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Abstract

A long standing conjecture [10, Problem 4.13] asserts that every finite non-
abelian p-group has a noninner automorphism of order p. The work pre-
sented in this dissertation has been divided into three chapters. The first
chapter is introductory. In chapter II, apart from setting up the notations
and terminology to be used in sequel, we have presented some known results
inter-related to our result. In chapter III, we studied the main results of
Attar[14]. In the first theorem we prove the validity of the conjecture for the
following cases:

(1) ®(G) is cyclic ;

(2) exp(G) =
(3) s = rank(Z(G)) > (m —1)/2, where |G| =
(4) s = rank(Z(G)) > 2 and [G : Z(G)] < p.

In the second theorem, we show that a finite p-group of maximal class has at

m 2

least p(p—1) noninner automorphisms of order p which fix (G) elementwise.
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CHAPTER 1

1 Introduction

Let G be a finite group. The set of all the automorphisms of G is denoted by
Aut(G). An automorphism g of G is said to be inner if for all g € G, there
exist a fix @ € G such that 8(y) = a 'ya. The set of all inner automorphisms
of G is denoted by Inn(G). An automorphism which is not inner is called a
noninner automorphism.

Throughout this thesis, G denotes a finite group unless or otherwise stated.
A long standing conjecture [10, Problem 4.13] asserts that every finite non-
abelian p-group has a noninner automorphism of order p. This conjecture
was first attacked by Lieback [9] in 1965. He proved that every finite p-
group(p odd) of class 2 has a noninner automorphism of order p which fixes
®(G) elementwise. For 2 groups of class 2, Abdollahi [1] proved that these
groups have a noninner automorphism of order 2 fixing ®(G) or 2,(Z(G))
elementwise. Abdollahi [3],[2] proved the validity of the conjecture for finite
p-groups of nilpotency class 3 or G/Z(G) is powerful. Jamali and Viseh
[8] proved that every finite 2-group with cyclic commutator subgroup has a
noninner automorphism of order 2 fixing ®(G) elementwise. If G is a finite
p-group and M is a proper normal subgroup of G, then (G,M) is said to be a
camina pair if for all z € G\M, xM C 2. Ghoraishi [6] proved the validity
of the conjecture for finite p-group G, where p is an odd prime, such that
(G,Z(G)) is a Camina pair. Deaconescu and Silberberg [5] proved that if
G is a finite p-group such that Co(ZP(G)) # ®(G), then G has a noninner
automorphism of order p leaving ®(G) fixed elementwise. This reduced the
verification of the conjecture to degenerate case in which Cq(ZP(G)) =
®(G). In [14,Theorem], Attar proved the validity of the conjecture for finite
p-groups of maximal class.

In this dissertation, we prove main results of Attar [14]. In the first theorem

we prove the validity of the conjecture for the following cases:



(1) ®(G) is cyclzc
(2) exp(G) =
(3) s = ank(Z(G)) > (m —1)/2, where |G| =
(4) s = rank(Z(G)) > 2 and [G : Z(G)] < p*.

In the second theorem, we show that a finite p-group of maximal class has at

least p(p—1) noninner automorphisms of order p which fix &(G) elementwise.



CHAPTER 2

2 Preliminaris and Notations

Definition 2.0.1. (Commutator) Let = and y be two elements of a group

G. The commutator of x and y is denoted by [z, y] and is defined as :

[z, y] = 27y ey,

The higher commutators are defined inductively as :
(1, 29, ..., k] = [[x1, %2, ..., Xk_1], 1], where k > 2 and x; € G for 1 <i <

n.

Definition 2.0.2. (Subgroup generated by a subset of a Group) Let
B be a subset of a group G. A subgroup A of G is said to be generated by

B if it satisfies the following conditions:
1. B C A.
2. If X is any subgroup of G containing B, then A C X.

It is the intersection of family of subgroups of G that contain B and is
denoted by (B).

Definition 2.0.3. (Commutator Subgroup) The commutator sub-
group or the derived subgroup is the subgroup generated by the com-

mutators of elements of GG, denoted by

G =[G, G| = (|z,y] : z,y € G).

Definition 2.0.4. (Homomorphism) Given two groups (G, *) and (H,.),
a group homomorphism from (G, %) to (H,.) is a function f : G — H such
that for all z,y € G,



flxxy) = f(zx).f(y).

Definition 2.0.5. (Isomorphism) Let (G, *) and (H,.) be two groups. We
say that G and H are isomorphic if there is a bijective map f : G — H,

which respects the group structure. That is to say, for every g and h in G,

flgxh) = f(g).f(h).

The map f is called an isomorphism. The isomorphic groups G' and H
are denoted by G = H.

Definition 2.0.6. (Automorphism) An Automorphism of a group G is an
isomorphism of G onto G. The set of all automorphisms of G is denoted by

Aut(G).

Theorem 2.0.1. The set Aut(G) of all automorphisms of a group G forms

a group under composition of mappings.

Proof. Let Aut(G) be the collection of all automorphisms of a group G. That
is Aut(G) = {f : f is an automorphism of G }. We prove that (Aut(G),.)

forms a group.

(1) Closure property: Let f,g € Aut(G) and h = fg. Now, h is a

bijection since it is a composition of two bijective functions.

Thus we need to show that h(ab) = h(a)h(b) for all a,b € G.

Consider,

h(ab) = fg(ab) = f(g(ab)) = f(g(a)g(b)) = f(g(a))f(g(b)) = h(a)h(b)



thus, h is an automorphism of G.

(2) Associativity : We know that composition of mappings is associa-
tive i.e. for f,g and h € Aut(G),(fg)h = f(gh). Therefore, composite of

automorphisms is associative.

(3) Existence of Identity : The identity function i : G — G is de-

fined as i(x) = x for all z € G. Clearly, it is one-one, onto map that preserves

adjacency i.e. i(ab)=i(a)i(b) for all a,b € G. Thus i is an automorphism.

For any f € Aut(G), there exists ¢ € Aut(G) such that fi=if = f.
Thus i is an identity element of Aut(G).

(4)_Existence of inverse : Let f € Aut(G). Since f is a one-one map of
G onto itself, f~! exists and it maps from G — G such that ff~! = f~1f = .
We need to show that f~! € Aut(G). The map f~! is a bijection as it is in-

verse of bijective function.

Next we need to show that: f~(ab) = f~'(a)f~(b) for all a,b € G.
Let a,b € G. Then there exists a/,b’ € G such that :

fHa)=d = f(d)=a
and
[0 =b = f(b)=b
Therefore,

f(ab) = f(a

= [TH(ab) =a'b = fH(a) [T (D)
Thus, f~'(ab) = f~'(a)f~1(b) for all a,b € G. Therefore, f~! is an
automorphism i.e. f~' € Aut(G). So, each element of Aut(G) possesses
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inverse. Thus, Aut(G) forms a group with respect to composite composition

and is referred to as group of automorphisms of G. n

Definition 2.0.7. (Inner Automorphism) Let G be a group and a be
fixed element of G. Then the mapping f, : G — G defined by

fo(z) = 2% = a 'za

for all z € GG is called the inner automorphism of G determined by a. The

set of all inner automorphisms of G is denoted by Inn(G).

Theorem 2.0.2. Inner automorphisms of a group G form a subgroup of
Aut(G).

Proof. Clearly Inn(G) is nonempty, i € Inn(G) as

i(z) =2 =exe ' = f.(x) forall v € G.

For any f,, f, € Inn(G) simple computation shows that f,of, = fu € Inn(G).

Now for any two elements, a, x in G,

fao far(2) = falforr (2)] = fala™ 2a) = a(a™ za)a™ = 2 = i(x)

thus, f,o fo-1 =1
Similarly f,-1 o f, = 1.
Thus, f,-10 fos =i = f,0 f,~1 and hence (f,)™' = f,-1» € Inn(G).

]

Definition 2.0.8. (p-Group) A Group G is said to be a p-group if each
element of G is of order a power of some fixed prime number p.

Example: Dihedral group Dg = (a* = 1,b* = 1,ba = a~1b) is a 2-group.

10



Elements of Dg are {a,a? a®, 1,b,ab, a®b, ab}.

Here, |a| = |a3| = 4, |a®| = |b] = |ab] = |a®b| = |a®b| = 2.

Definition 2.0.9. (Elementary Abelian p-group) An abelian p-group G

is said to be elementary abelian, if order of each non-trivial element of G is
D.

Definition 2.0.10. (Rank of a Group) The rank of a group G, denoted
by rank(G), refer to the smallest cardinality of a generating set for G, that is

rank(G) = min{|X|: X C G,(X) = G}.
Remark: Rank(Dg) = 2.

Definition 2.0.11. (Powerful p-group) A finite p-group G is called pow-
erful if the commutator subgroup G’ = |G, G| is contained in the subgroup
GP = {gP|lg € G} for odd p, or if G’ is contained in the subgroup G* for
p=2.

Definition 2.0.12. (Centre of a group) The centre of a group G, denoted
by Z(G) is the set of elements in G that commute with every element of G.
Symbolically,

Z(G) ={a € G| ax = za for all x € G}.

Example: Centre of quaternion group Qg
QS = {17 _172 _Z.vjv _ja k:a _k}

is { 1-1 }.

Definition 2.0.13. (Conjugacy Class) Any two elements a,b € G are

called conjugate if there exists an element g € G with
g ag =b.

11



It can be easily seen that the relation of conjugacy among the elements of G
is an equivalence relation and it partitions G into equivalence classes.

Equivalence class of an element a € G is defined as
Cl(a) = {b € G| there exists g € G with b = g 'ag}
and is called the conjugacy class of a.

Definition 2.0.14. (Centralizer) Let A be a non-empty subset of G, then
Co(A) ={z € G| za = ax for all a € A}.

Clearly, C(A) forms a subgroup of G.
In particular, the centralizer of an element g of a group G is the set of

elements of G which commute with g,

Calg) = {z € G| zg = gx}.
Remark: Number of conjugates of ¢ in the group G is [G : Cg(z)].

Definition 2.0.15. (The class equation) For any finite group G,

Gl=) [G: Calx)],

T

where the sum runs over one element x from each conjugacy class of G.

Lemma 2.0.3. If G is a nontrivial finite p-group, then G has a nontrivial

centre.

Proof. Let z € G be any element, then Cl(z) = z if and only if x € Z(G).
Thus, by extracting out these elements, the class equation can be written in

the form

Gl =12(G)| +)_[G: Cal(x)] (2.1)

zeX
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where X is the subset of G containing exactly one element from each

non-central conjugacy of G.

By Lagrange’s theorem, |Cq(z)| | |G|. Now, z € Z(G) if and only if
Cg(:E) =G.
If x ¢ Z(G), then Cg(x) < G and since, G is a finite p-group, |G| = p".

Thus, |Cg(x)| < p"~!, which implies that % > p.

So, [G : Cg(z)] > p, which implies p | [G : Cg(x)]. Therefore, p divides

2nex|G : Ca(@)]-
Thus, p divides |G| = > . [G : Ca(x)]. It follows from (2.1), that p divides

|Z(G)| and hence |Z(G)| # 1.

]

Theorem 2.0.4. In a p-group, Z(G) N N is non-empty, where N is any

non-trivial normal subgroup of G.

Proof. From class equation, we have

G =Z(G)U (UpexCl(a))
N=NNG=NN(Z(G)U (UuexCl(a))
= (NN Z(G))U (NN ((UeexCl(a)))
Hence,

IN| =12Z(G)NN|+ > |Cl(a) € N| (2.2)

acX
If a € N, then Cl(a) C N, so Cl(a) " N = Cl(a).
Suppose that a ¢ N and Cl(a) " N # ¢. Let y € Cl(a) N N. Then,
y € Cl(a) and y € N. Let y = g 'ag, for some g € G. Then g lag e N =

13



g(g7tag)g™! = a € N, a contradiction. So, Cl(a) N N = ¢.

Thus, Cl(a) "N = Cl(a) or ¢ for all a € X.
— |Cl(a) N N| is 0 or |Cl(a)|.
— |Cl(a) N N|is 0 or [G : Cg(a)]

But, p | [G : Cg(a)] for all a € X. So, p| |Cl(a) N N| for all a € X.

—

pl Y |Cl(a) N N|

acX
Also, p | |N|. Therefore, it follows from (2.2) that,

pl1Z(G)NN|
and hence Z(G) N N is non-trivial. O

Definition 2.0.16. (Non Generator) An element g € G is a non generator
if whenever (X U g) = G, we have (X) = G for X C G.

Definition 2.0.17. (Maximal Subgroup) A subgroup H of a group G
is said to be maximal subgroup if H # G and there does not exist any
subgroup K of G such that H < K < G.

Ezample: In S,(n > 2), A, is a maximal normal subgroup.

Definition 2.0.18. (Characteristic Subgroup) A subgroup H of a group
G is said to be characteristic subgroup if for every automorphism f of G,
f(H) S H.

Thus, a characteristic subgroup is the one which is invariant under every

automorphism of G.

Definition 2.0.19. (Frattini subgroup) Let G be a finite group. The
frattini subgroup is the intersection of all maximal subgroups of G and is

denoted by ®(G).
If G has no maximal subgroup then ®(G) = G.

14



Theorem 2.0.5. For all finite groups G, the set of non-generators of G
equals the Frattini subgroup of G. Consequently, if G = H®(G) for some H,
then G = H.

Proof. Suppose a is a non-generator of G and H is a maximal subgroup.
If a ¢ H, then (H,a) > H, and so by maximality (H,a) = G. But a is
a nongenerator, and hence H = G which contradicts the maximality of H
(maximal subgroups are always proper).

Therefore a € H, and as this holds for all maximal subgroups H, we also
have a € ®(G).

Conversely: Suppose a € ®(G), so a belongs to all maximal subgroups of G.
We will show that a is a non-generator. Assume that, for some set X, a ¢ X
and {a} U X generates G.

If (X) # G, then there exists a maximal subgroup J of G which contains
(X), possibly (X) itself, that is, (X) < J < G.

By supposition, a € J and so (a, X) < J. But (a, X) = G, hence G < J

which is impossible. Hence (X) = G and a is a non-generator. Finally, let

G = HO(G) = (H, &(G))

so,G=(H)y=H = G=H.
[l

Theorem 2.0.6. Let G be a group and ®(G) denotes the Frattini subgroup
of G. Then ®(G) is Characteristic subgroup of G.

Proof. Let H be a maximal subgroup of G and « is an automorphism of G,
and let K be any subgroup of G such that a(H) < K = H < (a) '(K).
Thus (o) '(K) = G by the maximality of H. Therefore, K = G and hence
a(H) is a maximal subgroup of G.

Consider M = {K| K is a maximal subgroup of G }. Now, each auto-

morphism « of GG induces a bijective map from M to itself which means that

15



for every H € M, a(H) € M. Thus, for every automorphism « of G, we have

a@@)=a( () H= (] (aH)

H maximal in G H mazimal in G
which is the same as intersection of all maximal subgroups H of G. Thus,
®(G) is characteristic. O

Lemma 2.0.7. Let M be a normal subgroup of G then G/M ‘s abelian if
and only if G < M.

Proof. Let G/M be abelian and for any two elements a,b € G, we have

(@M)(BM) = (bM)(aM)
= (ab)M = (ba)M
= (ba) H(ab)M = M
= (ba) '(ab) € M
—a b lab € M
= [a,b] € M

Therefore, G' < M.
Conversely, let G' < M and aM,bM € G /M be any two elements.
Since, G' < M, [a,b] € M

—a'blab € M

— a v abM = M

= (aM) ' (bM) taMbM = M
— aMbM = bMaM

Thus, G/M is abelian.

16



Theorem 2.0.8. Let G be a finite p-group. Then G/®(G) is elementary

abelian.

Proof. Since every maximal subgroup M of a p-group is normal and of index
pie. [G:M]=p, G/M is a cyclic group of order p. Hence G' < M for all
maximal subgroups M by Lemma 2.0.7. Also, ®(G) is the intersection of all
maximal subgroups, thus G' < ®(G) and hence by Lemma 2.0.7, G/®(G) is
abelian.
Also, since G/M has order p, (Mx)? = M for all x € G, which implies that
2P € M for all x € G and this holds for every maximal subgroup M of
G. Thus, 2P € ®(G) and hence every element of G/®(G) is order p. Thus
G/®(G) is elementary abelian.
Remark: Tt follows from the proof of above theorem that for a finite p-group
G, G < d(@).

O

Definition 2.0.20. (Normal Series) A subnormal series of a group G is a

chain of subgroups,

1:A0<]A1<A2 ..... <]An:G

where each A; is a normal subgroup of A;,; and not necessarily of G. Each
quotient group A;y1/A; are called the factor groups of the series.
If in addition each A; is normal in G, then the series is called a normal

series.

Definition 2.0.21. (Lower Central Series) In any arbitrary group G,
we define subgroups 7;(G) as:

Yi41(G) = [G,%(G)]
for i > 1. Observe that 15(G) = G', each v,(G) is normal in G and 7;41(G) <
1(G).

17



Thus, the series
G =m(G) 2 17(G) 2 1(G) = ...

is known as the lower central series of G.

Ezxample: In dihedral group Dg, lower central series is:
G =1(G) = »(G) > 1.
Here, 7,(G) = {a?,1} = G'.

Definition 2.0.22. (Upper central series) The upper central series of G,
denoted by Z;(G) for i > 0 is the chain of subgroups defined by

Zo(G) =1,
Zi—i—l(G)/Zi(G) = Z(G/Zz‘(G))

where each Z;(G) < G. Then Z(G/Z;(G)) is a normal subgroup of G/Z;(G).
So corresponds to a normal subgroup Z;;1(G) of G containing Z;(G). In this

way we define a chain of subgroups

1=20(G) < Z1(G) < Z(G) < ...
each of which is normal in G. Here Z,(G) = Z(G).
The subgroup Z;(G) is called the i'"centre of G' and the sequence is called
upper central series.
Definition 2.0.23. (Nilpotent Group) A group G is said to be nilpotent

if 7.41(G) = 1 for some c. The least such ¢ is the nilpotency class of G.

(1) If G is abelian, then 72(G) = {e}.

Definition 2.0.24. (Group of Maximal Class) A finite p-group G of
order p"! is said to be of maximal class if nilpotency class of G is n.

Ezxample: Dihedral group Dy is of nilpotency class 2.

18



Lemma 2.0.9. If¢ : G — K is a surjective homomorphism, then ~;(G)¢ =
Yi(K) for all i.

Proof. By Induction on i. Note that v1(G)¢ = Gp = K = v1(K).
Suppose v;(G)p = v(K). If x € v(G) and y € G, then

50, Yi+1(G)¢ = [7i(G), Glo < v (K).
On the other hand, if a € ;(K) and b € K, then a = x¢ and b = y¢ for
some z € v,(G) and y € G. So,

[a’ b] = [‘Tgbv y¢] = [x7y]¢ S [IYZ(G)7 G]¢ = 7@+1(G)¢

thus, 71 (K) = [%(K), K] < 7i41(G)e.
Therefore,
7i(G)p = v K for all .

Theorem 2.0.10. Fvery finite p-group is nilpotent.

Proof. Let G be a finite p-group and |G| = p™. We proceed by induction on
G

If |G| =1, then v (G) = G =1, so G is nilpotent of class 1.

Now, suppose |G| = p™. By Lemma 2.0.3 Z(G) # 1. Since Z(G) is non-trivial
and normal subgroup of G, we consider the quotient group G/Z(G). This is

a p-group of order smaller than |G|, so by induction it is nilpotent, say
Ye+1(G/Z(G)) =1

Let 7 : G — G/Z(G) be the natural homomorphism. Then, by using
Lemma 2.0.9

Ye+1 (G)W = 76+1<G/Z<G)) =1
80, Ve+1(G) < kerm = Z(G). Thus,

Yer2(G) = [1e41(G), G] < [Z(G),G] = 1.

Thus G is nilpotent. O

19



Definition 2.0.25. (Internal Direct Product) Let Hy, Ho, ..., Hy be the
subgroups of a group GG. We say that G is the internal direct product of
Hy, H,, ...., Hy, if it satisfies the following conditions:

1. Hi<Gforalle=1,2,...,k

2. G=HH,..Hy.

8. H; N (H\Hy...H;...Hy) = 1, where H,H,...H;...H, means the product of
all H; excluding H;.

If G is the internal direct product of Hy, Ho, ..., H;, then G = H; X Hy X

Lemma 2.0.11. Let G is a finite abelian p-group and a be any element of

mazimal order. If o(a) = p* then a?* = e for all z € G.

Theorem 2.0.12. Let G be a finite abelian p-group and a be an element of
maximal order in G. Then there is a subgroup H of G such that G = (a) x H.

Proof. Let a € G be an element of maximal order, say o(a) = p*. Consider
all subgroups K of G such that (a) N K = {e}. Let H be maximal with
respect to these subgroups.

That is, if H < K < G, then (a) N K # {e}. Since G is abelian, all subgroups
are normal. Moreover (a) N H = {e} by definition.

Therefore to prove that G = (a) x H, we only need to show that G = (a)H.
Suppose G # (a)H, then there exists y € G such that y ¢ (a)H.

Let r = min {m € N| y*" € (a)H}. By Lemma 2.0.11, y*" = {e} € H, so
r<k Letz=y" . Sox¢ (a)H since r was the smallest such power.
However, 27 = y*" € (a)H. Therefore, we have found an element x € G such
that x ¢ (a)H, but 2P € (a)H.

Since zP € (a)H, we have x = a%h for some q € Z, h € H. Again using

above Lemma 2.0.11, we get the following

1 1

e — 2P — (xp)p’“* _ (aqh)p’“l — g T

20



Hence, a®* " = hP""" € H. However a®"' € (a) N H = {e}. Therefore,

k—1

a?" ™" implies o(a) | gp*~1, and since o(a) = p*, so p* | gp*~! which implies

rla
So, ¢ = ps for some s € z. Also since, x ¢ (a)H, so za'™> ¢ H.

However we have that

(xa(*s))p — PP — 4P (C) — K e H

Consider, K = (za"®)H. Clearly, H C K. Also za\™® € K but za=* ¢ H,
so H # K.

By maximality of H, (a) N K # {e}. Let b € (a) N K where b # e.
Therefore, there exists t , u € Z and h' € H such that b = a* = (va=*))H’
Claim: p does not divide u.

Suppose if possible, p | u. Then u = pv for some v € Z, so we have

/

b= (xa(_s))“hl = (xa(_s))p”h/ = ((a:a(_s))p)”h

Since, (za=*))? € H. Therefore, ((xal~*))?)’h" € H and thus b € H.
Also, we have b € (a), therefore b € (a) N H = {e}, which is a contradiction
since b # e.

Hence, p does not divide .

Now, since p is a prime, (p,u) = 1. So, there exists integer w and d such
that pw + ud = 1.

Therefore,

T = xpw+ud — (xp)w(xu)d

But, 2 € (a)H, then (2?)* € (a)H. Moreover a* = (za=)"h’, so

which implies « € (a)H and this is a contradiction.
Thus, G = (a)H, and hence G is the internal direct product of (a) and H.
Therefore, G = (a) x H.
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So, we can repeat this process on H to get H = (c) x H; for some
c € H, H < H etc. Since G is finite, eventually this process will end and
consequently will have expressed G as a direct product of cyclic groups. In
other words, any p-group G can be expressed as an internal direct product

of cyclic subgroups. O

Theorem 2.0.13. Fvery Finite abelian p-group can be written as direct prod-

uct of cyclic groups.

Proof. Let |G| = p™. We will prove this by using induction on n.
If n =1, |G| = p, which implies G = (a), where a is an element of order p.

Assume that result is true for all finite abelian p-groups of order less than
P
Now, let |G| = p". It follows from Theorem 2.0.12 that G = (a) x H . Here,

H < G and thus by induction hypothesis

H = (a1) X (az) x ... X {(a,).

Therefore,

]

Definition 2.0.26. If G and H are two groups, Hom(G, H) refers to the set

of all group homomorphisms from G to H.

Lemma 2.0.14. Properties of Hom:

(1) If H is abelian, then Hom(G, H) forms an abelian group with the binary
operation defined by (fg)(x) = f(x)g(z) for all f,g in Hom(G, H) and for
all v € G.

Proof. Associative Property: Let f, ¢ and h € Hom(G, H) and let
x € G. Now,

(f9)h)(x) = (fg)(x)h(z) = f(x)g(x)h(z)
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(f(gh))(x) = f(z)g(z)h(x)
Thus, ((fg)h)(z) = (f(gh))(z) for all x € G. So associative law holds.

Existence of Identity: Let i : G — H defined by i(z) = x for all
x € G. Clearly 7 is a homomorphism from G to H and thus, i € Hom(G, H).

Let f € Hom(G, H). Thus,

(f)(@) = f()ie) = f(z) = i(@)f (&) = (if)@) V3 € G
So, fi = f =if for all f € Hom(G, H). Thus, i is the identity element of
Hom(G, H).

Existence of Inverse: Let f € Hom(G, H). We define fV : G — H
by fCU(x) = (f(2))Y for all 2 € G.

Let z,y € G.

fV(y) =

Thus, fCY(zy) = fCYV(2)fCV(y) for all z,y € G which implies that
f&Y € Hom(G, H).

Let x € G. Now, (ff© 1)( ) =
Similarly, (fVf)(2) = fV (@
Thus, ffC9 = f© 1f =1, f
element of Hom(G, H). So, f=

f(@) V(@) = fo)(f(z ))( D=

)f(x) = (f(2)"V fa) =

€ Hom(G,H) and i refers to the identity
D

the inverse of f. Thus, inverse of every

23



element exist in Hom(G, H).

Commutative Property: Let f,g € Hom(G, H)

Now, (fg)(x) = f(z)g(x) = g(x)f(x) = (9f)(z) for all z € G. So,
fg=gf where f,g € Hom(G, H).
Thus, Hom(G, H) forms an abelian group.

(2) [12] Let G, H and K be three finite abelian groups . Then

Hom(G,H x K) = Hom(G, H) x Hom(G, K)
Hom(H x K,G) = Hom(H,G) x Hom(K, G)

(3) [12] If C,, and C,, denotes the cyclic group of order m,n respectively,
then

Hom(C,,,C,) = C,, where g = g.c.d(m,n).
Theorem 2.0.15. Fvery subgroup of a cyclic group is cyclic.

Proof. Let G = (a) be a cyclic group and let H be a subgroup of G.

If H = e, then trivially H is cyclic.

Suppose that H # e so there exists a™ € H such that a" # e.

Then a™™ = (a")"! € H.

As either n or —n is a positive integer, we can say that a” € H for some
positive integer n.

Let k be the least positive integer such that a* € H.

If we show that H = (a*), then it will follow that H is a cyclic subgroup.
For this let b € H, as b € GG,b = a™ for some integer m.

By division algorithm,

m=kq+r
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for some integers ¢, r with 0 < r < k.
Now, a” = a™(a¥)~? € H. The minimality of k& implies 7 = 0.
Thus, m = kq and b = (a*)4.
Hence, H = (a*).
This proves the result.
O

Definition 2.0.27. (Exponent of a Finite Group) The exponent of a
finite group G, denoted by exp(G), is the smallest positive integer m such
that for every g € G, we have g™ = 1.

For every finite group G, exp(G) divides |G|.

Ezample: Tn Qs = {1,1,4,1, j, j, k, k}, the ring of quaternions of order eight,
since 1| = |i| = |j| = |j| = |k| = |k] = 4 and 1* = (—1)* = 1, it follows that
exp (Qs) = 4.

Theorem 2.0.16. If H; < H. then Cq(H;) < Cq(H).

Proof. Let x € Cg(H), then x commutes with every element of H.
Since H; < H, x commutes with every element of H;. This implies
S CG(Hl)
— Cg(H) < Og(Hl).
O

Definition 2.0.28. In a p-group G, 2;(G) is the subgroup of G generated
by all the elements of G having order less than or equal to p.
Symbolically,

2 (G) = (x € G| |z] <p).
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CHAPTER 3

3 Main Results

All the results presented here are from [13].

It follows from [1], [9] and [13] that if G is a finite p-group of class 2 or
of maximal class, then G has a noninner automorphism of order p fixing
®(G) or 2,(Z(Q)) elementwise. Deaconescu and Silberberg [5] reduced the
verification of the conjecture to the degenerate case where Cq(Z(®(G))) =
®(G). In the next theorem, we will consider finite p-groups G such that class
of G is not equal to 2 or m — 1, where |G| = p™ and Ce(Z(P(G))) = (G).

Theorem 3.0.1. Let G be a nonabelian finite p-group of order p™ satisfying
one of the following conditions:

(1) ®(G) is cyclic;

(2) exp(G) =p™;

(3) s = rank(Z(G)) > (m — 1)/2 where |G| = p™;

(4) s = rank(Z(G)) > 2 and |G : Z(G)] < p™.

Then G has a noninner automorphism of order p leaving either ®(G) or
2 (Z(Q)) fized elementwise.

Proof. Assume that Cq(Z(®(G))) = D(G). Since Cq(Z(P(G))) = (G),

Z(G) < C(®(G)) = Z(®(G)) and hence % will form a group.

(1) Since ®(G) is cyclic,

Z(G)NZ(2(G)) _ Z(G)Ne(G) _ &(G)
2(G) Z(€) A€
is cyclic. Hence by [13, Theorem|, G has a noninner automorphism of order
p that fixes ®(G) elementwise.
(2) Let a be element of G of order p™ 2. Assume that Cg(a) # (a).

Choose = € Cg(a)\{a). Since G is non abelian, (r,a) = M is a maximal
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abelian subgroup of GG. Therefore, by Theorem 2.0.16,
M < Cq(M) < Ca(®(G)) = Ca(Z(2(G))) = 2(G),

which is a contradiction. Thus Cg(a) = (a).
Suppose that p is odd. Then, by [11, Proposition 5] G is isomorphic, for
m >4, to

2 1

Gr= (z,y,z|2"" =1,y =1,2" =1,y A

ry = L2 ez = wy,yz = 2y);

and for m > 5,to

Gs = (z,yl """ = 1,97 = Ly tay = 2",

Gio = (w,yl 2™ =1,2"" =y 2 lya = y" 7).
If G is isomorphic to G, then

M= (z,yl a2 =1,9" =1,y oy = 27"

is a maximal subgroup of G and Z(G) = Z(M) = (aP).
Consider the map ¢ defined by ¢(x) =z, ¢(y) =y and ¢(z) = aP

m—3

Claim: ¢ is a noninner automorphism of order p.

m—2

Sa)" = (@) =2 =1,
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Since 2" € Z(G),

¢(Zp) _ (xpm*?’)(1+1+....+(p—times))_Zp

m—2

= (2P 7).2P

= 1.

Also
bty ey) = (6(2) () ' e(2)d(y) = 2y ey = 27 = g(a?" )
and
a2 wz) = (8(2) (6(2)) o(@)p(z) = w7t W 2"
Since Z(G) = (a?""),

x—lz—lac—(p)"“3 Q;PT"*S rz=x'2"lz 2= y= ¢(y)

Also,
Yz = 2y
— gyl lyr = 1
oly~'z7lyz) = (6(y) 7 (6(2) " d(y)e(2)
= y 2 lyz
= ylyz 'z
= 1

Thus, ¢ is an automorphism of G.
Let, if possible, ¢ be inner determined by g € G. Then
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bg(z) = g lrg =1 = gr = 29
b(y) =9 'yg =y = gy = yg

Therefore, g commutes with every element of maximal subgroup M. By
Theorem 2.0.16, C(M) < Cq(®(G)) = Z(®(G)) < M. Thus, g € M and
hence, g € Z(M). Since Z(M) = Z(G), g € Z(G), which means that

¢y(2) = g7'2g = z which is a contradiction. So, ¢ is not inner.

Now,

¢(x) = ¢" ()
= ¢" ()

Continuing this way, we get ®P(x) = x. Also,

*y) = " oy)
= ¢ (y)

Continuing this way, we get ¢*(y) = y.

Consider,

P#(z) = " 'o(z)
i
= o= )e(2)}
= (bp’l(ychF3 xprwaz)

Continuing this for p — steps, we get = 2P =z

= Z.
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Thus ¢P(z) = 2.

Hence ¢ is a noninner automorphism of order p, which fixes Z(G) ele-
mentwise.

Now, let G be isomorphic to Gg.
Thus, G’ = (z7"") and Z(G) = (z*°).
If m = 5, then ®(G) = (z,y?), whence Z(®(G)) = Z(G) = (z*°). Thus,

Ca(Z(2(G))) = Ca(Z(G)) = G # ®(G)

a contradiction.

If m > 6, then G < Z(G) and hence G is of class 2, a contradiction.
Finally let G be isomorphic to G.

Thus, Z(G) = (z7°) and G’ = (y?).

Set T = 2Z(G) and y = yZ(G).

Hence,
2 2

G=G/Z(G) = (z.gl7" =y =1[z,9] = ¢)
Therefore, G' = (y7) < GP.

Thus, G/Z(G) is a powerful p-group and so, G has a noninner automorphism
of order p that fixes ®(G) elementwise by [2].
Now, let p = 2, by [11, Proposition 7] G is isomorphic for m > 5, to

m—2 _ m—3 _
Gis = (x,y,2| 2* = 1,12 = 1,22 = L,y tay = 212" 7 27 ler =
_1+2m—3 .
T Yz = 2Y),
—2 _ -3
Gig = (9,2 22" = 1,12 = 1,22 = Ly tay = 272" 7 27 taz =
—142m=% -1, _ ,2m3
X 7Z yZ =T y>7

G17 = <CUa3/72| x2m72 = 17y2 = 172 = 17y_1‘1.y =

Ty, Yz = 2y),
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Gis = (z,y, 2| e A— Ly? = 1,22 = g,y tay = x1+2m_3’z*1x2 -
™ ly),
for m > 6, to
GQQ = <.',U,y| [L'2m_2 — 1,y4 = 1,yill’y — $71+2m_4>,
G21 — <x’y| x27n72 _ 1)%‘27"73 _ y47x_1yx — y_1>’
G24 = <I,y,Z| me*2 = ]-7y2 = 1722 = 1ay71xy = x1+2M73a271x2 =
_ m—4
=y gz = 2y),
Gos = (z,vy, 2| 22" = Ly =122 = mefS’y_lq;y = ;p1+2m7372_1x2 =
_ m—4
Ty Yz = 2y),

and for m =5, to

5

Ga = (1,y,2| 2% = L,y* = 1,2* =2ty oy = 2%, 27wz = wy,yz = 2y).

If G is one of the groups G5 or G4, then
G = <x2y> = (Cym-3 and Z(G) — <x2m—3> ~ O,

Consider the map ¢ defined by ¢(z) = 271, ¢(y) = y and ¢(2) = 2.
Here, ¢ is a noninner automorphism of order two which fixing Z(G) elemen-

twise.

If G is a group Gy, then G’ = (22" ", y) = Cy x O,
and Z(G) =< x? >= Cym-u.
Hence, the map ¢ defined by ¢(x) = zz, ¢(y) =y, ¢(z) = z is an automor-

phism of G.
Also,



¢*(y) = yand
¢*(2) = 2.
Thus, order of ¢ is 2. Since z is a generator of GG, ¢ cannot be an inner
automorphism of G.
If G is the group G1g, then the map ¢ defined by ¢(z) = zy, ¢(y) = y and
#(z) = 27! is a noninner automorphism of order two which fixes 2,(Z(G))

elementwise.

If G is the group Gag, then G’ = (22) = Cym-s and Z(G) = (22" )= C,.

Consider the map ¢ defined by ¢(z) = 7! and ¢(y) = y and ¢(z) = 2.
A Simple computation shows that ¢ is a noninner automorphism of order 2
which fixes Z(G) elementwise.

If G is a group Gy, then G = (y?) = C4 and Z(G) = (2?) = Cym-s.
Since |G/Z(G)| = 8 and nilpotency class of G is more than 2, we have
Zy(G)/Z(G) = Cy and by [1,Theorem] G has a noninner central automor-

phism of order two which fixes ®(G) elementwise.

Let G be one of the groups Gy or Gas. Then,

/

G = (z%y) = Com-s

and

The map ¢ defined by ¢(x) = xy , ¢(y) = y and ¢(z) = yz is an auto-
morphism of order two which fixes Z(G) elementwise.
Since y ¢ (25(G), ¢ is noninner.

Let G be the group Gas. Then G’ = (2, ) = Cy x Cy and Z(G) = (z*) =
Cs.
The map ¢ defined by ¢(z) = zz, ¢(y) = y and ¢(z) = z~! is a noninner
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automorphism of order two which fixes Z(G) elementwise.

12

(3) If s =1, then m = 3 and |G| = p?, so ®(G) = Z(G) = C,.

Thus, Ce(Z(P(G))) = G # ®(G), which is a contradiction. Therefore,
s> 2.
We claim that

Z5(G) N Ca(®(G))
Z(G)

Assume to the contrary that

Z5(G) N Ca(2(G))

- G
ZG) = Hom(——, Z(G)).

o(G)’

Since Ce(ZP(G)) = ¢(G), Ce(P(G)) = Z(G) and also Z(G) < Z(P(Q)).
Now consider the nonabelian group G and s = rank(Z(G)) > (m—1)/2. By
Theorem 2.0.8 and Lemma 2.0.14,

G > ZQ(G) N CG((I)(G))‘ _ |H0m(%, Z(G>>| > p2s > pm—l.

a contradiction, because G is nonabelian.
Hence, by [13,Proposition 2.5], G has a noninner automorphism of order p

which fixes ®(G) elementwise.

(4) Since nilpotency class of G is more than 2, G/Z(G) is nonabelian,
G/Z(G)| = p® or p".
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If |G/Z(G)| = p?, then

|1%2(G)/Z(G)| = p-

Hence by [13, Theorem], G has a noninner automorphism of order p which
fixes ®(G) elementwise.

Now, let |G/Z(G)| = p*. In view of [13, Theorem], we can assume that
Z5(G)/Z(G) is not cyclic. Therefore Zy(G)/Z(G) = C, x C,.

It follows from s > 2 and d(G) > 2 that

[Hom(G/®(G), Z(G)| = p*

and also,
if
Z(G) N Ca(P(G))
7G) >~ Hom(G/®(G), Z(@))
then

Z2(G)| _ 1 Z(G) N Ced(G) _
z@) = jze) P

which contradicts ZZQ((g)) = (C, x Cp.

Hence, by [13, Propostion 2.5], G has a noninner automorphism of order

p which fixes ®(G) elementwise.

]

Theorem 3.0.2. If G is a group of order p™ (n > 4) and of mazimal class,
then G has at least p(p-1) noninner automorphisms of order p which fix (Q)

elementwise.
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Proof. Since G is of maximal class, |Zy(G)| = p?. It follows from step 1 of
[15], that C(Z2(G)) is a maximal subgroup of G, say Ny.

Since, G is of maximal class by [4, Page 53], G has p + 1 maximal sub-

groups.
Let Ny....... N, denote the maximal subgroups other than V.
For the sake of clarity, we divide the proof into following three steps:
Step 1: Claim: G is not a union of Nj......N,,.

Since G is of maximal class , |®(G)| = p" 2.

Fori=2,....p,|N;ANy| = p" 2 and so, [N\ N;| = p" 1 —p" 2 = p"2(p—1).

p p

((J N\ < Z INAN =p" P (p—1)* <p" —p" " =[G\ N1].

i=1

Step 2: Z(N;) =Z(G) = C, fori=1,...,p.
Suppose that |Z(N)| > p for some N = N;. Since by [4, Lemma 2.2]

Z5(@) is the only normal subgroup of G of order p? and Z(N) is normal in
G, we have Zy(G) < Z(N). Therefore

N < Ca(Z(N)) < C(22(G)) = No,

which is a contradiction.

Step 3: G has at least p(p— 1) noninner automorphisms of order p which
fix ®(G) elementwise.
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By Step 1, we can pick z € G\(NV; U ..... U N,). Thus,

G = (xr)N1 = ()Ny = .... = (z)N,,.
By Step 2, Z(N;) =Z(G) = C,forall1 <j<p.

Thus Z(G) < B(G) and Z(G) = Z(N;) = Ca(N,). Let Z(G) = (=).
For 1 < j < p, consider the map 3; defined on G by 3;(z'n;) = x'n;z* for
every n; € N; and every i € {0,1,....,p — 1}.

Bj(n;) =n; for all n; € N;
Ba') = o'
Consider the map 1 : Ni{x) — Ni(z). Let ny2’, noz™ € Ni{x) where
niy,Ng € Ny

Bi(nixingz™) = Bi(ni(ng) ziz™)
= nyng it
= nlxizinglx“z“

= 5 (nlxi)ﬁl(nﬂil)

Thus, £ is a homomorphism.
For any element nz’ € N{x),
(Bo)P(na') = (B~ (Br) (na') = BY (mia'z') = mya2? = nyat

Thus f; is a noninner automorphism of order p which fixes ®(G) elemen-
twise.
Similarly it can be easily seen that all 8; are noninner automorphisms of
order p.

Let 8; = By for some ¢ < j # k < p.
Pick any zy € N;\Ng. Since G = (x)Nj, we have zp = 2"n; for some
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0 < u < p and some ny € Ny.

Then,

xo = Bj(x0) = Br(z0) = x"my2".
Therefore, z* = 1 and so p must divide u, a contradiction.

It can be verified that if 3; is one of the above automorphisms, then 6]2, e Bf -1

are noninner automorphisms of order p which fix ®(G) elementwise.

As above it can be seen that 5; #+ Bjt- foralll <j#k<pand1l<s,
t<p-1.
Therefore, G has atleast p(p — 1) noninner automorphisms of order p which
fix ®(G) elementwise. O
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