn| ψ〉, and the (normalized) quantum state becomes in this case  

Pn| ψ〉    (2.1) 

   〈ψ| Pn| ψ〉1/ 2 

Which means if the measurement is immediately repeated, the same result would be 

obtained with probability one. 

4. Dynamics: Time evolution of a quantum state is unitary (unitary transformation 

can be seen as a rotation in Hilbert space); it is generated by a self-adjoint operator, 

called the Hamiltonian of the system. In the Schrödinger picture of dynamics, the 

vector (state) describing the system evolves in time according to the Schrödinger 

equation  

( ) )(tiHt
dt
d ψψ −=        (2.2) 
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where H is the Hamiltonian. Using the definition of function derivatives, the 

equation can be expressed as | ψ(t +  dt)〉 =  (1 - iHdt)| ψ(t)〉. The operator U(dt)≡1 - 

iHdt is unitary to linear order in dt, because U(dt)†U(dt) =  (1+iHdt) (1 - iHdt) =  1+ 

(Hdt)2 ≈ 1. Since a product of unitary operators is finite, time evolution over a finite 

interval is also unitary | ψ(t)〉 =  U(t)| ψ(0)〉. If the Hamiltonian is time-independent, 

the Schrödinger equation can be directly solved to give U(t) =  e-itH (which is 

likewise unitary). 

In the formulations in this section, there is an obvious dualism between how a 

quantum state evolves when “left to itself”, and when it has been “measured” by 

“something”. In the former case the state evolves according to the Schrödinger equation, 

which is deterministic; whereas in the latter case the evolution is probabilistic.  

 

2.3 POSTULATES OF QUANTUM MECHANICS 

Postulates are statements, which are not directly proven (like a mathematical 

proof). Their validity is considered to be either self-evident ("Heat flows spontaneously 

from a hot body to a cold body.") or the results which flow from the postulates agree with 

other observations and we conclude that the postulates must be correct. Quantum theory 

postulates are of the second kind. We can't prove them. We can only assert them and then 

demonstrate a huge body of evidence in agreement with those results. 

POSTULATE 1:  Associated to any isolated physical system is a complex vector 

space with inner product (that is Hilbert space) known as the state space of the 

system. The system is completely described by its state vector, which is a unit 

vector in the systems state space. 
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 The simplest quantum mechanical system is the qubit. A qubit has a two-

dimensional state space. B = C2. The state | ψ〉 of a qubit can be described by a linear 

combination (also called superposition) of just two basis states labeled | 0〉 and | 1〉. 

| ψ〉 = α| 0〉 +  β| 1〉 with α,β∈ C and | α| 2 +  | β| 2
 = 1 (2.3) 

POSTULATE 2: The evolution of a closed quantum system is described by a 

unitary transformation. That is, the state | \² of the system at time t1 is related to 

the state | \’² of the system at time t2 by a unitary operator U which depends only 

on the times  t1 and t2 , 

| ψ’〉 =  U| ψ〉  (2.4) 

Operators are recipes for converting one function into another, in the same way 

that functions are recipes for converting one number into another. This postulate describes 

how the quantum states of a closed quantum system at two different times are related. A 

more refined version the postulate can be given which describes the evolution of quantum 

system in continuous time. 

POSTULATE 2’: The time evolution of the state of a closed quantum system is 

described by the Schrödinger equation, 

ψ
ψ

H
t

i =
∂

∂
!  (2.5) 

In this equation, ! is a physical constant known as Planck’s constant whose value 

must be experimentally determined. In practice it is common to absorb the factor ! into H, 

effectively setting ! =1. H is a fixed Hermitian operator known as Hamiltonian of the 

closed system. 
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 If we know the Hamiltonian of a system, then (together with the general knowledge 

of ! ) in principle, one can understand the dynamics of the system completely. In general 

figuring out the Hamiltonian needed to describe a particular physical system is a very 

difficult problem. 

POSTULATE 3: Quantum measurements are described by a collection {Mm} of 

measurement operators. These are operators acting on the state space of the system 

being measured. The index m refers to the measurement outcomes that may occur 

in the experiment. If the state of Quantum system is | \² immediately before the 

measurement then the probability that result m occurs is given by 

ψψ mmMMmp †)( =  (2.6) 

and the state of the system after the measurement is  

ψψ

ψ

mm

m

MM

M
†

 (2.7) 

The measurement operators satisfy the completeness equation,  

∑ =
m

mm IMM †  (2.8) 

The completeness equation expresses the fact that probabilities sum to one: 

∑ ∑=
m m

mm MMmp ψψ †)( =1 (2.9) 

 An example of a measurement is the measurement of a qubit in the computational 

basis. This is a measurement on a single qubit with two outcomes defined by the two 

measurement operators M0 = | 0〉 〈0| , and M1 = | 1〉 〈1| . Observe that each measurement 

operator is Hermitian, and that M0
2 =  M0 , M1

2
 = M1 . Thus the completeness relation is 
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obeyed. Suppose the state being measured is | ψ〉 =  a| 0〉 +b| 1〉. Then the probability of 

obtaining measurement outcome 0 is  

 p(0) =  〈ψ|  M0
†  M0 | ψ〉 =  〈ψ|  M0 | ψ〉 =  | a| 2   (2.10) 

and the state after measurement becomes  

 0
||||

0

a
a

a

M
=

ψ
  (2.11) 

It can be seen that multipliers like a/ | a| , which have modulus one, can be 

effectively ignored, so the post measurement state is effectively | 0〉 [25]. 

 

2.4 QUANTUM BASICS 

A nybody who is not shocked by quantum theory has not understood it - N iels Bohr 

Quantum mechanics, a branch of mathematical physics, holds that energy and matter 

exist in discrete, knowable quantities dubbed quanta (quantum singular).  This supposition, 

called quantization, makes the field of quantum mechanics especially applicable to the study 

of interactions among elementary particles.  It stands opposed to the tenet of classical 

physics, which declares energy to be a solely continuous phenomenon, and matter to move 

similarly in a precise region of space.  According to quantum mechanics, energy is emitted 

and absorbed in the aforementioned units of quanta, which move about in some situations 

like matter particles. Quantum theory suggests a dual nature for waves and particles, and as 

such has become useful in explaining many properties of matter. 

Some definitions in quantum mechanics are as follows: 
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1. Hilbert Space: It is a complete complex vector space. If we have a complex vector 

space of finite dimension n it is called complete. Hilbert space is denoted by H. The 

state of a quantum computer is represented by a vector in some vector space H. 

Let | f〉, | g〉, | h〉 ∈ H and α,β ∈ C, then the following operations are defined [21]: 

| f〉 +  | g〉 ∈ H  linear combination (2.12) 

α| f〉 ∈ H  scalar multiplication (2.13) 

| f〉 +  | 0〉 =  | f〉  zero-element  (2.14) 

| f〉 +  | - f〉 =  | 0〉 inverse element (2.15) 

The inner product 〈.| .〉 : H x H→ C is conjugate linear and meets the following 

conditions: 

〈f |  g +  h〉 =  〈f |  g〉 +  〈f |  g〉  (2.16) 

〈f |  αg〉 =  α〈f |  g〉               (2.17) 

〈f |  g〉 =   ( 〈g |  f〉 ) †   (2.18) 

〈f |  f〉 =  0 ⇔ | f〉 =  | 0〉  (2.19) 

    | |  f | |  ≡ √〈f |  f〉  ≥ 0                          (2.20) 

2. Qubit: Qubit is analogous to a classical bit. A qubit has states | 0〉, | 1〉 and 

superposition of these states. The states | 0〉 and | 1〉 are called computational basis 

states. The superposition state is represented as | ψ〉= α| 0〉 +  β| 1〉. The numbers α 

and β are complex numbers, which represent the amplitude for states | 0〉 and | 1〉. The 

state of a qubit can be represented in a two-dimensional complex vector space.  When 

we measure qubit | ψ〉 we get result either | 0〉 with probability | α| 2 and | 1〉 with 

probability | β| 2, where | α| 2 + | β| 2 = 1. 
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The value of a qubit is the observable N  with the Hermitian operator N  | i〉 =  i | i〉 

over the Hilbert space H = C2, or in matrix representation  

N = 





10
00

 

The expectation value of N  is given by 

( ) 2

10
00

β
β
α

βα =











=ΨΨ= ∗∗NN  (2.21) 

thus, 〈N 〉 gives the probability to find the system in state | 1〉 if a measurement is 

performed on the qubit. 

If we combine two qubits, the general state of the resulting system is | ψ〉 =  α | 00〉 

+  β | 01〉 + γ | 10〉 + δ | 11〉 with | α| 2 +  | β| 2 +  | γ| 2 + | δ| 2 =  1. We can define 

distinct observables N (1) and N (2) for the value of each qubit with the operators N (1) |  ij 

〉 =  i |  ij 〉 and N (2) |  ij 〉 = j |  ij 〉 their expectation values  

)1(N = | β| 2 +  | δ| 2   and   )2(N = | γ| 2 +  | δ| 2 (2.22) 

But this doesn’t allow us to reconstruct the actual probability distribution among 

the eigenvalues. To measure a qubit state in two-qubit state, first measure the first 

qubit. For example, measuring the first qubit gives 0 with probability    | α |
2 + | β |

2 

and the post measurement state becomes      

| ψ〉 =  α| 00〉 +  β | 01〉  (2.23) 

                  (| α| 2 + | β| 2) 1/ 2   

3. Bell State or EPR Pair: It has the property that, measurement of second qubit always 

gives the same result as measurement of the first qubit. Some of the Bell states are given 

below: 
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                    | β00〉 = | 00〉 + | 11〉                     (2.24) 

              (2) 1/ 2    

        | β01〉 = | 01〉 + | 10〉                    (2.25) 

              (2) 1/ 2    

        | β10〉 = | 00〉  - | 11〉                     (2.26) 

              (2) 1/ 2    

        | β11〉 = | 01〉  - | 10〉                     (2.27) 

              (2) 1/ 2    

4. Operators: Operators are represented as matrices in quantum mechanics. All valid 

states ψ can be expressed as a sum of eigenfunctions, i.e. 

ψ(r
&

, t) =   ∑
∞

=0i

ciψi(r
&

, t)     (2.28) 

 If we use {ψ0, ψ1, ψ2, …} as unit vectors, we can write the vectors of ψ as infinitely 

dimensional row- and column- vectors 

〈ψ|  ≡ (c0
† , c1

† , c2
† , …) and | ψ〉 ≡ 

.

.

.
1

0

c

c

 

5. Physical Observables: In quantum physics, a physics observable O is expressed as a 

linear operator O while the classical value of expectation value 〈O〉. Since the value of 

observable like momentum, position must be real so we have 〈O〉 ∈ R. 

O †  is called adjoint operator to O if  

〈 f̂ |  g〉 =  〈ƒ | O|  g〉  with  | f̂ 〉 =  O †  | ƒ〉  (2.29) 

If O is given in matrix form, the O †  is the conjugated transposition of O, i.e. O †  = 

(OT)*. An operator O with O †  =  O is called self-adjoint or Hermitian. All quantum 
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observables are represented by Hermitian operators as we can reformulate the 

requirement 〈O〉 ∈ R as 〈O〉 =  〈O〉* or  

〈ψ |  O |  ψ〉 =  (〈ψ |  O |  ψ〉)* =  〈ψ |  O † |  ψ〉  (2.30) 

6. Unitary Operators: The operator of temporal evolution satisfies the condition 

U†(t)U(t) =  e
Ht

i
! e

Ht
i
!  =  1  (2.31) 

Operators U and U†  with UU†  =  I are called unitary. Since the temporal evolution 

of a quantum system is described by a unitary operator and U†(t) =  U(-t) it follows that 

the temporal behavior of a quantum system is reversible, as long a no measurement is 

performed. Unitary operators can also be used to describe abstract operations like 

rotations 

Rz(α) | n1, n2, n3〉 =  cos(α) | n1, n2, n3〉 +  i sin(α) | n1, n2, n3〉 

or the flipping of eigenstates 

  | 1〉 if n=0 

Not | n〉 =     | 0〉 if n=1 

  | n〉 otherwise 

without the need to specify how this transformations are actually performed or having 

to deal with time-dependent Hamilton operators. Mathematically, unitary operations 

can be described as base-transformations between 2 orthonormal bases. Let A and B 

be Hermitian operators with the orthonormal eigenfunctions ψn and ψ’n and | ψ〉 =  

∑i
ci| ψi〉  =   ∑i

c’i| ψ’i〉, then the Fourier coefficients c’i are given by 
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⋅
⋅
⋅
1

0
~
~

c

c

 =  U     

⋅
⋅
⋅
1

0

c

c

   with  U =   j
ij

jii ΨΨΨΨ∑ ~~
 (2.32) 

Unitary transformations and measurements applied to only one subsystem don’t 

affect the other subsystem. That is the unitary transformations applied to distinct subsets 

of qubits are independent. A unitary transformation U ’ over the first m qubits also 

doesn’t affect a measurement of the remaining qubits [4]. 

There are three major differences when we compare Boolean functions with 

unitary operators from functional point of view [4] 

• Reversibility: Since unitary operators, by definitions, follow the condition U†U 

=  I, that is for every unitary transformation there exists the inverse 

transformation U† , unitary transformations are restricted to reversible 

functions. 

• Superposition: An eigenstate | ψ〉 =  | k〉 can be transformed into a 

superposition of eigenstates. 

| ψ’〉 =  U | k〉 =  kU
k

kk∑
’

’  (2.33) 

• Parallelism: If the machine state | ψ〉 already is a superposition of several 

eigenstates, then a transformation U is applied to all eigenstates simultaneously. 

∑∑ =
i

i
i

i iUcicU   (2.34) 

This feature is called quantum parallelism and is a consequence of the linearity of 

unitary transformations.  
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7. Quantum register: An m qubit quantum Register s is a sequence of mutually different 

zero-based qubit positions 〈s0, s1, … , sm-1〉 of some machine state | ψ〉 ∈ 
m2C  with n ≥ 

m. 

8. Tensor Product: The tensor product of an n dimensional vector u and an m 

dimensional vector v is an nm dimensional vector u ⊗ v. 

If A  and B are operators on n and m dimensional vectors, respectively, then A  ⊗ B 

is an operator on nm dimensional vectors. If H1 and H2 are Hilbert spaces, then H1 ⊗ 

H2 is also a Hilbert space. If H1 and H2 are finite dimensional with bases {u1 , u2 , …, 

un} and {v1, v2, …, vm} respectively, then H1 ⊗ H2 has dimension nm with basis {ui ⊗ 

vj | 1 ≤  i ≤ n; 1 ≤ j ≤ m}. 

To give an example of the tensor product of two qubits suppose we have two 

vectors | ψ〉 =  α| 0〉 +  β| 1〉, φ =  γ| 0〉 +  δ| 1〉 ∈ H2. The resulting product state is 

| ψφ〉 =  αγ| 00〉 +  αδ| 01〉 +  βγ| 10〉 +  βδ| 11〉  (2.35) 

and lies in H4. the standard basis of  H4 is {| 00〉, | 01〉, | 10〉, | 11〉}. 

Tensor products obey a number of rules. For matrices A, B, C, D, U, vectors u, v, 

w, and scalars a, b, c, d the following hold [38]: 

( A  ⊗ B ) (C ⊗ D) =  A C ⊗ BD (2.36) 

(A  ⊗ B) (u ⊗ v) =  A u ⊗ Bv  (2.37) 

(u +  v) ⊗ w =  u ⊗ w + v ⊗ w  (2.38) 

u ⊗ (v +  w) =  u ⊗ v +  u ⊗ w  (2.39) 

a u ⊗ b v =  a b (u ⊗ v)   (2.40) 

Thus for matrices  
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





⊕⊕
⊕⊕

=⊕





UDUC

UBUA
U

DC

BA
 (2.41) 

which specializes for scalars into  







=⊕





dUcU

bUaU
U

dc

ba
  (2.42) 

The conjugate transpose distributes over tensor products  

( ) ††† BABA ⊕=⊕   (2.43) 

9. Entanglement: A quantum register is entangled if it can’t be written as a tensor 

product of its parts. If the quantum system is entangled, it means that there are 

correlations between the subsystems. What we do with one part of the system will 

influence the other part. For example the state in H4  

| ψ’〉 =  )1001(
2

1 −   (2.44) 

This state is entangled because we cannot find two pure states | ψ1〉 and | ψ2〉 such 

that | ψ’〉 =  | ψ1〉 ⊗ | ψ2〉. Entanglement has strange properties. If we measure our 

qubit (on earth), we will obtain random answer (0 or 1), but we will be sure that if some 

one measures the other qubit, he will obtain the opposite answer. Although the answer 

we receive is random, the other answer is always its opposite. This strange “ non-local”  

property led Einstein to criticize quantum mechanics in the famous EPR paper [8].  

10. No cloning: Given an arbitrary qubit | ψ〉 =  α| 0〉 +  β| 1〉, there does not exist an 

operator A and a state | a〉 such that A (| ψ〉 ⊗ | a〉)= | ψ〉 ⊗ | ψ〉.  

This implies that we can’t clone or copy arbitrary quantum states. Suppose that you 

have a qubit φ, and you’d like to make few identical copies of it. That’s no problem: 
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measure φ to determine its state, and then make a bunch of new qubits in that state. But 

suppose instead that you want to make copies of φ without measuring it first. That is, you 

want to make more qubits in the same state as φ, but you don’t want to determine the 

value of φ in the process. This would be helpful because you could make a few copies of 

φ and work with them while they were still in their superimposed state. If it took a long 

time to build up the state of φ, and you wanted to run several experiments, it would be 

handy to make some copies of this input so you wouldn’t have to build it up from 

scratch each time. Unfortunately, cloning isn’t possible. You simply can’t make a perfect 

copy of a quantum particle without first determining its state. Although we can’t clone an 

unmeasured particle, don’t forget that we have no trouble making copies of a known 

state; just measure it and manufacture copies [15]. 

11. Quantum Parallelism: Suppose we have a function f {0,1}→ {0,1} and a qubit in 

superposition of 0 and 1.We want to compute its output. Classically we have to 

compute f(0) and f(1) separately. If we use quantum computation, we can do this in one 

step, by computing f(| 0〉 +  | 1〉) =  f(| 0〉) +  f(| 1〉). The two values are computed in 

parallel. This can be generalized to a superposition of any number of states and gives 

an exponential speedup over classical computation. The problem is that we can’t 

extract both answers. If we measure the resulting qubit, we will obtain the answer f(0) 

or f(1) at random. 

12. Quantum Interference: What makes quantum computation so powerful is that the 

different parallel computation can interfere, leading some answers to be more likely 

than others. Suppose we have the unitary transformation U defined by 
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U = 





− 11

11

2

1
 

If we apply the transformation twice (without measuring in between) we are sure to 

obtain 0 if we measure because 

UU| 1〉  =  U 
2

1
(| 0〉 +  | 1〉)  

=  
2

1
(

2

1
(| 0〉 - | 1〉) +  

2

1
(| 0〉 +  | 1〉) 

=  
2
1

(| 0〉 - | 1〉 +  | 0〉 +  | 1〉 =  | 0〉  

We also have that UU| 0〉 =  -| 1〉. Applying U once yields complete random but 

applying it twice gives a deterministic answer: the negation of the input (up to a 

constant factor, called global phase.) This is the work of quantum interference. In many 

quantum algorithms, interference plays a crucial role. The “ good”  computational paths 

interfere constructively and the “ bad”  ones interfere destructively so they will not be 

encountered.  Interference, together with entanglement and parallelism are the 

weapons that give the quantum computer all his power. 

 

2.5 QUANTUM GATES [40]:   

X or Not gate: This is the gate that we know in classical computation with the 

additional characteristic that it respects the superposition of a qubit. X or quantum 

NOT gate reverses the states, and in case of superposition state | ψ〉 = α| 0〉 + β| 1〉 

is changed to α| 1〉 + β| 0〉. 

Not (α| 0〉 +  β| 1〉) =  β| 0〉 +  α| 1〉 (2.45) 
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X ≡ 







01
10

 

Z or Phase Flip: The Flip or Z gate changes the phase of a qubit conditional on its 

value. It negates the sign of | 1〉 but leaves the sign of state | 0〉 unchanged. 

Flip (α| 0〉 +  β| 1〉) =  α| 0〉 - β| 1〉 (2.46) 

Z ≡ 







−10
01

 

Hadamard transform or SQUARE-ROOT of N OT Gate: This transformation 

H maps the zero and one state to the following superpositions of the two basis 

states: 

H| 0〉 =  ( )10
2

1 +  and H| 1〉 =  ( )10
2

1 −  (2.47) 

The Hadamard is its own inverse (H2 =  I ). 

H ≡ 







−11
11

2

1
 

Phase Rotation: A more general phase rotation is provided by the Phase 

operation, which has a free parameter φ that determines the angle of the phase 

change: 

PhaseI (α| 0〉 +  β| 1〉) =  α| 0〉 +  eiφβ| 1〉 (2.48) 

Flip =  PhaseΠ 

General Rotation: The general rotation R with angles α, θ, φ is the unitary one 

qubit transformation with eigenvectors | ψ〉 =  1
2

sin0
2

cos
θθ φie+  and | ψ’〉 = 

1
2

cos0
2

sin
θθ φie+  
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The corresponding eigenvalues are indicated by the equalities 

R�
,

�
, �  | ψ〉 =  | ψ〉 and R�

,
�

, �  | ψ’〉= eiα | ψ’〉 (2.49) 

and are therefore 1 and eiφ . 

Controlled-Not: The controlled-not is a two-qubit operation that applies the Not 

gate to the target bit if the control bit equals “ 1” ; otherwise it leaves the target 

unchanged: 

CNot| x, y〉 =  | x, y ⊕ x〉 (2.50) 

for all x, y∈ {0,1}. 

Controlled-Flip: The controlled-flip is, like the CNot , a two-qubit operation. It 

applies the Flip gate if both bits equals “ 1” ; otherwise it leaves the state unchanged: 

CFlip| x,y〉 =  (-1)xy | x,y〉 (2.51) 

for all x, y ∈(0,1). 

All quantum gates satisfy the property that the matrix representing the gate 

are unitary i.e. U†U= I, where U† is the conjugate transpose of U and I is the identity 

matrix. If U contains only real numbers then conjugate of U remains U and hence U† 

becomes the transpose of matrix U. All quantum gates are reversible in nature. 
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CHAPTER 3       CLASSIFYING PROBLEMS FROM VIEW OF  

          QUANTUM COMPUTING 
 

Quantum computers have gained widespread interest because some problems of practical 
interest are known to be in BQP. Currently, only three such problems are known-integer 
factorization, discrete logarithm, and simulation of quantum systems. BQP contains P and 
BPP and is contained in PP and PSPA CE. BQP is complexity class defined for quantum 
computers. The corresponding class for an ordinary Turing machine plus a source of 
randomness is BPP. In the plethora of complexity classes, we try to categorize the problems 
into three categories: problems that can be efficiently solved by quantum computers, problems 
for which quantum computers cannot provide efficient solutions or exponential speedups, than 
those provided by their classical counterparts and problems for which quantum computers 
provide inefficient solution. 
 

 
 
3.1  INTRODUCTION TO COMPUTATIONAL COMPLEXITY 

Computational Complexity is the study of resources required during computation 

to solve a given problem. It proves a lower bound on the resources required by the best 

possible algorithm for solving the given problem. The most common resources are time 

(how many steps does it take to solve a problem), space (how much memory does it take to 

solve a problem) and energy (how much energy is expended in performing computation). 

Although, study of Energy requirements has been given less importance in computer 

science field, but it is related to the field of reversible computing, which plays a vital role in 

quantum computing. Another important result in the field of computational complexity 

theory is the Strong Church-Turing thesis, which states that if a problem cannot be solved 

efficiently on a probabilistic Turing machine then it cannot be solved efficiently on any 

machine. 

STRONG Church-Turing Thesis: Any model of computation can be simulated 

on a probabilistic Turing Machine with at most a polynomial increase in the number of 
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elementary operations required. 

But Quantum computers has put into doubt the Strong Church-Turing thesis, by 

enabling the efficient solution of a problem, which is believed to be intractable on all 

classical computers, including probabilistic Turing machines. 

Computation theory divides problems into various complexity classes, which have 

been categorized based on essentially three properties - the resource of interest (time, 

space, … ), the type of problem being considered(decision problem, optimization problem, 

… ) and the underlying computational model(deterministic TM, probabilistic TM, Quantum 

computer, … ) [25].  

Following are some of the classes of problems considered in complexity theory, 

along with their rough definitions. Many of these classes have a 'Co' partner (i.e. NP and 

Co-NP), which consists of the complements of all languages in the original class. For 

example if L is in NP then the complement of L is in Co-NP. But this doesn't imply that 

the complement of NP is Co-NP - there are languages, which are known to be in both, and 

other languages, which are known to be in neither.  

P the set of languages accepted by deterministic Turing machines in 

polynomial time (Solvable in polynomial time) 

NP the set of languages accepted by nondeterministic Turing machines 

in polynomial time (YES answer checkable in polynomial time) 

Co-NP the set of languages rejected by nondeterministic Turing machines 

in polynomial time (NO answers checkable in polynomial time) 

NP-complete The hardest problems in NP 

Co-NP-complete The hardest problems in Co-NP 

PSPACE the set of languages accepted by deterministic Turing machines in 

polynomial space (Solvable with polynomial memory and unlimited 

time) 
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PSPACE-complete The hardest problems in PSPACE 

BQP Solvable in polynomial time on a quantum computer (answer is 

probably right) 

BPP Solvable in polynomial time by randomized algorithms (answer is 

probably right) 

PP The class of decision problems solvable by an NP machine such 

that - if the answer is ’yes’ then at least 1/ 2 of computation paths 

accept and if the answer is ’no’ then less than 1/ 2 of computation 

paths accept. 

NPI Sometimes used to denote the set of decision problems in NP that 

are neither NP-complete nor in P. Is thought to contain (for 

example) decision versions of factoring and graph isomorphism. 

ZPP problem can certainly be solved by a PTM in polynomial time on 

average 

 
Table 3.1 Table showing some of the complexity classes along with their rough definitions 

 

The question whether P is the same set as NP is the most important open question 

in theoretical computer science. Assuming that P ≠ NP it is possible to prove that there is 

non-empty class of problems NPI (NP Intermediate) which denotes the set of decision 

problems in NP that are neither NP-complete nor in P. Indeed, under this assumption, it 

contains an infinite number of distinct polynomial-time equivalence classes. Although not 

proved, it is thought to contain (for example) decision versions of factoring and graph 

isomorphism. NPI will be nonempty if P does not equal NP [22]. NPI problems are of 

interest in the area of quantum computation and quantum information. First, it is desirable 

to find fast quantum algorithms to solve problems that are not in P. Second, many suspect 

that quantum computers will not be able to efficiently solve all problems in NP and NP-

complete [25]. Thus it is natural to focus on the class of NPI. Indeed, a fast quantum 
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algorithm for factoring has motivated the search for fast quantum algorithms for other 

problems suspected to be in NPI.  

Quantum computers have gained widespread interest because some problems of 

practical interest are known to be in BQP, but suspected to be outside P. BQP in 

complexity theory is Bounded-error, Quantum, Polynomial time. It denotes the class of 

problems solvable by a quantum computer in polynomial time, with an error probability of 

at most 1/ 4 for all instances. In other words, there is an algorithm for a quantum computer 

that is guaranteed to run in polynomial time, with the probability of at most ¼, that it will 

give the wrong answer. That is true irrespective of the answer - YES or NO. The choice of 

1/ 4 in the definition is arbitrary. It can be any real number k such that 0 < k <  1/ 2. In 

Quantum Computing, the number of qubits required to solve a problem is function of the 

instance size. For example, algorithms are known for factoring an n-bit integer using just 

over 2n qubits. The BQP class is defined for quantum computers, the corresponding class 

for an ordinary Turing machine plus a source of randomness is BPP. BQP contains P and 

BPP and is contained in PP and PSPACE.  

 

3.2  CATEGORIZING PROBLEMS FROM VIEW OF QUANTUM  

COMPUTING 

We categorize problems from view of quantum computing, into three categories: 

those that can be efficiently solved by quantum computers, those for which quantum 

computers cannot provide solutions more efficient than those provided by their classical 

counterparts, those for which quantum computers provide inefficient solution. 

One advantage that quantum computers have over classical computers is that 
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quantum circuits are reversible, whereas classical circuits are irreversible in nature. But, it 

has also been shown that any classical circuit can be converted into an equivalent reversible 

circuit in polynomial time [3]. It has been proved that BQP can simulate any deterministic 

or probabilistic polynomial-time algorithm [7]. Thus quantum computer is capable of 

computing anything that can be computed on classical computer. These results imply that 

quantum computer is at least as powerful as a classical computer. But, it has also been 

proved that Turing machine can simulate each of the operations of a quantum circuit, and 

therefore compute anything that can be computed on a quantum circuit. However, this 

simulation is very inefficient, as it requires space and time, exponential in the number of 

qubits in the quantum circuit [12]. No one has yet been able to present an efficient classical 

simulation of a quantum computer, although a simulation that takes polynomial space, but 

exponential time has been presented [7]. This has contributed to the idea that a quantum 

computer may be inherently exponentially faster. But we must also note, that it has yet not 

been proved that such an efficient simulation does not exist. Hence the question, how 

much powerful is a quantum computer as compared to classical computer, remains 

unsolved. 

3.2.1  Class of problems that can be efficiently solved by Quantum computer 

Class of problems that have been efficiently solved by Quantum computer is BQP. 

Currently, only three problems (of practical interest) are known to be in BQP - integer 

factorization, discrete logarithm, and simulation of quantum systems. Another evidence 

from [33] shows that problem of distinguishing between two fairly natural classes of 

function, can be solved exponentially faster in the quantum model than in the classical 

probabilistic one, when the function is given as an oracle drawn equiprobably from the 
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uniform distribution on either class. Shor’s algorithm proves that factoring is in BQP, 

while it is not known to be in BPP and NP-Complete. It has been showed that there 

exist oracles under which there exist problems that are in BQP but not BPP, which is 

now taken as some of the earliest evidence that QTMs are more powerful than 

probabilistic Turing Machines [5]. But no other problem, than these, has been reported 

to be in BQP. Recent research suggests that quantum computers does same amount of 

raw processing as a classical computer, they simply take advantage of unique quantum 

mechanical structures- like quantum interference [35]. This suggests, although quantum 

computers are capable of only quadratic speed-up from classical computers, there are 

certain problems like factoring, discrete logarithms, with certain characteristics that are 

capable of exploiting certain quantum mechanics properties and thus give exponential 

speed-ups. It is these problems that can be efficiently solved on quantum computers.  

3.2.2  Class of problems for which quantum computers either cannot provide 

efficient solutions or exponential speedups, than those provided by their 

classical counterparts 

Since anything that can be computed on a classical machine can be computed on a 

quantum machine with little overhead, it is known that BPP ⊆ BQP. However, it is not 

known whether or not this containment is strict. While there are problems such as 

factoring and computing a discrete log that are in BQP but not known to be in BPP, 

no one has actually proven that these problems are not in BPP. Similarly, the relation 

between NP and BQP is unknown. The argument of Bennet, Bernstein, Brassard and 

Vazirani that a brute force approach to quantum computation results in only quadratic 

gains suggests that BQP does not contain NP [5]. However, the relationship between 
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NP and BPP is currently unknown, so whether or not NP contains BQP is also 

unknown [25]. It is currently known that BQP sits between BPP and PSPACE in the 

complexity hierarchy. Thus BQP contains all of P and BPP, and potentially some 

problems in NP but probably none that are NP-complete, and perhaps some problems 

in PSPACE that are not in NP [36]. Although the latter two postulations have not yet 

been proven. Thus P, ZPP and BPP are the class of problems that can be solved on quantum 

computer with little overhead, and efficiency comparable to that of classical computers. These 

categories of problems differ from the first category of problems (e.g. factoring, 

discrete logarithms), as these don’t provide exponential speed-ups. In other words, 

these are the problems that don’t have the characteristics to exploit certain quantum 

mechanic properties, which have been taken by problems like Shor’s factoring 

algorithm etc, to provide exponential gains. Lov Grover’s Quantum search algorithm is 

an example of one such problem that has provided quadratic speedups but is not in the 

complexity class BQP. 

3.2.3  Class of problems that cannot be efficiently solved by quantum computers 

By efficiency we mean that these problems require more than polynomial time 

(and/ or polynomial space) to be solved on quantum computers. It has been 

demonstrated that relative to an oracle chosen uniformly at random, the class NP can 

never be solved in less than √2n time. Further, it has been known that there is no 

intrinsic property of quantum computation that will function like a black box to solve 

NP-complete problems [5]. These results do establish the fact that quantum computers 

are not capable of efficiently solving NP-complete problems, but they do not prove 

that NP cannot be contained in BQP. Thus, it is believed that quantum computers 
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cannot efficiently solve NP-complete problems, as these problems are supposed to 

have no particular structure or the structure present is too complex that they has not 

yet been discovered. If structure of any one problem in NP-complete complexity class 

could be found, it would become possible to find relationship between NP-complete 

and BQP class. 

With the growing interest in quantum computation field it becomes necessary to 

categorize problems from quantum computation point of view. We have divided problems 

into three simple categories - problems that can be efficiently solved on quantum 

computers - BQP, problems that can be solved on quantum computers but does not 

provide exponential speed-ups and problems that cannot be solved efficiently on quantum 

computers. This categorization has provided division of problems into three abstract 

categories with respect to quantum computers. So far our knowledge of algorithms for 

solving certain problems has been the main drive in categorizing problems into various 

complexity classes. This suggests that, categorization of problems is limited by our 

knowledge of the solutions available for the problem. Need of the hour is to devise 

algorithms or procedures which categorize problems into various complexity classes.  This 

would be possible only if, every problem is reformulated in mathematical terms. 
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CHAPTER 4       QUAN TUM ALGORITHMS 
 

If computers that you build are quantum, 
Then spies everywhere will all want them. 

Our codes will all fail, 
A nd they’ll read our email, 

Till we get crypto that’s quantum, and daunt’ em. 
Jennifer and Peter Shor 

 
 

 
4.1  INTRODUCTION  

The spectacular promise of quantum computers is to enable new algorithms, which 

render feasible, problems requiring exorbitant resources for their solution on a classical 

computer. So far, only two broad classes of algorithms are known which fulfill this promise. 

The first class is based upon Shor’s quantum Fourier transform, and includes remarkable 

algorithms for solving the factoring and discrete logarithm problems, providing a striking 

exponential speedup over the best known classical algorithms. The second class of 

algorithms is based upon Grover’s search algorithm for performing quantum searching. 

These provide a quadratic speedup over the best possible classical algorithms.  

 Relationship between main quantum algorithms and some of their applications are 

shown in figure 4.1 [25]. At the core of the diagram is the quantum Fourier transform and 

the quantum search algorithm. Quantum counting algorithm is a combination of the 

quantum searching and Fourier transform algorithms, which can be used to estimate the 

number of solutions to a search problem more quickly than is possible on a classical 

computer. 
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Quantum searching algorithms have many applications some of which are - 

extracting statistics, such as the minimal element, from an unordered data set, to speed up 

algorithms for some problems in NP (those for which a straight forward search for a 

solution is the best algorithm known), to speed up the search for keys to cryptosystems such 

as widely used DES.  

 Quantum Fourier Transform has many interesting applications. It can be used to 

solve the discrete logarithm and factoring problems, which in turn enable a quantum 

computer to break many of the most popular cryptosystems now in use. It is related to the 

hidden subgroup problem. In fact factoring, discrete logarithm and order finding and many 

other problems are instances of hidden subgroup problem. 

 

 

 
    
    
    
    
    
    
    
    
    
    
    
    
    
     

 

Figure 4.1 The main quantum algorithms and their relationships, including some notable applications 
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4.2  QUANTUM FOURIER TRANSFORM  

One of the most useful ways of solving a problem in mathematics or computer 

science is to transform it into some other problem for which a solution is known. One such 

transform is the discrete Fourier transform, which takes as input a vector of complex 

numbers x and outputs the transformed data, another vector of complex numbers y. The 

discrete Fourier transform for a N (=2n ) dimensional vector | ψ〉, is defined as 

ye
N

xDFT
N

y

xy
N

i

∑
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Π

→
1

0

21
:  (4.1) 

The classical fast Fourier Transform (FFT) uses a binary decomposition of the exponent to 

perform the transformation in O(n2n) steps. 

As suggested by Coppersmith [9], the same principle could be adapted to quantum 

computers by using a combination of Hadamard transformations H and conditional phase 

gates V . The indices below indicate the qubits operated on: 
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DFT′ iterates the qubits form the MSB to the LSB, “ splits”  the qubits with the Hadamard 

transformation and then conditionally applies phases according to their relative binary 

position (
12

2
+− ji

i

e
π

) to each already split qubit. The base-vectors of the transformed state | ψ 

’〉 = DFT′ | ψ〉 are given in reverse bit order, so to get the actual DFT, the bits have to be 

flipped [4]. 
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The Fourier transform is the key to a general procedure known as phase estimation. 

Suppose a unitary operator U has an eigenvector | u〉 with eigenvalue e2 π i ϕ , where the value 

of ϕ is unknown. The goal of the phase estimation algorithm is to estimate ϕ.  

The quantum phase estimation procedure uses two registers. The first register 

contains t qubits initially in the state | 0〉. How to choose t depends upon two things: the 

number of digits of accuracy we wish to have in our estimate ϕ, and with what probability 

one wishes the phase estimation procedure to be successful. The second register begins in 

the state | u〉, and contains as many qubits as is necessary to store | u〉.  

Quantum phase estimation algorithm takes a Black Box which performs the 

controlled-U j operation, for integer j, an eigenstate | u〉 of U with eigenvalue uie ϕπ2
and t = 

n + log (2+ ∈2
1 ) qubits initialized to | 0〉, as input. It produces an n-bit approximation 

uϕ~ to ϕ u as output in O(t2) operations and one call to controlled-U j black box. It succeeds 

with probability at least 1 - ∈. 

Steps for Quantum Phase Estimation 

1) | 0〉 | u〉              initial state 

2) → uj
t

j
t ∑

−

=

12

02

1
  create superposition 

3) → uUj j
t

j
t ∑

−

=

12

02

1
        apply black box 

= uje
t

j

uij

t ∑
−

=

12

0

2

2

1 ϕπ
      result of black box 

4) o uuϕ~                                                                      apply inverse Fourier transform 
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5) → uϕ~                                                                                              measure first register 

Phase estimation is useful, as it solves the problem of estimating the eigenvalue 

associated to a given eigenvector of a unitary operator. Its real value though comes from the 

observation that other interesting problems can be reduced to it. Quantum Phase estimation 

has been applied to solve the order finding and factoring problem. 

 

4.3  SHOR’S FACTORING ALGORITHM 

  Shor’ s Algorithm is a quantum algorithm for factoring a number N  in O((log N )3) 

time and O(log N ) space, named after Peter Shor. Shor’s algorithm is viewed as important 

because the difficulty of finding prime factors of large numbers is relied upon for most 

cryptography systems. If an efficient method of factoring large numbers were to be 

discovered most of the current encryption schemes would be easily compromised. While it 

has not been proven that factoring large numbers cannot be archived on a classical 

computer in polynomial time, the fastest published algorithm for factoring large number 

runs in exponential time. In contrast, Shor’s algorithm runs in polynomial time.  

Like all quantum computer algorithms, Shor’s algorithm is probabilistic: it gives the 

correct answer with high probability, and repeating the algorithm can decrease the 

probability of failure. Shor’s algorithm was demonstrated in 2001 by a group at IBM, which 

factored 15 into 3 and 5, using a quantum computer with 7 qubits.  

Shor’s algorithm hinges on a result from number theory, which states that function 

nxaF a mod)( = is a periodic function, where x is an integer coprime to n. In the context 

of Shor’s algorithm n will be the number we wish to factor. When two numbers are 

coprime it means that their greatest common divisor is 1. Calculating this function for an 
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exponential number of a’s would take exponential time on a classical computer. Shor’s 

algorithm utilizes quantum parallelism to perform the exponential number of operations in 

one step. The reason why this function is of utility in factoring large numbers is because, 

since F(a) is a periodic function, it has some period r. We know that x0 mod n = 1, so xr 

mod n =  1, and x2r mod n =  1 and so on since the function is periodic.  

Given this information and through the following algebraic manipulation:  

xr ≡1 mod n 

(xr/ 2) 2 =  xr ≡1 mod n 

(xr/ 2) 2 -1 ≡ 0 mod n 

and if r is an even number  

(xr/ 2 - 1) (xr/ 2 + 1) ≡ 0 mod n 

We can see that the product (xr/ 2 - 1) (xr/ 2 + 1) is an integer multiple of n, the 

number to be factored. So long as xr/ 2 is not equal to ±1, then at least one of (xr/ 2 - 1), (xr/ 2 

+ 1) must have a nontrivial factor in common with n. So by computing gcd(xr/ 2 – 1, n) and 

gcd(xr/ 2 + 1, n), we will obtain a factor of n, where gcd is the greatest common denominator 

function [23].  

Steps of Shor’s Algorithm: 

Shor’s algorithm for factoring a given integer n can be broken into some simple 

steps.  

1) Determine if the number n is a prime, an even number, or an integer power of a prime 

number. If it is Shor’s algorithm is not used. There are efficient classical methods for 

determining if an integer n belongs to one of the above groups, and providing factors for it 

if it is. This step would be performed on a classical computer.  



CHAPTER 4     QUANTUM ALGORITHMS  

42 

2) Pick a integer q that is the power of 2 such that n2 ≤ q <  2n2. This step would be done on 

a classical computer.  

3) Pick a random integer x that is coprime to n. There are efficient classical methods for 

picking such an x. This step would be done on a classical computer.  

4) Create a quantum register and partition it into two regions, register 1 and register 2. 

Thus the state of the quantum computer is given by: | reg1, reg2〉. Register 1 must have 

enough qubits to represent integers as large as q-1. Register 2 must have enough qubits to 

represent integers as large as n-1. The calculations for how many qubits are needed would 

be done on a classical computer.  

5) Load register 1 with an equally weighted superposition of all integers from 0 to q-1. 

Load register 2 with all zeros. This operation would be performed by the quantum 

computer. The total state of the quantum memory register at this point is:  

                 ∑
−

=

1

0

0,
1 q

a

a
q

  (4.3) 

6) Now apply the transformation xa mod n to each number stored in register 1 and store 

the result in register 2. Due to quantum parallelism this will take only one step, as the 

quantum computer will only calculate x | a〉 mod n, where | a〉 is the superposition of states 

created in step 5. This step is performed on the quantum computer. The state of the 

quantum memory register at this point is:  
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1 q

a

a nxa
q

  (4.4) 

7) Measure the second register, and observe some value k . This has the side effect of 

collapsing register 1 into a equal superposition of each value a between 0 and q-1 such that  
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xa mod n = k . This operation is performed by the quantum computer. The state of the 

quantum memory register after this step is:  

∑
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ka
A ’’

,’
||||

1
  (4.5) 

Where A  is the set of a’s such that xa mod n, and | | A | |  is the number of elements 

in that set.  

8) Now compute the discrete Fourier transform on register one. The discrete Fourier 

transform when applied to a state | a〉 changes it in the following manner:  
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This step is performed by the quantum computer in one step through quantum 

parallelism. After the discrete Fourier transform our register is in the state:  
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9) Measure the state of register one, call this value m, this integer m has a very high 

probability of being a multiple of q/ r, where r is the desired period. This step is performed 

by the quantum computer.  

10) Take the value m, and on a classical computer do some post processing which 

calculates r based on knowledge of m and q. There are many ways to do this post 

processing. This post processing is done on a classical computer.  

11) Once r has been attained, a factor of n can be determined by taking gcd(xr/ 2 – 1, n) and 

gcd(xr/ 2 + 1, n). If a factor of n has been found, then stop, if not go to step 4. This final step 

is done on a classical computer.  
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Step 11 contains a provision for what to do if Shor’s algorithm failed to produce 

factors of n. There are a few reasons why Shor’s algorithm can fail, for example the discrete 

Fourier transform could be measured to be 0 in step 9, making the post processing in step 

10 impossible. The algorithm will sometimes find factors of 1 and n, which is not useful 

either. For these reasons step 11 must be able to jump back to step four to start over [23]. 

 

4.4  GROVER’S SEARCH ALGORITHM 

Grover’s algorithm is a quantum algorithm that searches space with N elements, 

for exactly M solutions, in O( MN / ) time. This search space can be an unsorted 

database of size N or in more general terms, N possible solutions available for a problem 

out of which exactly M are the solutions with 1≤ M ≤. N.  

It was invented by Lov Grover in 1996. Classically, searching a space with N 

elements requires a linear search, which is O(N). Grover’s algorithm provides only 

quadratic speedup, unlike other quantum algorithms which are thought to provide 

exponential speedup over their classical counterparts. However, it is the fastest possible 

quantum algorithm for searching an unsorted database, and even quadratic speedup is 

considerable when N is large.  

Like all quantum computer algorithms, Grover’s algorithm is probabilistic in the 

sense that it gives the correct answer with high probability. The probability of failure can 

be decreased by repeating the algorithm.  

If P(x) is a boolean function for 0≤ x <  N  , classical search algorithms take on the 

order of N / 2 operations to find an item x0 for which P(x0) =  1. Grover’s algorithm takes 

on the order of √N operations. Although Grover’s algorithm is often described as searching 
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a database, it would be more accurate to describe it as inverting a function. If a function y = f(x) 

can be computed by an algorithm for a quantum computer, then Grover’s algorithm can 

calculate x, given y. Grover’s algorithm could also be used to search for a key that decrypts 

an encrypted message. If the function for computing f(x) is given as a black box, then 

Grover’s algorithm is the fastest possible algorithm for inverting it.  

Grover’s algorithm can be used for mean and median estimation, and solving the 

collision problem. It can be used to solve NP-complete problems by performing 

exhaustive searches over all possible solutions. This will result in considerable speedups 

over classical methods, but won’t achieve polynomial runtime for NP-complete problems. 

To solve the problem, Grover starts by setting a quantum register to a 

superposition of all possible items in the search space. The quantum state contains the 

right answer, but if the register were observed at this point, the odds of picking the right 

answer would be as small as if one picked the item by random. Grover’s discovery involves 

a sequence of simple quantum operations on the register’s state. He describes the process 

in terms of wave phenomena. Grover explains, “ All the paths leading to the desired results 

interfere constructively, and the other ones interfere destructively and cancel each other 

out,”  [2]. 

Steps for Grover’s Search Algorithm (for known number of solutions): 

1) Let n be such that 2n ≥ N , and prepare a register containing a superposition of all x i ∈ 

[0 …  2n - 1]. 

2) Apply a unitary transformation that computes P(x  i ) on this register:  
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For any x0 such that P(x0) is true, | x0,1〉 will be part of the resulting superposition, 

but since its amplitude is n2

1
, the probability that a measurement produces x0 is only 

n2
1

. 

3) Change amplitude aj to -aj for all x j such that P(x j)=1. 

4) Apply inversion about the average to increase amplitude of x j with P(x j)=1 and 

decrease other amplitudes. 

5) Repeat steps 2 through 4 , 
n2

4
π

 times (in case of M=1 otherwise 

Mn /2
4
π

times, where M is the number of solutions). 

6) Measure the last qubit of the quantum state, representing P(x). Because of the 

amplitude change, there is a high probability that the result will be 1. If this is the case, the 

measurement has projected the state onto the subspace ∑
=

k

i
ik

x
2

1

1,
2

1
, where k is the 

number of solutions. Further measurement of the remaining bits will provide one of these 

solutions.  

An interesting feature of this algorithm is that repeating steps 2 through 4 

( )NOn ≈2
4
π

 times is optimal. In particular, if the process is repeated more times, 

the probability of a successful measurement decreases back toward zero [2]. 

One drawback of the Grover’s algorithm described above is that, in case if M 

(number of solutions to an N item search) is unknown, then we cannot apply the algorithm 

directly. It is crucial to know M as it is required in the algorithm for determining the 
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number of iterations to perform, in order to get the result. This problem can be alleviated 

by using the Quantum counting algorithm to first estimate the number of solutions M to 

high accuracy and then applying the quantum search algorithm. Quantum counting is an 

application of phase estimation procedure to estimate the eigenvalues of the Grover 

iteration G, which in turn enable us to determine the number of solutions M to the search 

problem. Function of phase estimation algorithm in Quantum counting is to estimate θ to 

m-bits of accuracy, with a probability of success at least 1 - ∈. Quantum counting 

algorithm uses two registers, the first one contains t ≡ m+ log(2+1/ 2∈) qubits as per the 

phase estimation algorithm and second register contains n+1 qubits, enough to implement 

the Grover iteration on the augmented search space and is initialized to an equal 

superposition of all possible inputs by a Hadamard transform, as shown in figure 4.2. This 

gives us the estimate of θ to accuracy 2-m with probability 1-∈ [25]. 
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Figure 4.2 Circuit for performing approximate quantum counting on a quantum computer 

 

 
H⊗t 

 

 
FT+ 

 
 
 
 
H⊗n+1 

 
 
 
 

02G
 

 
 
 
 

12G  

 
 
 
 

12 −t

G  



CHAPTER 5     GUIDELINES FOR DESGINING QUANTUM ALGORITHMS  

48 

 
Chapter 5                                GUIDELIN ES FOR DESIGNING           

QUAN TUM ALGORITHMS 
 

The history of quantum algorithms is very brief. There are two main approaches that have 
resulted in descriptions of efficient quantum computational algorithms: the first is estimates 
of periodicity that resulted in the factorization algorithm, and the second is amplitude 
amplification that has led to Grover’s quantum search and related algorithms 
 
 
 
With discovery of the quantum factoring algorithm in 1994 a great excitement 

prevailed among theoretical computer scientists. Quantum computers provided a 

completely new paradigm for the theory of computation, and this was the first time it had 

been shown that quantum computation could efficiently solve a problem that had already 

been established as important in this field. Many people expected a succession of other 

interesting algorithms to follow. The reality has been disappointing, especially compared 

with the progress of the rest of the field of quantum information processing. So far, all the 

quantum algorithms known to offer substantial speed-up over classical algorithms, for the 

same problems, fall into one of three classes. The first class uses the Fourier transform to 

find periodicity. This class contains the factoring and discrete logarithm algorithms [31], 

Simon’s algorithm [34] (the first member of this class to be discovered), and Hallgren’s 

algorithms for Pell’s equation and certain other number theory problems [17]. There is, in 

fact a different way of looking at the factoring algorithm that, although it yields basically 

the same algorithm, puts it into a setting that emphasizes spectral methods rather than 

periodicity [20], but this approach has not yet yielded any new algorithms. The second class 

contains Grover’s search algorithm, which can perform an exhaustive search of N items in 

√N time [16], and a number of extensions of this algorithm (see [29]). These extensions all 
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have the general flavor of giving a square root improvement in the speed of optimization 

or search problems. The third class consists of algorithms for simulating or solving 

problems in quantum physics. This class contains Feynman’s original idea [13] of using 

quantum computers to speed up simulations of quantum physics. While not many 

theoretical papers have yet been written on this class of algorithms, it is clear that if 

quantum computers are ever developed, this class will be extremely useful in practice. 

Feynman came up with his idea of using quantum computers to simulate quantum physics 

in 1982, Simon’s algorithm and the factoring algorithm were developed in 1993 and 1994, 

and Grover came up with his original search algorithm in 1995. Since then, there have been 

further theoretical developments within each of these classes of algorithms, but no new 

classes of quantum algorithms have been discovered [32]. In the following discussion we 

present some guidelines for designing new quantum algorithms (based on views of [1][30]). 

Certain properties of quantum computation that are useful for constructing 

quantum algorithms [30]: 

Fact 1: a deterministic computation is performable on a quantum computer if and only if it 

is reversible [6]. From results on reversible computation [3], this means that we can 

compute any polynomial time function f(a) as long as we keep the input, a, on the machine. 

To erase a and replace it with f(a) we need in addition that f is one-to-one and that a is 

computable in polynomial time from f(a); i.e. both f and f –1 are polynomial. 

Fact 2: Any polynomial size unitary matrix can be approximated using a polynomial 

number of elementary unitary transformations [10][6][41] and thus can be approximated in 

polynomial time on a quantum computer. Further this approximation is good enough so as 

to introduce at most a bounded probability of error into the results of the computation. 
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Another interesting result in field of quantum computation is that one obtains 

quantum search algorithm using quantum simulation. This method works in two steps. 

First, one make a guess as to a Hamiltonian H which solves the search problem, that is H 

depends on the solution x and initial state | ψ〉 such that a quantum system evolving 

according to H will change from | ψ〉 to | x〉 after some prescribed time. Once such an 

Hamiltonian is found we can simulate the action of such an Hamiltonian using a quantum 

circuit. Amazingly following this procedure leads very quickly to the quantum search 

algorithm! This is different from the more conventional approach in two respects: one 

guesses a Hamiltonian rather than a quantum circuit, and there is no analogue to the 

simulation step in conventional approach. Thus one see that quantum search algorithm can 

be re-derived from a deifferent point of view, the point of view of quantum simulation. 

This opens questions whether this approach can be used to find other fast quantum 

algorithms? No one has a definitive answer for these questions but it seems certain that 

this ‘quantum algorithms as quantum simulations’ point of view offers a useful alternative 

viewpoint to simulate in the development of quantum algorithms [25]. 

The following guidelines represent an initial attempt to characterise a methodology 

for the design and development of quantum algorithms taken from [1]. 

1. The problem should be expressed in a numerical form, and if it is not, then a method 

should be employed to convert it into such a form. 

2. The initial configuration should be determined. 

3. The terminating condition should be defined concisely. 

4. The problem should be amenable to being divided into smaller subproblems. 

5. The number of universes required should be identified. 
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6. Each subproblem is assigned its own universe. 

7. Computations in the different universes occur in parallel. 

8. There must be some form of interaction between all of the universes. The interference 

must either yield a solution, or new information for the universes to utilise in locating a 

solution. 

The above guidelines provide useful pointers for designing quantum algorithms but 

they do not help identify the initial configuration. Perhaps there is a direct relationship 

between the general type of problem and the type of configuration to be used, but this is 

currently not known. Separating the problem into suitable subproblem components is the 

most challenging element in the design of quantum algorithms. 

On the other hand, there are some problems to be overcome if quantum 

algorithms are to be as robust and reliable as their classical counterparts. 

(a) Quantum factoring is not always guaranteed to work (e.g. the repeating frequency may 

be odd), but there are known fast algorithms for taking an arbitrary number and 

determining if it is a factor of another number. Hence, quantum algorithms are 

probabilistic. The exact relationship between quantum algorithms and currently known 

classes of probabilistic computation is not fully understood. 

(b) Constructing sufficiently large quantum registers which allow for coherent 

superpositions and entanglement may not be technologically feasible. There must be no 

outside interference (e.g. heat, noise, vibration) otherwise coherent superpositions will 

decohere. Simulations of Shor’s algorithms on classical machines in the Department of 

Computer Science at the University of Exeter show that there is an exponential growth 

required in the number of universes as the number to be factored grows larger (over two 
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million universes for a 10 digit number, 12 million for a 13 digit number). Deutsch [11] 

uses this exponential growth within Shor’s quantum algorithm to argue that the algorithm 

provides evidence for the parallel universes interpretation of quantum mechanics. 

However, this claim is premature, for two reasons. First, Shor’s quantum algorithm has not 

been realised on quantum hardware, except for claims that NMR technology using bulk 

spin resonances has been used for implementing extremely small scale versions of the 

algorithm [14]. Secondly, there is the problem of possible exponential growth within a 

universe in terms of the time required in order for a pattern to repeat itself. One may find 

that no vertical frequency is identifiable because it is not technologically possible to run a 

quantum computation for more than a few seconds, or even minutes, whereas for an 

arbitrary universe to find a repeating pattern may take several hours or even years. All these 

issues are highly controversial and uncertain, leading to the more pragmatic view that 

quantum algorithms, if they work, may only work in limited domains and therefore tells 

nothing about how best to interpret quantum mechanics. Nevertheless, one may be able to 

perform useful calculations, which are currently beyond the most powerful of classical 

machine. 

(c) There are issues of error correction because of multiple states of a quantum computer, 

thereby raising question of reliability and repeatability. 

(d) Finally, as pointed out above, there is no clear methodology for expressing problems in 

the NP-hard class as problems of repeating frequencies.  
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CHAPTER 6          QUANTUM CLIQUE ALGORITHM 

 
A  good idea has a way of becoming simpler and solving problems other than that for which it 
was intended. 

Robert Tarjan. 
 

 
 

6.1  INTRODUCTION TO CLIQUE PROBLEM 

Throughout this chapter G(v, e) represents an undirected graph where v = 

{0,1,2,3,… ,n} is the vertex set of G(we use the term vertex and node synonymously 

throughout) and e ⊆ v x v is the edge set of  G.  The symmetric n x n matrix MG = 

( )( ) vvjiija
×∈,  where ija = 1 if  (i, j) ∈ e is an edge of G and ija = 0 if (i, j) ∉ e, is called the 

adjacency matrix of G. 

The graph G(v, e) is said to be complete if vji ∈∀ , with i ≠ j, we have (i, j) ∈ e. A 

clique C of graph G(v, e) is the v’ ⊆ v such that ∀u, w ∈ v’ we have (u ,w ) ∈ e. i.e. clique is a 

complete subgraph of G(v, e). For example, the following graph have two cliques C1 and C2 , 

each of size 3. 

 

 

 

 

 

Figure 6.1 Graph showing cliques C1= 1,3,4 and C2 =  1,4,2 

  

 

1 

3 4 

2 

5 
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Clique as a decision problem is defined as  

Clique(G, k) :A Graph G = (v, e) with a set v of vertices and a set e ⊆ v ×  v of 

edges, | v|  =  n, k ∈ N, k ≤ n. Does G have a k-clique, i.e., does there exist a set v’ 

⊆ v with | v’|  =  k, so that for every pair v1 , v2 ∈ v’, (v1 , v2) ∈ e ? 

Clique problem is one of the first problems shown to be NP-Complete, which means 

that unless P= NP, a fact that is widely believed to be false, exact algorithms are guaranteed 

to return a solution only in a time which increases exponentially with the number of vertices 

in the graph [18]. For example, complexity of algorithms that uses k-interchange heuristics is 

given by O(nk), where k represents the neighborhood size. Larger the neighborhood size, 

better will be the quality of results [26]. In fact, Clique(G, k) is strong NP-complete as there 

do not exist any pseudo-polynomial algorithms unless P = NP [39]. The PCP-theory proves 

the clique problem as not solvable by approximation with reasonable results [24]. The strong 

NP-completeness and the hopeless outlook for a good result by means of approximation 

show the hardness of finding cliques in graphs by sequential algorithms.  

 

6.2  Q-CLIQUE ALGORITHM 

Quantum Clique algorithm (Q-Clique Algorithm) uses Grover’s search algorithm and 

quantum counting algorithm. For a graph G with n nodes our search space will be the 

superposition of n-qubit, that is it will contain all possible combinations of n nodes. This will 

contain both valid and invalid cliques (because there cannot be any clique with less than 3 

nodes, all such combinations will act as invalid cliques.). In terms of search problem, Clique 

problem can be stated as  
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For G(v, e)  with n nodes, search space contains N=2n possible combinations of 

nodes. We have to find all the cliques (i.e. solutions M) in G.  

We will first use quantum-counting algorithm to get an estimate of M, i.e. number of 

cliques, then we apply Grover’s quantum search algorithm to get the cliques. In order to find 

M solutions in an N-item search space Grover’s search algorithm requires O(
M
N ) queries to 

the Oracle. The oracle will be an efficient quantum circuit that implements the function f(x) 

= 1 if x is a clique and f(x) = 0 otherwise. A classical circuit that implements this function is 

first designed. Using the techniques of reversible computation, its corresponding classical 

reversible circuit is designed, which takes (x , q) - representing an input register initially set to 

x and a one bit output register initially set to q - to (x, q ⊕ f(x)) . Now this reversible circuit 

can immediately be translated into a quantum circuit that takes | x〉| q〉 to | x〉| q ⊕ f(x)〉, as 

required by the oracle.  

Oracle of Q-Clique Algorithm uses A ND function for determining whether the x  

represents clique G(x), where x =  ∑
−

=

1

0

n

i
ix  is an n-bit sequence of 0’s and 1’s and ith  bit 

denotes vi , the ith  node of graph G(v ,e). A ND function performs the column wise logical 

∧ (and) on the rows 
1i

R
2iR …

miR for indexes i1, i2, …, im specified in the A ND 

function as an argument. This operation can be represented as 

A ND(
1i

R ,
2iR , …  ,

miR ) = C0C1C2…Cn-1 ,  
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Where jijijij m
aaaC ∧∧∧= ...

21
 1,...,2,1,0 −=∀ nj  where n is the number 

of columns and ∧ is the logical and. jim
a is the jth element of row

miR and im represents the 

index of the row and can be anything from 0 to n-1. Classical function that implements this 

oracle is as follows: 

1. Store the bit positions of x for which xi = 1. Let’s denote these bit positions as i1 , 

i2 , i3 , …, im where m represents the number of 1’s in x. If m <3 then function 

outputs 0 (because there cannot be any clique between nodes less than 3) and 

exits, otherwise move on to next step. 

2. Apply A ND(
1i

R ,
2iR , …  ,

miR ). Column wise compare the result of A ND 

with x. There equality indicates a clique and thus function returns 1 as output, 

otherwise function returns 0.  

The time complexity of this classical function is O(n2). From this we can estimate 

the classical circuit complexity for this function. Although circuit complexity is in some 

sense incomparable with time complexity because, for each language L (even non-recursive 

L) there is a constant c such that CL(n) ≤ cn. However, there is a basic relationship in one 

direction between these two notions of complexity: circuit complexity provides a related 

lower bound on time complexity [37]. [28] showed that if L ∈ DTIME(T (n)) then CL(n) =  

O(T (n)2). [27] improved this to CL(n) =  O(T (n) log T (n)). Thus the circuit complexity of 

our oracle function becomes O(n2logn) (because log(n2)=2log(n)). The complexity of the 

reversible circuit constructed from this circuit will be almost the same as that of the 

irreversible circuit. This circuit can then be implemented using quantum circuits. 
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Figure 6.2 Flowchart of Q-Clique Algorithm 

Steps for Q-Clique Algorithm 

1. Apply Quantum Counting algorithm as shown in the figure 4.2. 

a. Take a t-qubit register where t ≡ m + log(2+1/ 2∈  qubits where m is the 

bits of accuracy and ∈ is the probability of failure. 

b. Take a second register of n+1 qubits, where n is the number of nodes in 

graph G and one extra qubit is used as oracle qubit. Grover’s iteration 

G=2(| ψ〉 〈ψ| - I)O, will be performed on this register. 

c. Initialize the first register as | 0〉⊗t. Initialize second register as superposition 

of all possible inputs ∑
x

x  by using Hadamard Transform. 

Estimate M (number of cliques) 
using Quantum Counting 

Algorithm 

Is M>0 ? No cliques in 
the Graph 

Find Cliques Using Grover’ s 
Search Algorithm 

Measure Quantum Register to get 
the cliques 

No 

Yes 



CHAPTER 6     QUANTUM CLIQUE ALGORITHM  
 

 

58 

d. Apply the Phase Estimation Procedure (as given in section 4.2). This will 

give us the estimate of θ to m-bits of accuracy.  

e. Using equation 6.1 calculate M. 

NM 2sin 2
2 =θ   (6.1) 

2. Calculate R which denotes number of Grover’s iterations needed to be performed. 











=

θ
NM

CIR
arccos

  (6.2) 

where CI(x) denotes the integer closest to the real number x. 

3. Apply the Grover’s Search Algorithm 

a. Start with the initial state | 0〉⊗n. 

b. Apply Hadamard transform H⊗n to first n qubits and HZ to the last qubit. 

This puts the system in the following state 

∑
−

=

=
1

0

1 N

x

x
N

ψ  






 −

2

10
  (6.3) 

c. Apply the following Grover’s iteration R times (as calculated in step 2.) 

i. Apply the Oracle O. 

ii. Apply the Hadamard transform H⊗n. 

iii. Perform a conditional phase shift on computer with every 

computational basis state except | 0〉 receiving a phase shift of –1, 

( ) xx x 01 δ−−→   (6.4) 

iv. Apply the Hadamard transform H⊗n. 

Above steps (from i to iv) can be represented by the following unitary operation 
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( )[ ] R
OI

⊗−ψψ2   (6.5) 

4. Measure the last qubit of the quantum state, representing f(x). Because of the 

amplitude change, there is a high probability that the result will be 1. If this is the 

case, the measurement has projected the state onto the subspace ∑
=

M

i
iM

x
2

1

1,
2

1
, 

where M is the number of solutions. Further measurement of the remaining bits 

will provide one of these solutions. 

Complexity of this algorithm is O( MN ) where N= 2n. In Grover’s search algorithm it 

is assumed that M ≤ N/ 2. When M > N/ 2, it can be shown that number of iterations 

increases as M varies from N/ 2 to N. That is the reason for including both valid and 

invalid entries of the cliques so that M is always less than N/ 2. For M = N/ 4, which is a 

special case of Grover’s algorithm, a solution is found with certainty in a single iteration.  

 

6.3  RESULTS 

We compare the number of iterations required by the classical algorithm and Q-

clique algorithm for solving Felt, Moon-Moser and Tarjan graphs. 

Definition A felt graph Gn =  (Vn , En) of complexity n contains n components S1, 

S2, ..., Sn with (1) every component Si is a circle with 5 nodes, 1 ≤ i ≤ n, 

(2) ∀i∀j∀u∀v(1 ≤ i ≠ j ≤ n ∧ u ∈ Vi ∧ v ∈ Vj → (u, v) ∈ En). 

Definition A Moon-Moser graph Gn =  (Vn,En) of complexity n contains n 

components S1, S2, ..., Sn with  (1) every component Si has 3 isolated nodes, 1 ≤ i ≤ n 

(2) En =  {(u, v) : u ∈ Si ∧ v ∈ Sj ∧ i ≠ j}. 
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Definition A Tarjan graph Gm,n =  (V, E) contains 2n crowds K0
1 , K

1
1, K

0
2, K

1
2, …  

K0
n , K

1
n, each with m nodes. Two nodes u ∈ Vx

i  and v ∈ Vy
j are not adjacent if i =  j and x 

≠ y. 

 

Figure 6.3 Felts with complexity 2 and 3 

 

Figure 6.4 Moon-Moser Graphs with complexity 3 and 4 

 

Figure 6.5 Tarjan Graph Gm,4 . Every node in Gm,4 is a crowd with m vertices 

Conclusion: For all n >  0 

(1) a felt Gn contains 5n cliques, 

(2) a Moon-Moser graph Gn contains 3n cliques, 

(3) a Tarjan graph Gm,n contains 2n cliques. 
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 N odes 
Cliques 

in Graph 
G 

Classical Algorithm 
(2n) 

(no. of iterations) 

Q-Clique Algorithm 
(2n/ M)0.5 

(no. of iterations) 
Tarjan n′ =  4 8 16 256 4 

Moon-Moser 
n′ =  3 9 27 512 5 

Felt n′ =  2 10 25 1024 7 

Moon-Moser 
n′ =  4 

12 81 4096 8 

Felt n′ =  3 15 125 32768 17 

 
Table 6.1 Comparison of Classical and Quantum algorithm for Clique problem

 

The graphs chosen are those in which its hard to find cliques. The above table shows 

theoretical results based on the complexity of the algorithms to give an idea of the speed-up 

provided by the Q-clique algorithm. As can be seen from the above table there is a great 

speed-up provided by the Q-Clique algorithm as compared to the classical algorithm in terms 

of number of iterations required to find the given number of cliques. 
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CHAPTER 7 CONCLUSION 

 
“Nature uses only the longest threads to weave her patterns, so that each small piece 
of her fabric reveals the organization of the entire tapestry." 

Richard Feynman 
 
 
  

7.1  CONCLUSION 

In the plethora of complexity classes, an attempt has been made to classify the 

problems into three categories, from view of quantum computing – problems that can be 

efficiently solved on quantum computers – Shor’s Factoring algorithm, Discrete 

Logarithms, Quantum Simulation, problems for which quantum computers either cannot 

provide efficient solutions or exponential speedups, than those provided by their classical 

counterparts – P, ZPP, BPP complexity classes, Grover’s search algorithm and problems 

which cannot be solved efficiently on quantum computers, that is they require exponential 

resources even on quantum computers – NP-complete problems.  Although NP-complete 

problems cannot be solved efficiently on quantum computer, it can still provide speed-ups 

for some of the NP-complete problems with respect to their classical counterparts [25]. We 

recognize one such problem in the thesis and show how it can be solved on quantum 

computer. 

 The field of quantum computation and information theory has seen significant 

developments but till now only few quantum algorithms like Shor’s algorithm and Grover’s 

algorithm, have been designed that take advantage of features of quantum computers. We 

present some guidelines on how to design quantum algorithms and features to take into 

account while designing them.  
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 We show that Clique problem can be solved on quantum computer with complexity 

O( MN ) where N = 2n as compared to their complexity O(2n) on classical computers. 

Although it does offer a speed-up from its classical counterpart, it still requires exponential 

resources. Hence we place this problem into the third category of our complexity class – 

Class of problems, which cannot be solved efficiently on quantum computers. 

 

7.2  FUTURE SCOPE 

The field of quantum information theory and quantum complexity theory has 

expanded significantly. But the development of quantum algorithms lagged behind, with 

barely any new significant algorithms having been discovered in the last five years. There can 

be two reasons for this lag; the first possible reason is that quantum computers operate in a 

manner so different from classical computers that our techniques for designing algorithms 

and our intuitions for understanding the process of computation no longer work. The 

second reason is that there really might be relatively few problems for which quantum 

computers can offer a substantial speed-up over classical computers, and we may have 

already discovered many or all of the important techniques for constructing quantum 

algorithms. But this seems quite unlikely, as any quantum algorithm offering a speed-up over 

classical computation must use interference: a phenomenon which is unknown in classical 

computer science, and most theoretical computer scientists are not used to reasoning about 

it. Thus, it seems quite likely that several new and significant quantum algorithmic techniques 

have yet to be discovered [32]. 

Much of the research into new quantum computer algorithms has been spent 

looking for super-polynomial speed-ups. While these do not occur in Grover’s algorithm 
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and its extensions, they can occur in the classes of quantum algorithms that use periodicity 

finding and that simulate quantum physics. Super-polynomial speed-ups cannot arise from 

problems that have polynomial-time classical algorithms, so researchers have been 

concentrating on problems that are not in the classical computational class P. The first 

class of problems not in P that come to mind are the NP-complete ones [32]. A quantum 

algorithm solving NP-complete problems in polynomial time would be a momentous 

discovery, but it is believed that the most likely scenario is, that this is not possible.  

It has been proved that there is an oracle, relative to which NP-complete problems 

cannot be solved in polynomial time on quantum computers [5]. If we assume that NP-

complete problems are not solvable efficiently on a quantum computer, then in order to 

achieve a super-polynomial speed-up, we must look within the class of problems which are 

neither NP-hard nor in P. There are only a relatively small number of well-studied 

problems that are suspected to be in this class. No general theory is known for these 

problems, and relatively few of them are known to be reducible to each other, so they all 

must be considered individually. It may be that many of these problems do not indeed have 

polynomial-time algorithms on quantum computers. People have to date concentrated their 

efforts on those problems that appear to have structure related to periodicity, thus 

providing a possible means of attack. These include the problems of graph isomorphism 

and that of approximating short vectors in a lattice. Neither of these problems has yet 

yielded to a quantum attack [32]. 

One research area that might be worth exploring is to try to find faster quantum 

algorithms for problems already known to be classically solvable in polynomial time. This 

approach is limited to providing polynomial factor speed-ups. While this is certainly less 
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exciting than finding super-polynomial speed-ups, it could nevertheless yield new 

techniques for designing quantum algorithms. At this point, any new techniques have the 

potential to be of great value in further exploration of quantum algorithms, and, if this 

avenue can help discover such new techniques, it should be pursued [32]. 
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